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INTRODUCTION: LINEAR WAVES

NOTATION: t =time , x =space, u; = du/dt, ux = Odu/dy ,etc.
LINEAR wave equations in 1+1 dimensions:
TRANSLATION WAVES

U+ vuy =0, u= u(x,t) = u(x—vt)
DISPERSIVE WAVES

o
ur + iw(—ia—)u = 0, u(x,0) = uo(x)
X

1 oo .
u(x, 1) = / dk g (k) elkx—(k1]

—Oo0

1 e
to(x) = / dk il (k)

—Oo0

w = w(k) = dispersion relation

A. Degasperis (Univ. Rome "Sapienza") Nonlinear waves



INTRODUCTION: EXAMPLES OF LINEAR WAVE

EQUATIONS

@ Schrédinger equation: w(k) = k2
iut+ uxx =0
e Linearized Korteweg-de Vries equation: w(k) = k3
U — Uxxx = 0
@ Linearized Benjamin-Ono equation: w(k) = sign(k)k?

f(y)
y—Xx

1 too
Ut - HuXx == 0 ’ Hf(X) == P/ dy
™ —oo
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INTRODUCTION: CONSERVATION LAWS

LINEAR WAVE EQUATIONS HAVE INFINITELY MANY
CONSERVATION LAWS

LOCAL :
pr(x, 1) + jx(x,t) = 0

GLOBAL:

Foo dc
C= d , ), — =0
/_ N Xp(x, 1) »

EXERCISE: FIND 3 OR 4 LOCAL COSERVATION LAWS OF THE
WAVE EQUATIONS DISPLAYED ABOVE
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INTRODUCTION: NONLINEAR WAVE EQUATIONS

Lu = N(u)

GENERICALLY A NONLINEAR WAVE EQUATION POSSESSES
ONLY FEW CONSERVATION LAWS

EXCEPTIONALLY A WAVE EQUATION HAS INFINETELY MANY
CONSERVATION LAWS AND IT IS INTEGRABLE

EXAMPLES:
N
Ut + Ugex = P(U)Uy , P(u) =) cpu”
n=0
THEOREM: THIS EQUATION IS INTEGRABLE IF AND ONLY IF

N <2
P(U) =Co+ ciu+ 02U2
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INTRODUCTION: NONLINEAR WAVE EQUATIONS

CONT.

C-INTEGRABILITY: LINEARISATION VIA A CHANGE OF VARIABLES
ECKHAUS EQUATION: ity + uxy = [2(|ul®)x + |u[*]u

u(x, 1) — v(x, 1) = u(x, 1) exp / "y lu(y. D]

in + VXX == 0
EXERCISES:

@ FIND THE INVERSE TRANSFORMATION v(x, t) — u(x,t)
© FIND EXPLICIT SOLUTIONS OF THE ECKHAUS EQUATION
© DISCUSS THE STABILITY OF THE PLANE WAVE SOLUTION
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INTRODUCTION: NONLINEAR WAVE EQUATIONS

CONT.

S-INTEGRABILITY: SPECTRAL ANALYSIS (NONLINEAR FOURIER
TRANSFORM)

KORTEWEG- DE VRIES EQUATION (KdV): u; + Uxxx = CoUx + C1UUx

MODIFIED KORTEWEG- DE VRIES EQUATION (mKdV):
Ut + Uxxx = Colyx + C2‘«’2Ux

NONLINEAR SCHROEDINGER EQUATION (NLS):
i + U = 2n|uPu

([ —ik nu* _{ Yi(x, t k) _
\UX_< u ik >\IJ, w_(l/)g(x,t,k) , u=u(x,t)
" < 2ik? + injul?  —2knu* — inu;; >
t:

—2ku + iuy  —2ik? — in|ul?
\Uxt = th
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INTRODUCTION: NONLINEAR WAVE EQUATIONS

CONT.

REGULARIZED LONG WAVE EQUATION u; + ux — Uxx = 6uuy

[‘/L

.,}' -
N
L

]

[
T o ow
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INTRODUCTION: NONLINEAR WAVE EQUATIONS
CONT.

KDV EQUATION: us + Uyyx = 6uUy
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INTRODUCTION: NONLINEAR WAVE EQUATIONS

CONT.

HISTORICAL NOTES

1845............. SCOTT-RUSSELL

1895............. KORTEWEG-DE VRIES

1955............. FERMI-PASTA-ULAM

1965............. ZABUSKY-KRUSKAL

1967....c...c.... GARDNER-GREENE-KRUSKAL-MIURA

1971, ZAKHAROV-SHABAT
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MULTISCALE ODE 1

POINCARE'-LINDSTEDT

g+uwig=c* +cq®+...., q=q(te)

q(0,¢) =€, q(0,¢) =0
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MULTISCALE ODE 2

O(): f{+A=0, A(O0)=1, £(0)=0

O(e™ : f' +fy={-n—n+1,...,-1,0,1,...,n—1,n}
£2(0) =0 , £(0) =0
n -
{-n,—n+1,...,-1,0,1,...,n—1,n} = > Cye'
a=—n
SECULARITY EFFECT:

¢// + ¢ — Ceie , d)(a) — Aeie + Be—ie + %Ceeio

SECULARITY-FREE CONDITION: C*' = 0
FREQUENCY RENORMALIZATION EXERCISE: COMPUTE w(e) UP
TO O(e2) ANSWER:wy =0, wp = —(10¢3 + 9w2c3) /24w
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MULTISCALE ODE 3

0 = w(e)t = wot + wiet + wae’t +...0 , t, = €t

0 = wol + wity + wolb + ...

n
q(t,e) =>_ > €"exp (ic0)

n=1a=—n

n
alt,e) = Y €"E*q(h,te,...) , E = exp(iwot)
n=1a=—n
d(E*q\™)/dt = E*(iawg + €9 /0t + €29/t + .. .) g\
INGREDIENTS :
@ EXPANSION IN POWERS OF e

@ EXPANSION IN POWERS OF exp(iwot)
@ INTRODUCTION OF SLOWTIMES t4, &, 13, ...
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Flu, ux, Uxx,...] , u=u(x,t)

MULTISCALE PDE 1
8/0t + iw(—id/dx)

Du
D
w(k) > meo 32m41 K2+
ONE QUASI-MONOCHROMATIC PLANE WAVE

u(x,t) ~ Ak /+oo dnA(n) exp{i[x(k+nAk)—tw(k+nlAk)]}+c.c.

oo
w(k + enk) = ann"k"e" , e = Ak/k

n=0
u(x,t) ~ eE(x, )uM (&, 4, b, .. .)+c.c. , E(x,t) = exp[i(kx—wt)],

E=ex , th=€"t
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MULTISCALE PDE 2

HARMONIC EXPANSION

+oo
ux,ty= > ul(E b, JEX(x, 1) , ul®)* =y

a=—0o0

Ox — Ox +€de , O — Ot + €y, + €20, + ...

D[ul¥ E*] = E*D(® y(=)

+oo
Flu,ug, Uee, .. 1= > FOW® o) u, .. E~

oaA=—00

D) (@) — Fla)
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MULTISCALE PDE 3

EPSILON EXPANSION
DY) = —jaw + €dy, + 20y + ... + iw(k — iede)
D) = p{ Dl 4+ 2Dl 4 .
Dy = ilw(ak) — aw(k)] , DY) = 0, — (—i)" 'wn(ak)df , n>1
ul® =" "ul®(n), |a| > 1

n=1

assumption : F — —F if u— —u = u®) =0
Flo) — 63F3(a) + 64F4(_a) + ...

D{ u @) (n41) + D{ @ (n) + D u @ (n—1) ...+ DS (1) = )
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MULTISCALE PDE 4

SLAVE HARMONICS : D\ = ijw(ak) — aw(k)] # 0
NO RESONANCE CONDITION : [w(ak) — aw(k)] = 0 IFF a = +1
FUNDAMENTAL HARMONIC : o = 1

O(e?) : (0 +w1d)uM(1) =0, uM (1) = u(A)(€ —wity, b, 85,..)
O(e%) : (0 +w19)u(2) = —[(9y, — iwp02)uM(1) — F{V]
SECULARITY OR RESONANCE PHENOMENON
(0r — M)v(t) = w(t), (0 — M)w(t) = 0 = v(t) = v(t) + tw(t)
SECULARITY FREE CONDITION: w(t) =0

(0, — iwpd?)u V(1) — AV =0

NLS EQUATION : iy, uM (1) + wpd2ul (1) = 2¢|uM (1) Pu(D(1)

2009 18/23
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MULTISCALE PDE 5

ONE RESONANCE : SECOND HARMONIC GENERATION
w(2k) — 2w(k) = 0

assumption : F(®) = e2F2(°‘) + e3F§"‘) + e4FAf") +
technical assumptions (check it!) :FQ(C“) = OXIA-'Z(“) , w(0)=0

D( ) (1) — ¢ ng) (-1 ’ D(Z) (2) . U$1)2
SHG O0tE1 + v1OxE1 = ¢y E2E1* , W1 = w1(k1)
OtEs + voOxEs = 02E12 , Vo =wi(ko)

RED — VIOLET
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MULTISCALE PDE 6

TWO QUASI-MONOCHROMATIC PLANE WAVES
u(x,t) =

+o0o +oo

Z Z U(Oé1 ’a2)(§, L, b,.. ) exp{i[(a1 k1 +a2k2)x—(a1w1 —i-agc(Jg)t]}

o1 =00 ap— 00
wr =w(ki) , w2 = w(k2)
NO RESONANCE :
w(atky + azke) = ajw(ky) + asw(ke)
IFF a1 =4+1,ao=0 OR a1 =0, ap = +1
wi (k1) # wi(kz)

NLS EQ. :idy, u0 (1) + wa (k1 )OZu"0 (1) = 2¢10|u"0(1)[2ul1:0)(1)
NLS EQ. :i0, u® (1) + wa(ke)02u®D (1) = 2601 |u®D(1)[2u®D(1)
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MULTISCALE PDE 7

STRONG RESONANCE : w1 (k1) = w1 (kg)

i0, U0 (1) + wa(ky ) 02U (1) = 2(cro|u™O(1)|2
VNLS +y10|u®D(1)[2)u10)(1)
0 U (1) + wa(kp) 02U (1) = 2(cor[u®D(1)[2
(

+901 |0 (1)2)uOD(1)
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MULTISCALE PDE 8

ONE RESONANCE AT oy =1, ao =1 :w(ky + ko) = w(ky) + w(ko)
THREE WAVE RESONANT INTERACTION
ks = ki + ko
w3 = wy + wo
technical assumptions (check it!) : F, = BXI:‘Q ,w(0)=0
D$1’°)u§1’°) S u1(1’1)u$°’*1)

at 0(e2) ¢ DOV = gu{ D y{=10)
D$1’1)U1(1’1) _ 03U1(1,0)u$o,1)

NEz + VoOxEp = G E3Ef | Vo = wi(kz)

OtEy + v10xEr = 1 E3E5 , vi = wy(ky)
3WRI
OtEs + v30xE3 = G3E1E5 , v3 = w1(k3)
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MULTISCALE PDE 8

EXERCISES :
@ DERIVE THE NLS EQUATION FROM THE PDE

Ut + QUxxy + bUy = fiuuy + HuPuy

BY MULTISCALE METHOD AND TELL IF IT IS " FOCUSING "
OR " DEFOCUSING "

© PROVE THAT THE " DEFOCUSING " NLS EQUATION
iug + Uy — |ul?u = 0 HAS NO SOLITARY WAVE SOLUTION
(i.e. u(x,t) =expli(ax + bt)]f(x — ct)) IN Lo(R) W.R.T. x.

© FIND TWO CONSERVATION LAWS OF THE 3WRI EQUATION

© SOLVE THE STATIONARY 3WRI EQUATION IN TERMS OF
ELLIPTIC FUNCTIONS
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