
 !"#$%&' (

 ! "#$%&' () *)+,!'-$('(

 !"! #$%&'%($) *+,'-.*+)

 !"#$%&'&(!# )* !+&'*,$-"

S(x) =

{

∅ #$ x = ∅
⋃

z∈Im(x) P(z) #$ x 6= ∅

.) /'$",$+$! %& 0&1"$,$-" +!' 2&,3''&",$* "!# %$,& 43& &5$#6& 3"* !+&'*,$-"

V 6*) 43& V (α) = S(V |α) +*'* 6!%! !'%$"*) α7 8$93$&"%! )* ,!#63(:'& &" 6&56!#
%& 6&!';* %& ,!"<3"6!# &#,'$:$'&(!# Vα &" )39*' %& V (α)7

8& 6$&"& 43& 43&=

V0 = S(V |0) = ∅ >?7@A

B

#$ α > 0, Vα = S(V |α) =
⋃

β∈α

P(Vβ). >?7CA

.# ,)*'! 43& #$ α < βD &"6!",&# Vα ⊆ Vβ D )! 43& $(+)$,* 43& P(Vα) ⊆ P(Vβ)7
E3&9! +*'* 6!%! !'%$"*) α=

Vα⊕1 =
⋃

β∈α⊕1

P(Vβ) =
⋃

β≤α

P(Vβ) = P(Vα). >?7FA

E3&9! #& 6$&"& 43&

∀x(x ∈ Vα⊕1 ⇐⇒ x ⊆ Vα. >?7GA

8$ α &# );($6&D 6&"$&"%! &" ,3&"6* 43& β ∈ α $(+)$,* 43& β′ ∈ αD '&#3)6* 43&

Vα =
⋃

β∈α

P(Vβ) =
⋃

β≤α

Vβ⊕1 ⊆
⋃

β∈α

Vβ

/!' !6'* +*'6&D ,!(! Vβ ⊆ Vα +*'* 6!%! β ∈ αD 6*(:$H" #& 6$&"& 43&
⋃

β∈α Vβ ⊆
Vα7 E3&9! +!%&(!# ,!",)3$' 43&

8$ α &# 3" !'%$"*) );($6&D &"6!",&# Vα =
⋃

β∈α

Vβ . >?7?A

IF



 !  !"#$%&' () *& !+,'-! .* /*0%&!/,.!.

 !"#$#%#&$' "#$%&'( )*% %+ ,'-.*-/' a %(  !"#$% (# %0#(/% *- '$1#-2+ α /2+

)*% a ∈ Vα3 %- %(% ,2(' ++2&2$%&'(  %&"' 1% a4 5 +' (#&6'+#(2$%&'( rg(a)4 2+
7$#&%$ '$1#-2+ γ /2+ )*% a ∈ Vγ 8

92 ,+2(% 1% /'1'( +'( ,'-.*-/'( $%:*+2$%( (%$; 1%-'/212 7'$ V8 <-='$&2+&%->

/%4 ?V =
⋃

Ord(α) Vα8@
A+ $2-:' 1% *- ,'-.*-/' -' 7*%1% (%$ +B&#/%4 %(/' %(4 (# a %( *- ,'-.*-/' 5

α = rg(a)4 %-/'-,%( 1%6% %0#(/#$ *- β /2+ )*% α = β ⊕ 18 C2$2 D%$ %(/'4 62(/2

'6(%$D2$ )*% (# α %( +B&#/%4 %-/'-,%( 7'$ EF8GH4 (# a ∈ Vα4 %0#(/% β ∈ α /2+ )*%

a ∈ Vβ 5 %(/' ,'-/$21#,% )*% α (%2 %+ $2-:' 1% a8

(!' !)% *+,+,+ a  ! " #$%&" !' ( !)%* !' +*,*! %*!  % - .+*! , a !*. " #$%&" !/

0, -1!2 x ∈ a '-3%'4& 5$ rg(x) < rg(a)/

6 -*!+"&4')./ I%2 a $%:*+2$8 A0#(/% β /2+ )*% rg(a) = β ⊕ 18 9*%:' 7'$ EF8!H4

a ⊆ Vβ 5 7'$ +' /2-/'4 (# x ∈ a4 %-/'-,%( x ∈ Vβ 8 J1%&;(4 rg(x) ≤ β < β ⊕ 18
I*7'-:2&'( )*% 72$2 /'1' x ∈ a4 x (%2 $%:*+2$ 5 (%2

c = {rg(x) : x ∈ a}.

C'$ %+ J0#'&2 1% I*(/#/*,#K-4 c %( *- ,'-.*-/'4 5 7'$ E###H 1%+ L%'$%&2 M8G8N4

∪c %( *- '$1#-2+4 )*% ++2&2$%&'( αO α = ∪c8 L%-%&'( )*% x ∈ Vrg(x) ⊆ Vα8 C'$
+' /2-/' a ⊆ Vα4 %(/' %(4 a ∈ P(Vα) = Vα⊕18

-' '$% .' *+,+/+ 7' x  ! " #$%&"2  .+*.4 ! x 6∈ x/

(!' !)% *+,+0+ 8*,* *",'.&% α  ! " #$%&" ( rg(α) = α⊕ 1/

6 -*!+"&4')./ C2$2 1%&'(/$2$ %(/% P%,P' D%$%&'( )*% 72$2 /'1' '$1#-2+ α

#H α ∈ Vα⊕1 5

##H α /∈ Vα8

C2$2 7$'62$ '94 (*7'-:2&'( 7'$ 26(*$1' )*% %0#(/2 *- '$1#-2+ α /2+ )*%

α 6∈ Vα⊕18 A-/'-,%(

c = {β ∈ α⊕ 1 : β 6∈ Vβ⊕1}

%( *- ,'-.*-/' -' D2,B' 1% '$1#-2+%( 5 /#%-% 7$#&%$ %+%&%-/'4 )*% ++2&2$%&'(

γ8 I# β ∈ γ4 β ∈ Vβ⊕13 %-/'-,%( γ ⊆
⋃

β∈γ Vβ⊕1 =
⋃

β∈γ P(Vβ) = Vγ 4 5 %(/' 1#,%

)*% γ ∈ P(Vγ) = Vγ⊕1 %- ,'-/$21#,,#K- ,'- γ ∈ c8 C'$ +' /2-/' /'1' '$1#-2+ α
1%6% (2/#(=2,%$ '98

C2$2 7$'62$ ''94 (*7'-:2&'( 7'$ 26(*$1' )*% %0#(/2 *- '$1#-2+ γ /2+ )*%

γ ∈ Vγ 8 A-/'-,%( 7'$ EF8!H 1%6%$B2 %0#(/#$ β ∈ γ /2+ )*% γ ∈ P(Vβ)8 Q'&'

β ∈ γ ⊆ Vβ $%(*+/2 )*% β ∈ Vβ 8 A(/' &*%(/$2 )*% 72$2 /'1' '$1#-2+ γ4 %+
,'-.*-/' c = {α ∈ γ ⊕ 1 : α ∈ Vα} -' 7*%1% /%-%$ 7$#&%$ %+%&%-/'4 7'$ +' )*%

1%6% (%$ c = ∅8 A(/' (#:-#R,2 )*% /'1'( +'( '$1#-2+%( 1%6%- (2/#(=2,%$ ''98

(!' !)% *+,+1+ Vα  ! +"&.!'+':* 3&"& +*,* α/



 !"! #$%&'%($) *+,'-.*+)  !

 !"#$%&'()*+, "# a ∈ Vα $ b ∈ a% &'()'*&+ rg(b) < rg(a) ≤ α, -). /) (0'()

b ∈ Vrg(b) ⊂ Vrg(α) ⊆ Vα,

 !"#$#%#&$' "& 1#*& 23& 3'0 */0+& C 1&4'#10 5). 3'0 67.83/0 ψ(x) &+  !"#$% %&"
+# +& *385/& 23& ∀x ∀y [(y ∈ x ∧ ψ(x)) → ψ(y)],

'()!(*" +,-,+, V !$ -+' (.'$! %&'+$)%)/',

 !"#$%&'()*+, "&0' x &' V & y ∈ x ,9:#+(& α (0/ 23& x ∈ Vα, ;)8) Vα &+

(.0'+#(#<)% y ∈ Vα= 5). /) (0'() y &+(> &' V,

?&.&8)+ 0 *)'(#'30*#7' 23& /0 */0+& 1& /)+ *)'@3'()+ .&A3/0.&+ &+ *&..010

5). /0+ )5&.0*#)'&+ 1&/ >/A&B.0 1& *)'@3'()+,

'()!(*" +,-,., 0) x !$%1 !+ V2 !+%#+(!$ P(x)2 ∪x2 {x} !$%1+ !+ V 3 !. &'+4#
5! !$%#$ (#+6-+%#$ !$ "!+#& !$%&)(%# 7-! rg(x)⊕ ω,
85!"1$2 $) x ! y !$%1+ !+ V2 !+%#+(!$ x × y2 x ∪ y 3 yx !$%1+ !+ V 3 !.

&'+4# 5! !$%#$ (#+6-+%#$ !$ "!+#& !$%&)(%# 7-! máx{rg(x), rg(y)} ⊕ ω,

 !"#$%&'()*+, 9:#+(& 3' ).1#'0/ β (0/ 23& rg(x) = α = β ⊕ 1,
;)8) x ∈ Vβ⊕1 = P(Vβ)% &'()'*&+ x ⊂ Vβ ,
"# y ∈ P(x)% &'()'*&+ y ⊂ x ⊂ Vβ % 5). *)'+#A3#&'(& y ∈ P(Vβ) = Vβ⊕1, C)

0'(&.#). 83&+(.0 23& P(x) ⊂ Vβ⊕1% 5). /) (0'() P(x) ∈ P(Vβ⊕1) = Vβ⊕2 =
Vα⊕1,

"# y ∈ ∪x% &'()'*&+ &:#+(& z &' x (0/ 23& y ∈ z, ;)8) Vβ &+ (.0'+#(#<) &

y ∈ z ∈ x ⊂ Vβ % (&'&8)+ 23& y ∈ Vβ , 9' *)'+&*3&'*#0% ∪x ⊂ Vβ $ +& *)'*/3$&

23& ∪x ∈ P(Vβ) = Vβ⊕1 = Vα,
"&0 α = máx{rg(x), rg(y)}, D01) 23& x & y 5&.(&'&*&' 0 Vα% {x, y} ⊂ Vα%

&'()'*&+ {x, y} ∈ P(Vα) = Vα⊕1,

D& /) <#+() 50.0 /0 3'#7' +& 1&13*& 23& x ∪ y = ∪{x, y} ∈ Vα⊕1,

;)8) Vα⊕1 &+ (.0'+#(#<)% (08B#E' (&'&8)+ 23&

x× y ∈ P(P(P(x ∪ y))) ⊂ P(P(P(Vα⊕1))) = Vα⊕4.

C) 0'(&.#). #85/#*0 23& yx ∈ P(x× y) ⊂ P(Vα⊕4) = Vα⊕5,

/)!)0"!%) +,-,1, 0) α !$ -+ #&5)+'. .9")%! 3 x ∈ Vα2 !+%#+(!$ P(x)2 ∪x 3
{x} :!&%!+!(!+ ' Vα, 85!"1$2 $) x ! y !$%1+ !+ Vα2 !+%#+(!$ x× y2 x ∪ y ! y

x

:!&%!+!(!+ ' Vα,

 !"#$%&'()*+, 9/ (&).&80 0'(&.#). 83&+(.0 23& ∪x% P(x)% {x}% x×y% x∪y & yx

5&.(&'&*&' ()1)+ 0 Vβ⊕5% *)' β = máx rg(x), rg(y), ;)8) α &+ /F8#(& $ β < α%
&'()'*&+ (β ⊕ 5) ∈ α,

"# *)'+(.3#8)+ /)+ *)'@3'()+ Z% Q% R% C 1& /0 80'&.0 3+30/ 50.(#&'1) 1&

1&/ *)'@3'() ω 1& /)+ 'G8&.)+ '0(3.0/&+% )B(&'&8)+ 23& ()1)+ &+()+ *)'@3'()+

5&.(&'&*&' 0 Vω⊕ω,



 !  !"#$%&' () *& !+,'-! .* /*0%&!/,.!.

 !"!#$"%! &'(')'  !" β #$ %&'($")* !$+%$,!- β .!&+!$!,! " Vα -( / -0)% -( β
.!&+!$!,! " α1

2!3%-+&",(0$1 "# β ∈ α$ %&'(&)%* β ∈ Vα +(,-.% α ∈ Vα⊕1/

"# β ∈ Vα$ %&'(&)%* β ⊕ 1 = rg(β) ≤ α/ 0(, 1( '2&'( β ∈ α/

 !"! #$%&'( )* +*,-.(/%)()

3 )(&'#&.2)#4& +,%*%&'2,%5(* (',( 26#(52 7% 12 '%(,82/ 9*'% &.%:( 26#(52

'#%&% )(5( +,(+4*#'( ;(,521#<2, &.%*',2 #7%2 #&'.#'#:2 7% -.% %1 .&#:%,*( U *%

;(,52 %& %'2+2*/ 9*'2* %'2+2* %*'=& #&7%6272* +(, 1(* (,7#&21%*/

*+%!,$ -. /.01#$"%-$-2

∀x(x 6= ∅ → ∃y (y ∈ x ∧ x ∩ y = ∅))

3.!".,$ &'4'(' 4%- ,%$5#$+%- &!6#)"&!- -"+(-7",!$ !) 89(%3" '! :!6#)"&('"'1

2!3%-+&",(0$1 "%2 a 6= ∅$ a ,%>.12,/ "# x ∈ a$ x %* ,%>.12, ?@%(,%52 A/B/BC D

rg(x) < rg(a)/ "%2

b = {β ∈ rg(a) : %6#*'% x %& a '21 -.% rg(x) = β}.

E(5( a %* &( :2)8($ '25+()( 1( %* b D '#%&% +,#5%, %1%5%&'(/ "%2 γ %1 +,#5%,

%1%5%&'( 7% b/ 96#*'% z ∈ a '21 -.% rg(z) = γ/ "# %6#*'#%*% x ∈ z ∩ a$ %&'(&)%*
*%,82 rg(x) ∈ b D rg(x) < rg(z) = γ$ )(&',27#)#%&7( -.% γ *%2 %1 +,#5%, %1%5%&'(

7% b/ 0(, 1( '2&'( 7%F% *%, z ∩ a = ∅/

3.!".,$ &'4'4' ;) 89(%3" '! :!6#)"&('"' (3.)(," <#! +%'% ,%$5#$+% +&"$-(+(=%

-!" &!6#)"&1

2!3%-+&",(0$1 "%2 a .& )(&G.&'( ',2&*#'#:( D &( :2)8(/ "%2

b = {y ∈ a : y %* ,%>.12, }.

02,2 +,(F2, %1 '%(,%52 F2*'2 +,(F2, -.% a \ b = ∅$ +(,-.% %&'(&)%* '(7(* 1(*

%1%5%&'(* 7% a *%,=& ,%>.12,%* D +(, %1 @%(,%52 A/B/B ,%*.1'2,= -.% a %* ,%>.12,/

".+(&>25(* -.% a \ b 6= ∅/ 0(, %1 36#(52 7% H%>.12,#727 %6#*'% z ∈ a \ b '21

-.% z ∩ a \ b = ∅/ E(5( a %* ',2&*#'#:($ z ⊆ a$ %&'(&)%* z ⊆ b/ 9*'( #5+1#)2 -.%

'(7(* 1(* %1%5%&'(* 7% z *(& ,%>.12,%* D +(, 1( '2&'($ -.% z %* ,%>.12,/ 9*'( 7#)%

-.% z ∈ b -.% %* 2F*.,7( +(,-.% z ∈ a \ b/ E(5( %1 2F*.,7( +,(:#&( 7% *.+(&%

-.% a \ b = 6= ∅$ 7%F% *%, a \ b = ∅/

3.!".,$ &'4'5' ;) 89(%3" '! :!6#)"&('"' =")! -( / -0)% -( +%'% ,%$5#$+% !-

&!6#)"&1

2!3%-+&",(0$1 ".+(&>25(* +,#5%,( -.% :21% %1 26#(52/ 9*'( #5+1#)2 -.% '(7(

)(&G.&'( ',2&*#'#:( %* ,%>.12,/ E(5( a %*'= #&)1.#7( %& *. )12.*.,2 ',2&*#'#:2

Ta$ a %* .& *.F)(&G.&'( 7% .& )(&G.&'( ,%>.12,/ I.%>( 7%1 @%(,%52 A/B/B *%

)(&)1.D% 12 ,%>.12,#727 7% a/ 91 @%(,%52 A/J/B )(5+1%'2 12 7%5(*',2)#4&/



 !"! #$%&'()# *$+ &,(-.& *$ /$%0+&/(*&*   

!"# #$%&$'()'# )'"*'+,# #'*-( ."(#$/'*,/"# '( 0*'#'(.$, /'1 23$"+, /' 4'5

%&1,*$/,/6

 !"#!$% &'(')'  ! "#$%&" '() %'*"%$+( x = {un}n∈ω &), -'" un⊕1 ∈ un .)/)
&!0! n1

2"3!%&/)*$+(1 7&0"(%,+"# 8&' '3$#)' &(, #&.'#$9( x = {un}n∈ω ),1 8&' un⊕1 ∈
un 0,*, )"/" n6 7', v = img(x)6 7$ y ∈ v '()"(.'# y = un 0,*, ,1%:( n; < )'('5

+"# 8&' un⊕1 ∈ y ∩ v6 ="* 1" ),()" 0,*, )"/" y ∈ v; y ∩ v 6= ∅ '( ."()*,/$..$9(

/'1 23$"+, /' 4'%&1,*$/,/6

*"#"+%#," &'('&'  ! "#$%&" '( *!(4'(&! x = {x0, x1, ..., xn} &), -'" x0 ∈ x1 ∈
... ∈ xn ∈ x01

*"#"+%#," &'('-'  ! "#$%&" a &), -'" a ∈ a1

 !"#!$% &'('.' 5$ x 6= ∅ "% &/)(%$&$6!7 "(&!(*"% ∅ ∈ x1

2"3!%&/)*$+(1 >3$#)' y ∈ x ),1 8&' y ∩ x = ∅; 0'*" y ⊆ x 0"* #'* x )*,(#$)$?";

0"* 1" ),()" y = y ∩ x = ∅6

>1 #$%&$'()' )'"*'+, +&'#)*, ."+" #' #$+01$@., 1, /'@($.$9( /' "*/$(,1 '(

0*'#'(.$, /'1 23$"+, /' 4'%&1,*$/,/6

 !"#!$% &'('/' 8, *!(4'(&! a "% !/0$(), %$ 9 %+,! %$ a "% &/)(%$&$6! 9 .)/) &!0!
x " y "( α %" *'3.," (x ∈ y) ∨ (x = y) ∨ (y ∈ x)1

2"3!%&/)*$+(1 7$ a '# "*/$(,1; '()"(.'# 0"* /'@($.$9( #' #,)$#A,.'( 1,# ."(/$5

.$"('# 0'/$/,#6

=,*, +"#)*,* 1, ")*, $+01$.,.$9(; ."+" 0"* B$09)'#$# a '# )*,(#$)$?"; B,<

8&' 0*"C,* 8&' #' .&+01'( 1,# ."(/$.$"('# 8&' %,*,()$D,( 8&' ∈ #', &( C&'(

"*/'( '#)*$.)" #"C*' a6 Ord1 #' .&+01' 0&'# ∀x(x 6∈ x)6 7',( x, y, z ∈ a ),1'#

8&' x ∈ y ' y ∈ z6 ="* B$09)'#$#; (x ∈ z) ∨ (z ∈ x)6 7$ A&'#' z ∈ x; )'(/*E,+"#

8&' x ∈ y ∈ z ∈ x; '( ."()*,/$..$9( ."( '1 F"*"1"*,*$" G6H6G6 ="* ."(#$%&$'()'

/'C' #'* x ∈ z; 1" 8&' 0*&'C, Ord16 =,*, 0*"C,* Ord2; #', b ⊆ a; b 6= ∅6 >3$#)'
z ∈ b ),1 8&' z∩ b = ∅6 7$ '3$#)$'#' x ∈ b ),1 8&' x ∈ z; )'(/*E,+"# 8&' x ∈ z∩ b6
!&'%" 0,*, )"/" x '( b /'C' #'* (z = x) ∨ (z ∈ x); 1" 8&' +&'#)*, 8&' z '# '1

0*$+'* '1'+'()" /' b6 >#)" 0*&'C, 8&' ),+C$I( #' #,)$#A,.' Ord26

 !"! #$%&'()* +$, -.(/0& +$ 1$%2,&3(+&+

J$+"# '( '1 F,0E)&1" K 8&' /'1 23$"+, >#8&'+, /' >#0'.$@.,.$9( *'#&1),

8&' 0,*, )"/" ."(L&()" a '3$#)' &( ."(L&()" b ),1 8&' b 6∈ a < 0"* ."(#$%&$'()'

8&' (" 0&'/' '3$#)$* &( ."(L&()" 8&' ."()'(%, , )"/"# 1"# ."(L&()"#; '?$),(/"

,#E 1, =,*,/"L, /' 4&##'116 ="* ")*, 0,*)'; '1 23$"+, /' 4'%&1,*$/,/ 0*"BEC'

1, '3$#)'(.$, /' ."(L&()"# 8&' #',( '1'+'()"# /' #E +$#+"#6 M"# 0*"0"('+"#

+"#)*,* '( '#), #'..$9( 8&' '1 #$#)'+, NOF '# ."+0,)$C1' ."( 1, '3$#)'(.$, /'

."(L&()"# a ),1'# 8&' a ∈ a6



 !  !"#$%&' () *& !+,'-! .* /*0%&!/,.!.

"#$# %&&' (#)'* # +%,-.$ /-# 0$%&#1.2-3 ∈∗ %- %& /-.(%$*' U +% )'+' 4/%

%- *.*5%)# (U ,∈∗) *% *#5.*6#7#- &'* #8.')#* +% 9:; < %8.*5# /- 1'-=/-5' a 5#&

4/% a ∈∗ a> ?* +%1.$@ *%$A- *#5.*6%1B'* *.)/&5A-%#)%-5% &'* #8.')#* +% 9:; <

&# -%7#1.2- +%& C8.')# +% D%7/&#$.+#+>

E%# ϕ(x, y) /-# 62$)/&# +%& &%-7/#=% +% F$.)%$ '$+%- +% &# 5%'$G# +% 1'-=/-H

5'* 1'- +'* (#$.#I&%* &.I$%* *#5.*6#1.%-+' &#* *.7/.%-5%* 1'-+.1.'-%*J

"1 ∀x∀y∀z((ϕ(x, y) ∧ ϕ(x, z))→ y = z@

"2 ∀x∀y∀z((ϕ(x, z) ∧ ϕ(y, z))→ x = y@

"3 ∀x∃yϕ(x, y)@

"4 ∀y∃xϕ(x, y)>

K% #1/%$+' 1'- &# F$'F.%+#+ P1@ F#$# 5'+' x +%,-.)'* F (x) 1')' %& L-.H

1' y 5#& 4/% ϕ(x, y)> ?*5' %*@ ϕ(x, F (x)) %* (%$+#+%$#> C-A&'7#)%-5%@ F'$ P2

F#$# 5'+' y F'+%)'* +%,-.$ F−1(y) 1')' %& L-.1' x 5#& 4/% ϕ(x, y)@ %*5' %*

ϕ(F−1(y), y) %* (%$+#+%$#> "'$ P3 < P4 F'+%)'* F%-*#$ # F 1')' /-# 0I.<%1H

1.2-3 +%& /-.(%$*' U %- *. ).*)'@ < # F−1
1')' */ .-(%$*#> ;&#$#)%-5% *% 5.%-%

4/%J

∀yF (F−1(y)) = y < ∀xF−1(F (x)) = x MN>OP

?- %& /-.(%$*' U +%,-.)'* /-# $%&#1.2- ∈∗ +%& )'+' *.7/.%-5%J

∀x∀y(x ∈∗ y ↔ x ∈ F (y)).

K%I%)'* )'+.,1#$ &#* 62$)/&#* +%& &%-7/#=% +% F$.)%$ '$+%- +%,-.+' %- %&

;#FG5/&' Q */*5.5/<%-+' %& *G)I'&' ∈ F'$ %& -/%(' *G)I'&' ∈∗> "$%1.*#)%-5%@

+#+# /-# 62$)/&# ϕ@ +%,-.$%)'* &# 62)/&# ϕ∗ F'$ .-+/11.2- %- &# 1')F&%=.+#+

+% ϕ> E. comp(ϕ) = 0@ %-5'-1%* ϕ %* +% &# 6'$)# (x ∈ y) ' (x = y)@ +'-+% x, y
*'- (#$.#I&%*> K%,-.)'* (x ∈ y)∗ = (x ∈∗ y) < (x = y)∗ = (x = y)> E/F'-7#)'*

#B'$# 4/% comp(ϕ) = n > 0 < 4/% B%)'* +%,-.+' ψ∗ F#$# 5'+# 62$)/&# ψ 5#&

4/% comp(ψ) < n> ?-5'-1%* *% F/%+% +#$ /-' M< *2&' /-'P +% &'* 1#*'* *.7/.%-5%*J

Q> ϕ = ¬ψ> ?- %*5% 1#*' +%I% *%$ comp(ψ) = n − 1@ < /*#-+' &# B.F25%*.*

.-+/15.(# +%,-.)'* ϕ∗ = ¬ψ∗>

R> ϕ = (ψ ∧ η)> ;')' +%I% *%$ comp(ψ) < n < comp(η) < n@ #F&.1#-+' &#

B.F25%*.* .-+/15.(# +%,-.)'* ϕ∗ = (ψ ∗ ∧η∗)>

S> ϕ = ∃xψ> K%I% *%$ comp(ψ) = n− 1 < F'+%)'* +%,-.$ ϕ∗ = ∃xψ∗>

T#)'* # F$'I#$ #B'$# 4/% *. ψ %* /-# 62$)/&# 1'$$%*F'-+.%-5% # /- #8.')#

+% 9:;@ %-5'-1%* ψ∗ %* (%$+#+%$# %- (U ,∈∗)> ?*5' )'*5$#$A 4/% (U ,∈∗) %* /-
)'+%&' +% 9:;> K%*F/U*@ (%$%)'* 4/% %&.7.%-+' /-# F 1'-(%-.%-5%@ 'I5%-+$%H

)'* /- )'+%&' +% ZFC 4/% *#5.*6#1% &# -%7#1.2- +%& C8.')# +% D%7/&#$.+#+>

 !"#$%&'$()&*(*> "#$# (%$ 4/%

∀x ∀y (∀t (t ∈∗ x↔ t ∈∗ y)→ (x = y))



 !"! #$%&'()# *$+ &,(-.& *$ /$%0+&/(*&*  !

"# $"%&'&"%' "( (U ,∈∗) )*#"%$"+)# ,-" ."(/"(&) "( 0-"(.' 12 #" ./"(" ,-"

∀t (t ∈∗ x↔ t ∈∗ y)↔ ∀t (t ∈ F (x)↔ t ∈ F (y))↔ F (x) = F (y)↔ x = y.

 !"#$"%! &'()!2 3"' ∅∗ = F−1(∅)2 4" 5' &"6(/0/7( &" ∈∗ %"#-5.' ,-"

∀x ¬ (x ∈∗ ∅∗).

*"+,"2 3"' a -( 0)(8-(.) 9 #"' ∪∗a = F−1(
⋃

y∈F (a) F (y))2 :# ;<0/5 $"% ,-"

∀t (t ∈∗ ∪∗(a)↔ ∃y (y ∈∗ a ∧ t ∈∗ y).

 !"#$"%! -!%."(+'2 3"' a -( 0)(8-(.)2 =*#"%$"+)# ,-"

x ⊆∗ a↔ ∀t (t ∈∗ x→ t ∈∗ a)↔

∀t (t ∈ F (x)→ t ∈ F (a)↔ (F (x) ⊆ F (a))↔ (F (x) ∈ P(F (a))).

1)% "5 >?/)+' &" 3-#./.-0/7(@ {F−1(y) : y ∈ P(a)} = {x : F (x) ∈ P(a)} "# -(

0)(8-(.)2 3"' P∗(a) = F−1({x : F (x) ∈ P(a)}2 A"#-5.' ,-" x ⊆∗ a ↔ x ∈∗

P∗(a)2
/$0%+%$(+," 3"' a -( 0)(8-(.) 9 ψ(x, y) -(' ;7%+-5' .'5 ,-" ψ∗(x, y) &"6("

-(' %"5'0/7( ;-(0/)('5 #)*%" aB

(∀x (x ∈∗ a→ ∃! y ψ∗(x, y)))↔ (∀x (x ∈ F (a)→ ∃! y ψ∗(x, y))).

1)% "5 >?/)+' &" 3-#./.-0/7( "( (U ,∈)@

{y : ∃x ∈∗ a (ψ∗(x, y))} = {y : ∃x ∈ F (a) (ψ∗(x, y))}

"# -( 0)(8-(.)2

C)+) "5 >?/)+' &" 3-#./.-0/7( "# $<5/&) "( (U ,∈∗)@ .'+*/D( #)( $<5/&)# 5)#

'?/)+'# &" 102.(+3('(+," 9 &" 14+0%."(+' 5.6 -'72

8"3"+%!2 3"' 5' E;-(0/7(ES &"6(/&' "( U F)%

S(x) =











∅∗ #/ x = 0,

F (x(n)) ∪ {x(n)} #/ x "# ;-(0/7( 9 &)+G?H I ( J K@

∅ #/ () #" 0-+F5"( 5'# 0)(&/0/)("# '(."%/)%"#.

1)% %"0-%%"(0/' &"6(/+)# 5' ;-(0/7( f 0)( dom(f) = ω #'./#;'0/"(&) f(n) =
S(f |n)2 :(.)(0"# #" ./"(" ,-" f(0) = ∅∗ 9 f(n+ 1) = F (f(n)) ∪ {f(n)}2

=*#"%$"+)# ,-" x ∈ f(n + 1) ↔ x ∈∗ f(n) ∨ x = f(n)@ 5) ,-" #/L(/60' ,-"

f(n+ 1) = f(n)′∗2
1)% "5 >?/)+' &" 3-#./.-0/7( img(f) "# -( 0)(8-(.)2 3"' ω∗ = F−1(img(f))@

9 $"'+)# ,-" ω∗ "# /(&-0./$) "( (U ,∈∗)B ∅∗ ∈∗ ω∗ F)%,-" ∅∗ = f(0) ∈ img(f)2
3-F)(L'+)# ,-" x ∈∗ ω∗2 :(.)(0"# x ∈ img(f) 9 F)% 5) .'(.) x = f(n) F'%'

'5LM( n ∈ ω2 N-"L) x′∗ = f(n+ 1) ∈ img(f)@ 5) ,-" #/L(/60' ,-" x′∗ ∈ ω∗2

16.((+,"2 3"' a -( 0)(8-(.) ,-" "( (U ,∈∗) "# () $'0O) 9 0-9)# "5"+"(.)# #)(

() $'0O)# 9 &/#8-(.)# &)# ' &)#2 :#.) "#@ a #'./#;'0"B



 !  !"#$%&' () *& !+,'-! .* /*0%&!/,.!.

 

∗
" a 6= ∅∗,

  

∗
" ∀x((x ∈∗ a)→ ∃ t (t ∈∗ x)),

   

∗
" ∀x ∀y (((x ∈∗ a) ∧ (y ∈∗ a) ∧ (x 6= y))→ (∀z ((z 6∈∗ x) ∨ (z 6∈∗ y))))#

$% (U ,∈)& '() *+,*-./(/.) (%0.+-,+.) )-1%-23(% 45. a )(0-)6(3. '() *+,*-./(7

/.)8

 " a 6= ∅,

  " ∀x ((x ∈ F (a))→ (F (x) 6= ∅)),

   " ∀x ∀ y (((x ∈ F (a)) ∧ (y ∈ F (a)) ∧ (x 6= y))→ (F (x) ∩ F (y) = ∅)).

$%0,%3.)& 0.%-.%/, .% 35.%0( .' 9:-,;( /. <5)0-053-=%& +.)5'0( 45. a1 =
{F (x) : x ∈ F (a)} .) 5% 3,%>5%0, %, ?(3@, /. 3,%>5%0,) %, ?(3@,) A /-)>5%0,)

/,) ( /,)# B5.1, *,+ .' 9:-,;( /. $'.33-=% .:-)0. 5% 3,%>5%0, b1 0(' 45.

∀ t ∃!y ((t ∈ a1)→ ((y ∈ t) ∧ (y ∈ b1)). CD#E"

F,;, (t ∈ a1)↔ ∃x ((x ∈ F (a)) ∧ (t = F (x)))& CD#E" ). *5./. .)3+-G-+

∀x ∃!y ((x ∈ F (a))→ (y ∈ F (x)) ∧ (y ∈ b1)).

H.2%-.%/, b = F−1(b1)& ). 0-.%. 45.

∃ b (∀x ∃!y ((x ∈∗ a)→ ((y ∈∗ x) ∧ (y ∈∗ b)),

45. .) '( 6,+;5'(3-=% /.' 9:-,;( /. $'.33-=% .% (U ,∈∗)#

93(G(;,) /. ?.+ 45. (U ,∈∗) )(0-)6(3. ',) (:-,;() IJF& 35('45-.+( 45. ).( '(

F /.2%-/( ( *(+0-+ /. 5%( 6=+;5'( ϕ(x, y) 45. )(0-)6(1( '() *+,*-./(/.) P1−P4#

<.(

ϕ(x, y) = (x = 0→ y = 1) ∧ (x = 1→ y = 0) ∧ ((x 6= 0) ∧ (x 6= 1))→ (x = y).

$) 3'(+, 45. ϕ )(0-)6(3. P1 −P4 A '( F 3,++.)*,%/-.%0. .)0K /.2%-/( *(+( 0,/,

x 3,;,

F (x) =











1 )- x = 0&

0 )- x = 1&

x )- x 6= 0 A x 6= 1#

F,;, 0 ∈ F (0) = 1 = {0}& +.)5'0( 45. 0 ∈∗ 0 A /.' F,+,'(+-, D#L#M +.)5'0( 45.

.' 9:-,;( /. N.15'(+-/(/ .) 6('), .% (U ,∈∗) *(+( .)0( .'.33-=% /. ∈∗#
$% *(+0-35'(+& +.)5'0( 45. '( .:-)0.%3-( /. 3,%>5%0,) 45. ).(% .'.;.%0,) /.

)@ ;-);,) .) 3,;*(0-G'. 3,% '( (:-,;K0-3( IJF#



 !"! #$#%&'&'()  !

 !"! #$%&'('()*

 !"#$%$%& '()(*(  !"#$% &"! $'(#)*)%#'! $'& +,'-*)*)% ./0/1. 2-%3"- 45'6

1/ 7) a '! 5# *%#,5#8% -'95&"-: '#8%#*'! ∈ '! 3)'# ;5#$"$" !%3-' a/

./ 7) ∈ '! 3)'# ;5#$"$" !%3-' 5# *%#,5#8% 8-"#!)8)<% a: '#8%#*'! a '! -'95&"-/

 !"#$%$%& '()(+( 7'" ∈∗ &" 2'-8'#'#*)" $'(#)$" 2%- 5#" =;5#*)>#? F $'8'-@)A

#"$" 2%- 5#" ;>-@5&" 45' !"8)!;"*' &"! 2-%2)'$"$'! P1 − P4 *%#!)$'-"$"! '#

BC/D/ E-5'3' 45'6

1/ x ∩∗ y = F−1(F (x) ∩ F (y)):

./ {x, y}∗ = F−1({x, y}):

D/ {x}∗ = F−1({x}):

F/ 〈x, y〉∗ = F−1(〈x, y〉)/


