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∃y (Ord(y) ∧ (x ∈ Vy)).
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 !"#$%$&# '()()(  !" C #$" %&"'! ( ϕ #$" )*+,#&"- .!/$0+!,1' ϕC
21+ 0$3

4#%%0*$ !$ &" %1,2&!504"4 4! ϕ %1,1 '06#!7

 8  0 ϕ !' "9*,0%": !$91$%!' ϕC = ϕ:

OP



 !  !"#$%&' () *'+,&'-

   !" ϕ = ¬ψ# $%&'%($! ϕC = ¬ϕC
#

    !" ϕ = (η ∧ ψ)# $%&'%($! ϕC = (ηC ∧ ψC)#

 ! !" ϕ = ∃x ψ# $%&'%($! ϕC = ∃x (C(x) ∧ ψC))

*+ ,-./01+ ϕC
!$ 2"($ 1+  !"# $%%$&' 2$ ϕ + 1+ (1+!$ C)

"# $% &#'()*)+( &#$ *,(-)'*%&./ ,()0#/1%$ #( -2/3)(.1 &#$ #4)1-#(*)%$ 5 $%

(#6%*)+( 1# -)#(# 7,#8

9) ϕ = ∀x ψ(x), #(-.(*#1 ϕC = ∀x (C(x)→ ψC(x)). :;<=>

? *.(-)(,%*)+( .@-#(&/#3.1 %$6,(.1 /#1,$-%&.1 /#$%*).(%&.1 *.( *$%1#1 -/%(A

1)-)0%1< "%&. 7,# V #1 -/%(1)-)0%B #1-.1 /#1,$-%&.1 1# %C$)*%( % V *.3. *%1.

C%/-)*,$%/<

")/#3.1 7,# ,(% *$%1# C 1%-)1D%*# ,( %4).3% ?B *,%(&. $% /#1-/)**)+( % C
&#$ #(,(*)%&. &# ? #1 0#/&%&#/.<

 !"#!$% &'('(' 30+140"$. (1+!$ &.+%!"&"5+ !+&"!,+($ $1 67"'/+ 2$ 87&$%!"'%+9

1"2+2)

:$/'!&.+("-%) E$ ?4).3% &# E4-#(1).(%$)&%& #1

∀x ∀y (∀t(t ∈ x↔ t ∈ y)→ x = y).

E$ %4).3% /#1-/)(6)&. % C -.3% $% D./3%

∀x ∀y {C(x) ∧ C(y)→ [∀t (C(t)→ (t ∈ x↔ t ∈ y))→ x = y]}.

9#%( x # y #( C -%$#1 7,# x 6= y< 9)( C2/&)&% &# 6#(#/%$)&%& C.&#3.1 1,C.(#/

7,# #4)1-# t -%$ 7,# t ∈ x 5 t /∈ y< F.3. C #1 -/%(1)-)0% 5 t ∈ xB -#(#3.1 C(t)G
#1 &#*)/B t #1-H #( $% *$%1#<

I,#6. 1 &.1 *.(J,(-.1 #( C 1.( &)1-)(-.1 K%5 %$ 3#(.1 ,( #$#3#(-. &# C 7,#

#1-H #( ,(. C#/. (. #( #$ .-/.< L./ $. -%(-. 1) &.1 *.(J,(-.1 &# $% *$%1# C -)#(#(

$.1 3)13.1 #$#3#(-.1 &# C &#@#( 1#/ )6,%$#1 5 #1-. #1 $. 7,# %'/3% #$ ?4).3%

&# E4-#(1).(%$)&%& /#1-/)(6)&. % C<

 !"#!$% &'(')' ;" C $! 0%+ (1+!$ &.+%!"&"5+ &+1 40$ C(x)→ C(P(x))# $%&'%($!

$1 67"'/+ 2$ 8!<$("=(+("-% 5+1$ $% C)

:$/'!&.+("-%) E$ E17,#3% &# E1C#*)'*%*)+( /#$%-)0. % CB %C$)*%&. % ,(% D+/A

3,$% ϕB #1 #$ #(,(*)%&.

∀x {C(x)→ ∃y [C(y) ∧ (∀t (C(t)→ (t ∈ x ∧ ϕC(t) )) ↔ t ∈ y)]}.

E$ *.(J,(-.

y = {t ∈ x : ϕC(t)} ∈ P(x).

F.3. C./ K)C+-#1)1 P(x) #1-H #( C 5 C #1 -/%(1)-)0%B /#1,$-% 7,# y #1-H #( CB $.
7,# 1)6()'*% 7,# #$ ?4).3% &# E4-#(1).(%$)&%& /#$%-)0. % C 1# *,3C$# #( C<



 !"! #$ %#$&' V  !

 !"#$%$&# '()(*(  !" C #$" %&"'! ( ϕ #$" )*+,#&" %-$ x0, ..., xn %-,- ."+/"0&!'

&/0+!'1 2/+!,-' 3#! ϕ !' C !"#$%&'! - 3#! C ()*)+! " ϕ '/ !' .!+4"4!+- !&

!$#$%/"4-

∀x0 ... ∀xn [C(x0) ∧ ... ∧ C(xn) → (ϕ↔ ϕC)]

"#$% &#' ()* +,-.(/* ϕ &# C0*1#%/($* #2 /%# &)()32*4%# 5(& -&#(/$*) 4& *#260

)*- * /*# 7*-2*1/&# /21-&# 4& ϕC
8 4& ϕ /%# .2#.%# &/&.&)$%# 4& C' *.1%# #%)

7&-4*4&-%# % *.1%# #%) +*/#%#9 "/ #26(2&)$& &:&.;/% 4& ()* +,-.(/* )% *1#%/($*

*8(4*-< * 3%.;-&)4&- &/ 3%)3&;$%9

+,!-./0 '()(1(  !" ϕ(z) = ¬(∃x (x ∈ z)) ( %-$'/4!+!,-' %-,- %&"'! "& %-$5

6#$7- s = ω \ {∅}1 8$7-$%!' ϕs(z) = ¬∃x(x ∈ s ∧ x ∈ z)9 ( '! 7/!$! 3#! ϕs(1)
!' .!+4"4!+- :!+- ϕ(1) !' )"&'-1 ;-+ &- 7"$7- !& !$#$%/"4-

∀z(z ∈ s→ (ϕs ↔ ϕ))

!' )"&'- ( ϕ $- !' s5"0'-&#7"1

=&#(/$* 4& /* >&?)232,) @9A9A -&#(/$* 5(& #2 ϕ )% $2&)& 3(*)$2?3*4%-&#' &)0

$%)3&# ϕ = ϕC
;*-* 3(*/5(2&- 3/*#& C9 B%- /% $*)$% #2 ϕ )% $2&)& 3(*)$2?3*4%-&#

&# $-272*/.&)$& C0*1#%/($* ;*-* 3(*/5(2&- 3/*#& C9

 !"#$%$&# '()(1( <-' %#"$7/=%"4-+!' !$ #$" )*+,#&" '! 4/%!$ !,$'!-$# '/

'-$ 4! &" )-+," ∀x (x ∈ y → ψ(x)) * ∃x (x ∈ y ∧ ψ(x))1

2!-3 '()(4(  / C #$" %&"'! 7+"$'/7/."9 !$7-$%!' 7-4" )*+,#&" ϕ '/$ %#"$7/=%"5

4-+!' $- "%-7"4-' !' C5"0'-&#7"1

2!,-'7+"%/*$1 C*-&.%# /* 4&.%#$-*32,) ;%- 2)4(332,) &) /* 3%.;/&:24*4 4& /*#

+,-.(/*#9 D2 comp(ϕ) = 0' &)$%)3&# )% $2&)& 3(*)$2?3*4%-&# 8 &/ -&#(/$*4% &#

$-272*/9 D&* comp(ϕ) = n > 0 #2) 3(*)$2?3*4%-&# )% *3%$*4%# 8 #(;%)6*.%# 5(&

$%4*# /*# +,-.(/*# 4& 3%.;/&:24*4 .&)%# 5(& n #2) 3(*)$2?3*4%-&# )% *3%$*4%#

#&*) C0*1#%/($*#9 D2 ϕ = ¬ψ % ϕ = (ψ ∧ η)' &)$%)3&# ψ 8 η $2&)&) 3%.;/&:24*4

.&)%- 5(& n 8 )% ;(&4&) $&)&- 3(*)$2?3*4%-&# )% *3%$*4%#9 E(&6%' ;%- /*

F2;,$&#2# 2)4(3$27* 4&1&) #&- C0*1#%/($*#' 8 #& 7& +<32/.&)$& 5(& &#$% 2.;/23*

5(& $*.12G) ϕ &# C0*1#%/($*9
D2 ϕ(y0, . . . , yn, z) = ∃x(x ∈ z)ψ(x, y0, . . . , yn, z)' ;*-* ;-%1*- 5(& ϕ &# C0

*1#%/($* 4&1&.%# ;-%1*- 5(& &/ #26(2&)$& &)()32*4% &# 7&-4*4&-%H

∀y0 · · · ∀yn∀z(C(y0) ∧ . . . ∧ C(yn) ∧ C(z)→

[∃x(C(x) ∧ x ∈ z ∧ ψC(x, yo, . . . , yn, z))↔ ∃x(x ∈ z ∧ ψ(x, y0, . . . , yn, z))].

I%.% C &# $-*)#2$27* 8 z ∈ C' 4&1& #&- x ∈ C' /(&6% /* 3%)4232,) C(x) &#

#(;&-J(*' 8 &/ &)()32*4% *)$&-2%- ;(&4& &#3-212-#&H

∀y0 · · · ∀yn∀z(C(y0) ∧ . . . ∧ C(yn) ∧ C(z)→

[∃x(x ∈ z ∧ ψC(x, yo, . . . , yn, z))↔ ∃x(x ∈ z ∧ ψ(x, y0, . . . , yn, z))].

5(& -&#(/$* 7&-4*4&-%' 8* 5(& ;%- /* F2;,$&#2# 2)4(3$27* ψ 4&1& #&- C−absoluta9



 !  !"#$%&' () *'+,&'-

"#$ ϕ(x, y) %&$ '()*%+$ ,%# -#)*./$ 0#1&.) %&$ )#+$2.(& '%&2.3&$+ y = F (x)4
#5/3 #54 ,%# ∀x ∃!y ϕ(x, y)6

 !"#$%$&# '()(*(  !"#$%& '(# )*  !"#$%&' ()'$%*'#" F #& C+#,-*").# +(*,-
.% #&/0 .#1,!.* 2%" (,* 34"$()* ϕ C-*5&%)(/* '(# &*/!&3*+# )* +%,.!+!4, .#
#6!&/#,+!* 7 (,!+!.*. #, C8

∀x [C(x)→ ∃!y ((C(y) ∧ ϕC(x, y)))].

7# +$ 0#1&.2.(& $&/#).3) )#5%+/$ ,%# 5. F #5 %&$ )#+$2.(& '%&2.3&$+ C8$953+%/$4
#&/3&2#5 F C(x) = F (x) -$)$ /303 x #& +$ 2+$5# C6

7# $2%#)03 23& #+ :#**$ !6;6< 5. ,%#)#*35 =#) ,%# 0$0$ %&$ 2+$5# /)$&5./.=$

C +$ '()*%+$ ϕ #5 C8$953+%/$4 9$5/$)> #52).9.) %&$ '()*%+$ #,%.=$+#&/# $ #++$

03&0# +35 2%$&/.12$03)#5 $-$)#?2$& $23/$0356 @5/3 #5 +3 ,%# A$)#*35 #& +$

0#*35/)$2.(& 0#+ 5.B%.#&/# /#3)#*$6

+!,-!./ '()(0( 9#* C (,* +)*&# /"*,&!/!:* '(# &*/!&3*+# )%& *6!%$*& .# ;&2#+!-
1+*+!4,< =*" 7 >,!4,? #,/%,+#& )*& &!@(!#,/#& 34"$()*& 7 "#)*+!%,#& 3(,+!%,*)#&

&%, C-*5&%)(/*&A

*B x ∈ y

5B x = y

+B x ⊂ y

.B {x, y}

#B {x}

3B 〈x, y〉

@B ∅

CB x ∪ y

!B x ∩ y

DB x \ y

EB x′

)B Trans(x)

$B ∪x

,B ∩x

 #$%&/"*+!4,A *B C 5B 53& /).=.$+#5 -3) 5#) '()*%+$5 $/(*.2$56

+B :$ '()*%+$ ∀t (t ∈ x → t ∈ y) /.#&# /3035 5%5 2%$&/.12$03)#5 $23/$035 C C
#5 /)$&5./.=$D -3) +3 /$&/3 #5 C8$953+%/$6



 !"! #$ %#$&' V  !

 ! Trans(x) "# $% &'()*$% ∀y (y ∈ x → ∀z (z ∈ y → z ∈ x)) "+ $% ,*" -./.#

$.# 0*%+-120%/.("# %3%("0"+ %0.-%/.#4

5.( 613'-"#1#7 $.# 0.+8*+-.# /"2+1/.# 3.( $%# &'()*$%# &*+01.+%$"# {x, y}C 7
{x}C 7 〈x, y〉C 7 ∅C 7 (x ∪ y)C 7 (x ∩ y)C 7 (x \ y)C 7 (x′)C "91#-"+4 :"#-% ;"( ,*" 0.1+<

01/"+ 0.+ #* 0.(("#3.+/1"+-" +. ("$%-1;.4 5%(% "$$. "#0(1=1(").# $%# ("#3"0-1;%#

&'()*$%# ,*" $.# /"2+"+ /" )%+"(% ,*" $.# 0*%+-120%/.("# ,*"/"+ %0.-%/.#7 $.

,*" 1)3$10% ,*" $%# &'()*$%# #"%+ C<%=#.$*-%#4
"! z = {x, y} #1 > #'$. #1 y ∈ z ∧ x ∈ z ∧ ∀t (t ∈ z → (t = x ∨ t = y))4

#! ?#-" "# *+ 0%#. 3%(-10*$%( /" "!

$! z = 〈x, y〉 #1 > #'$. #1

∃s (s ∈ z ∧ s = {x}) ∧ ∃s (s ∈ z ∧ s = {x, y}) ∧

∀s(s ∈ z → (s = {x} ∨ s = {x, y}).

%! 5./").# /"01( ,*" z = ∅ #1 > #'$. #1 ∀t (t ∈ z → t 6= t)4

&! z = x ∪ y #1 > #'$. #1 ∀t (t ∈ z → (t ∈ x ∨ t ∈ y)) ∧ x ⊂ z ∧ y ⊂ z4

'! z = x ∩ y #1 > #'$. #1 ∀t (t ∈ x → (t ∈ y → t ∈ z)) ∧ z ⊂ y ∧ z ⊂ x4

(! z = x \ y #1 > #'$. #1 ∀t (t ∈ x → (t /∈ y → t ∈ z)) ∧ z ⊂ x ∧ z ∩ y = ∅4

)! @*" x′ = x ∪ {x} "# 0.+#"0*"+01% /" #! > &!4

*! y = ∪x #1 > #'$. #1 ∀s (s ∈ x → s ⊂ y) ∧∀t (t ∈ y → ∃s (s ∈ x ∧ t ∈ s))4

+! y = ∩x #1 > #'$. #1

∀t (t ∈ x → y ⊂ t) ∧ ∃s0 {s0 ∈ x ∧ ∀t [t ∈ s0 → (∀s (s ∈ x → t ∈ s))]→ t ∈ y}.

 !"#!$% &'('&' ,+  -. *'.*-. &'/01#.'. "# 1#23#*- -+1#3'234  -. .'%5'#+1#.

$03*5 -. 6 3# -7'2+#. $5+7'2+- #. .2+ C8-9.2 51-.:

-! z #. 5+ /-3 23"#+-"2

9! a× b:

7! r #. 5+- 3# -7'0+

"! dom(r)

#! img(r)

$! f #. $5+7'0+

%! f(x) ;.#3 '*-%#+ "# # #*#+12 x /23 5+- $5+7'0+ f!

&! f #. $5+7'0+ '+6#71'<-



   !"#$%&' () *'+,&'-

 !"#$%&'()*+, !"#$%&$'(# )*$ #+ ϕ(x, y) $# C,-"#(.*/-0 1 .- %$.-2+34 5*42+(4-.

y = F (s, t) $# C,-"#(.*/-0 $4/(42$# .- 53%'*.- ψ(x, s, t) 6-6- 7(% ϕ(x, F (s, t))
%$#*./- C,-"#(.*/-0 7*$#/( )*$ - ψ(x, s, t) 7(6$'(# $#2%+"+%.- 2('( ϕ(x, y) ∧
(y = F (s, t)) )*$ $# C,-"#(.*/-8

9#-46( $. /$(%$'- -4/$%+(%0 $#2%+"+%$'(# .-# 53%'*.-# 6$ 5(%'- /-. )*$ .(#

2*-4/+:2-6(%$# )*$6$4 -2(/-6(#0 1 -.;*4-# 6$ .-# &-%+-".$# )*$ -7-%$<2-4 .+"%$#

#$-4 %$$'7.-<-6-# 7(% %$.-2+(4$# 5*42+(4-.$# C,-"#(.*/-#8

-= >- 53%'*.- )*$ 6+2$ )*$ ?z $# *4 7-% (%6$4-6(?7*$6$ $@7%$#-%#$ 2('(

∃x (x ∈ t ∧ t = ∪z) ∧ ∃y (y ∈ s ∧ s = ∪z) ∧ z = 〈x, y〉.

A(% $. /$(%$'- -4/$%+(% .-# %$.-2+(4$# 5*42+(4-.$# 〈x, y〉 1 ∪z #(4 C,-"#(.*/-B
-6$'C# .(# 2*-4/+:2-6(%$# $#/C4 -2(/-6(#0 7(% .( /-4/( .- 53%'*.- $# C,
-"#(.*/-8

"= c = a× b #+ 1 #3.( #+

∀x ∀y [(x ∈ a ∧ y ∈ b) → 〈x, y〉 ∈ c] ∧

∀z [z ∈ c → ∃x ∃y (x ∈ a ∧ y ∈ b ∧ z = 〈x, y〉)].

D4 $#/- 53%'*.-0 /(6(# .(# 2*-4/+:2-6(%$# $#/C4 -2(/-6(#8

2= Er $# *4- %$.-2+34F #+ 1 #3.( #+ ∀x (x ∈ r → x E$# *4 7-% (%6$4-6(F )8 >(#
2*-4/+:2-6(%$# $#/C4 -2(/-6(# 1 E$# *4 7-% (%6$4-6(F $# C,-"#(.*/-8

6= a = dom(r) #+ 1 #3.( #+

∀x [x ∈ a → ∃y (y ∈ ∪ ∪ r ∧ 〈x, y〉 ∈ r)] ∧

∀x ∀y[(x ∈ ∪ ∪ r ∧ y ∈ ∪ ∪ r ∧ 〈x, y〉 ∈ r) → x ∈ a].

$= b = img(r) #+ 1 #3.( #+

∀y (y ∈ b → ∃x (x ∈ ∪ ∪ r ∧ 〈x, y〉 ∈ r)] ∧

∀x ∀y[(x ∈ ∪ ∪ r ∧ y ∈ ∪ ∪ r ∧ 〈x, y〉 ∈ r) → y ∈ b].

5= Ef $# 5*42+34F #+ 1 #3.( #+

(f $# %$.-2+34 ) ∧ ∀x ∀y ∀z

[(x ∈ ∪∪f ∧ y ∈ ∪∪f ∧ z ∈ ∪∪f) → (〈x, y〉 ∈ f ∧ 〈x, z〉 ∈ f → y = z)].

;= y = f(x) #+ 1 #3.( #+ ∃s (s ∈ f ∧ s = 〈x, y〉)8

?f $# 5*42+34 +41$2/+&-?#+ 1 #3.( #+

(f $# 5*42+34 ) ∧ ∀x ∀t

[(x ∈ dom(f) ∧ t ∈ dom(f)) → (f(x) = f(t) → x = t)].
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 !"#!$% &'(')'  !" C #$" %&"'! ()"$'*(*+" ,#! '"(*'-"%! &.' "/*.0"' 1! 2'3!4

%*5%"%*6$7 8")7 9$*6$ : 8.(!$%*";  !"$ a : r %.$<#$(.' !$ &" %&"'! C : '#3.$4

="0.' ,#! r !' #$ >#!$ .)1!$ '.>)! a : ,#! &" -6)0#&" ,#! 1*%! !'(. !' ϕ(a, r);
2$(.$%!' &" -6)0#&" )!'()*$=*1" ϕ(a, r)C !' +!)1"1!)";

?!0.'()"%*6$; "# $%&'()# ϕ(a, r) *(+,+ -+& +-.&/0# .1'1

[(r ⊂ a× a) ∧ orden(a, r) ∧ bueno(a, r)],

,12,+ orden(a, r) +- )# $%&'()#

∀x ∈ a ∀y ∈ a ∀z ∈ a [〈x, x〉 ∈ r ∧ 〈x, y〉 ∈ r ∧ 〈y, z〉 ∈ r)→ (〈x, z〉 ∈ r)∧

((〈x, y〉 ∈ r ∧ 〈y, x〉 ∈ r)→ x = y)]

3(+ ,/.+ 3(+ r +- (2 1&,+2 -14&+ a 5 bueno(a, r) +-

∀x{x ∈ P(a) ∧ x 6= ∅ → ∃y [(y ∈ x) ∧ ∀t (t ∈ x→ 〈y, t〉 ∈ r)]},

)# $%&'()# 3(+ ,/.+ 3(+ r +- (2 4(+2 1&,+26

7#81 +-0#- 9/*%0+-/- -14&+ C: 01,#- +-0#- $%&'()#-: 3(+ ,+;2+2 4(+2 1&,+2:

-12 C<#4-1)(0#- *(+-01 3(+ 01,1- )1- .(#20/;.#,1&+- +2 +))#- -+ +2.(+20&#2 #.1<

0#,1- 5 )#- $%&'()#- $(2./12#)+- 3(+ #*#&+.+2 -12 C<#4-1)(0#-6 =1& )1 0#201

ϕ(a, r) +- C<#4-1)(0#6

 !"#!$% &'('*'  !" C #$" %&"'! ()"$'*(*+" ,#! '"(*'-"%! &.' "/*.0"' 1! 2'3!4

%*5%"%*6$7 8")7 9$*6$ : 8.(!$%*";  * ω !'(@ !$ &" %&"'! C7 !$(.$%!' C '"(*'-"%!

!& A/*.0" 1!& B$5$*(.;

?!0.'()"%*6$; >) ?@/1'# ,+) A2;2/01 &+)#0/B1 # C +-

∃x {C(x) ∧ [∅C ∈ x ∧ ∀t (C(t) → t ∈ x → (t′)C ∈ x)]}. CD6EF

G1'1 -+ -#0/-$#.+2 )#- 9/*%0+-/- ,+) H+1&+'# D6I6J: &+-()0# 3(+ ∅C = ∅ 5 (t′)C =
t′: 5 .1'1 C(ω) +- B+&,#,+&1: 0+2+'1- 3(+ ω 9#.+ B+&,#,+&1 +) +2(2./#,1 CD6EF6

 !"#!$% &'('+'  * α !' #$ .)1*$"& &C0*(!7 !$(.$%!' Vα '"(*'-"%! &.' "/*.0"'

1! 2/(!$'*.$"&*1"17 2'3!%*5%"%*6$7 D.$<#$(. E"%C.7 8") 7 9$*6$7 8.(!$%*"7 F!4

=#&")*1"17 2&!%%*6$; A1!0@'7 '* α > ω7 !$(.$%!' Vα '"(*'-"%! !& A/*.0" 1!&

B$5$*(.;

G. "$(!)*.) "5)0" ,#! '* α > ω7 !$(.$%!' Vα !' #$ 0.1!&. 1! HD

+
;

?!0.'()"%*6$; K+# α (2 1&,/2#) )L'/0+6 =1& +) H+1&+'# J6I6M: Vα +- 0&#2-/0/B1

C.1'1 .128(201F: *1& )1 0#201 0&#2-/0/B# .1'1 .)#-+6 >) H+1&+'# D6I6I #;&'#

+2012.+- 3(+ Vα -#0/-$#.+ >@0+2-/12#)/,#,6 K/ (-#'1- +) G1&1)#&/1 J6I6N 5 0+<

2+'1- +2 .(+20# 3(+ Vα +- 0&#2-/0/B1: +- $O./) .1'*&14#& 3(+ Vα -#0/-$#.+ )1-

#@/1'#- ,+ P2/%2: =#& 5 =10+2./#6
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"#$ %&'#&()*+#$ %& ,*$ -./0(%$.$ 1%, 2%#)%+* 345467 /#) ,# (*&(# Vα $*(.$8*'%

9$/%'.:'*'.0&4

9, ;<.#+* 1%, =#&>?&(# @*'A# $% $*(.$8*'% /#)B?% ∅ ∈ Vα4
C*)* D%) B?% Vα $*(.$8*'% ;<.#+* 1% 9,%''.0&7 +#$()*)%+#$ B?% Vα $*(.$8*'%

%, C).&'./.# 1% E?%&* F)1%&*'.0&4

G%* a ?& '#&>?&(# %& VαH %$(% '#&>?&(# /?%1% $%) I.%& #)1%&*1# J $%* r ?&

I?%& #)1%& /*)* a4 2%&%+#$ B?% r ⊂ a× a ∈ Vα J 1% %$(* +*&%)* &#$ -*,,*+#$

%& ,*$ -./0(%$.$ 1%, 2%#)%+* 3454K7 %&(#&'%$ Vα $*(.$8*'% %, C).&'./.# 1% E?%&*

F)1%&*'.0&4

9, ;<.#+* 1% L%M?,*).1*1 D*,% %& Vα /#) '#&$()?''.0&4

N* O,(.+* *:)+*'.0& %$ '#&$%'?%&'.* 1%, (%#)%+* 3454P4

 !"#!$% &'('()' V  ! "# $%& '% & ()*

+
+

, $%!-./012#+ N* ',*$% V %$ ()*&$.(.D* /#) %, 2%#)%+* Q454Q7 /#) ,# (*&(# $*R

(.$8*'% 9<(%&$.#&*,.1*14 ;1%+S$7 /#) %, 2%#)%+* Q45437 $. x %$(S %& V7 %&(#&'%$
P(x)7 J ∪x (*+I.T&H /#) ,# (*&(# $*(.$8*'% ,#$ *<.#+*$ 1% C#(%&'.* J U&.0&4

9, ;<.#+* 1% L%M?,*).1*1 %$ D%)1*1%)# %& V /#) '#&$()?''.0&4 9, ;<.#+* 1%

9,%''.0& $%)A* D%)1*1%)# %& V $. 8?%)* D%)1*1%)# %, 1% G?$(.(?'.0&7 /#)B?% %$(%

O,(.+# .+/,.'* 9$/%'.:'*'.0& J '#& %$(# %$(*+#$ %& ,*$ -./0(%$.$ 1%, 2%#)%+*

3454K4 C#) ,# (*&(#7 $0,# )%$(* D%) B?% V $*(.$8*'% G?$(.(?'.0&4

G%* ϕ ?&* 80)+?,* '#& ,* D*).*I,%$ y17 4447 yn7 x7 y ,.I)%$4 9& /*,*I)*$7 %,

;<.#+* 9$B?%+* 1% G?$(.(?'.0& )%,*(.D# * V *:)+*)A* B?%V $. a %$ ?& '#&>?&(#

)%M?,*) (*, B?% /*)* '*1* x ∈ a %<.$(% ?& O&.'# '#&>?&(# )%M?,*) y B?% -*'%

ϕ(x, y)V D%)1*1%)*7 %&(#&'%$ %<.$(% ?& '#&>?&(# )%M?,*)

b = {y : ∃x (x ∈ a ∧ ϕ(x, y)V)}V .

@%*+#$ B?% ,* *:)+*'.0& %$ '.%)(*4 =#&$.1%)%+#$ ,* 80)+?,* ψ(x, y) 1*1*

/#) ϕ(x, y)V ∧ V(y)4 2%&%+#$ B?% ψ 1%:&% ?&* )%,*'.0& 8?&'.#&*,4 N?%M#7 /#)

%, ;<.#+* 9$B?%+* 1% G?$(.(?'.0&7 %<.$(% ?& '#&>?&(#

b = {y : ∃x (x ∈ a ∧ ψ(x, y))} = {y : ∃x (x ∈ a ∧ ϕ(x, y)V ∧ V(y))} =

{y : ∃x (x ∈ a ∧ ϕ(x, y)V) ∧ V(y)} = {y : ∃x (x ∈ a ∧ ϕ(x, y)V)}V .
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Q45457 J* B?% (#1#$ ,#$ %,%+%&(#$ 1% b $#& )%M?,*)%$4
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C(∪x) 6 C({x, y})+ 9#-%#0 ! '/! :2.$"'/! Ord(x) 6 Card(x) !%# C;/<!%'"-/!+

, $%!-./012#+ C*)* D%) B?% W$%) #)1.&*,X %$ CR*I$#,?(*7 /#) ,* Y%:&.'.0& 64Z4Z

1%I%+#$ D%) B?% Trans(x)7 Ord17 Ord2 J Ord3 $#& CR*I$#,?(*$4 G*I%+#$ B?%
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"#$# C %& '()*&+'+,) - &)'+&.)/% 01'%*&+#*)2+3)34 5)( - 6*+7*4 8#( %2 9%#(%$)

:;!;< Trans(x) %& C )=&#2>');

0* Ord1 - Ord2 2#& />)*'+?/)3#(%& %&'@* )/#')3#&4 - /#$# C %& '()*&+'+,)4

&% &+A>% B>% %&')& 3#& .7($>2)& &#* CC)=&#2>')&;
D%&') 8(#=)( B>% Ord3 %& CC)=&#2>')4 # &%) B>% 2) .7($>2)

∀u {(u ⊂ a ∧ u 6= ∅) → ∃z [z ∈ u ∧ ∀x (x ∈ u ∧ x 6= z → z ∈ x)]}

- &> (%&'+(*A+3) ) C4

∀u {C(u) → [(u ⊂ x ∧ u 6= ∅C) →

∃z [C(z) ∧ z ∈ u ∧ ∀t (C(t) → (t ∈ u ∧ t 6= z → z ∈ t))]]},

'+%*%* %2 $+&$# ,)2#( 3% ,%(3)3 />)*3# x %&'@ %* 2) /2)&% C;
5#( E+87'%&+&4 B>% x %&'F %* 2) /2)&% +$82+/) B>% P(x) ')$=+F*4 8#( /#*&+C

A>+%*'% &+ u ⊂ x4 u ∈ P(x) - /#$# C %& '()*&+'+,) u %&'@ %* C; 0&'# $>%&'() B>%

C(u) %& (%3>*3)*'%; 0* 2)& 3%$@& 8)('%& 3% 2) .7($>2)4 ,%$#& B>% C(z) *# ,)(+)

2) ,%(3)3 3% 2) .7($>2) 8#(B>% z ∈ u - u %&'@ %* C4 - C(t) ')$8#/# 8#(B>% &%

'#$) t ∈ u; 02 G)/H# (%&'(+*A+3# /#+*/+3% /#* %2 G)/H#4 3% )/>%(3# /#* %2 9%#C

(%$) :;!;<; 5#( 2# ')*'#4 '#3#& 2#& &+A*#& B>% &% )A(%A)(#* 8#( 2) (%2)'+,+I)/+7*

&#* (%3>*3)*'%& &+ &>8#*%$#& B>% x %&'@ %* 2) /2)&%;

J%$#& 8(#=)3# B>% Ord(x) %& CC)=&#2>'); KE#() ,%(%$#& B>% 2) .7($>2)

Card(x) %& CC)=&#2>');
5(+$%(# ,%(%$#& B>% &+ γ %&'@ %* C4 Card(γ) +$82+/) Card(γ)C ; L>8#*A)$#&

B>% γ %& >* /)(3+*)2 B>% %&'@ %* 2) /2)&% C4 %*'#*/%& γ %& >* #(3+*)2M 8#( 2#

,+&'# )*'%(+#($%*'% γ %& >* #(3+*)2 (%2)'+,# ) C; N# %1+&'% >*) =+-%//+7* 3% γ
%* />)2B>+%( #(3+*)2 $%*#(; "#$# *# E)- #(3+*)2%& (%2)'+,#& ) C B>% *# &%)*

#(3+*)2%&4 '%*%$#& B>% *# E)- =+-%//+7* 8)() 2#& #(3+*)2%& (%2)'+,#& ) C $%*#(%&

B>% γ; 5#( 2# ')*'# Card(a)C %& ,%(3)3%();

L>8#*A)$#& B>% γ %& >* #(3+*)2 B>% *# %& /)(3+*)2; 0*'#*/%& %1+&'% >*)

=+-%//+7* f 3% γ %* >* #(3+*)2 β ∈ γ; "#$# f ⊂ γ × β ⊂ γ × γ - γ × γ %&'@ %*

C4 %*'#*/%& f %&'@ %* C 8#( 8%('%*%/%( ) P(γ× γ); 5#( #'() 8)('%4 &%( =+-%//+7*

%& CC)=&#2>') 8#( 2# ')*'# γ ')$8#/# %& >* /)(3+*)2 (%2)'+,# ) C;

J%$#& >&)3# %2 K1+#$) 0&B>%$) 3% L>&'+'>/+7* 8)() 8(#=)( B>% '#3# /#*C

O>*'# =+%* #(3%*)3# %& &+$+2)( ) >* #(3+*)2 P9%#(%$) Q;R;QS; 02 (%&>2')3# &+C

A>+%*'% $>%&'() B>% T"

+
*# %& &>?/+%*'% 8)() 8(#=)(2#;
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+
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%1& #2&%! #% !,$,'21 ! 2 "# %1&,#2'3

4 $%!-12.,5#3 "#$# ω⊕ω %& >* #(33+*)2 2H$+'%4 8#( %2 9%#(%$) :;!; &)=%$#&

B>% Vω⊕ω %& >* $#3%2# 3% T"

+
; U=&%(,%$#& B>% 2) (%2)/+7* 3% &+$+2)(+3)3 %&

Vω⊕ωC)=&#2>'); 0* %.%/'#4 &%( V.>*/+7* =+-%/'+,)W 2# %&4 V8(%&%(,)( %2 #(3%*W 8>%3%

%18(%&)(&% 8#( >*) .7($>2) /#* '#3#& &>& />)*'+?/)3#(%& )/#')3#& - 2) .7($>2)

f(x) P&%( +$)A%* 3% >* x 8#( >*) .>*/+7*S %& Vω⊕ωC)=&#2>'); X#&'()(%$#& )E#()

B>% %1+&'% >* /#*O>*'# =+%* #(3%*)3# B>% *# %& &+$+2)( ) *+*AY* #(3+*)2;



 !  !"#$%&' () *'+,&'-

"# r $% &' (&$' )*+$' ,-*- ω. $'/)'0$% r ⊂ ω × ω1 ,)* $2 3$)*$4- 56768

P(ω×ω) ∈ Vω⊕ω ,)* 2) /-'/) r ∈ Vω⊕ω6 9)* )/*- ,-*/$. ,)* $2 3$)*$4- 8676: r
$% &' (&$' )*+$' *$2-/#;) - Vω⊕ω6 <)'%#+$*$4)% $2 (&$' )*+$' ,-*- ω +-+) ,)*

x � y %# x $% ,-* $ y #4,-*. ) %# x ≤ y %#$'+) -4()% ,-*$% ) -4()% #4,-*$%6<)4)

ω⊕ ω $% $2 ='#0) )*+#'-2 %#4#2-* - (ω,�) > 2- %#4#2-*#+-+ $% Vω⊕ω?-(%)2&/-. +$2

<)*)2-*#) 5676@ *$%&2/- A&$ ,-*- A&$ $B#%/- &' )*+#'-2 $' Vω⊕ω %#4#2-* - (ω,�)
+$($*C- %$* ω ⊕ ω ∈ Vω⊕ω. 2) A&$ $% #4,)%#(2$ ,)* $2 <)*)2-*#) 5676D6

 !"! #$%&'($)*+ ,-*%.*/*(.* '($00*+'1)*+

E' 2) A&$ %#F&$ λ +$')/-*G &' 0-*+#'-2 A&$ %-/#%H-0$ 2-% +)% 0)'+#0#)'$%

%#F&#$'/$%I

J1 %# γ $% &' 0-*+#'-2 > γ < λ. 2γ < λ.

J2 %# {γi}i∈I $% &'- H-4#2#- +$ 0-*+#'-2$% /-2 A&$ γi < λ ,-*- /)+) i ∈ I >

card(I) < λ. $'/)'0$% supi∈I γi < λ6

K(%$*;$4)% A&$ ω %-/#%H-0$ J1 $ J26

 !"# $%&%'%  ! λ "#$!"%#&' (1 ' (2) '*$+*&'" card(Vλ) = λ) , -#.# $+/+ &+*01*$+
a) a -'.$'*'&' # Vλ) "! , "23+ "! a '" 1* "14&+*01*$+ /' Vλ , card(a) < λ5

6'7+"$.#&!2*5 <)4) λ ⊂ Vλ. $'/)'0$% λ = card(λ) ≤ card(Vλ)6
K(%$*;$4)% A&$ %# α < λ. $'/)'0$% card(Vα) < λ6 E' $H$0/). %&,)'F-4)%

A&$ $%/) $% H-2%). > %$- α $2 ,*#4$* )*+#'-2 4$')* A&$ λ /-2 A&$ card(Vα) ≥ λ6

card(Vα) = card(
⋃

β<α

P(Vβ)) ≤
∑

β<α

card(P(Vβ)) =

máx{card(α) , sup
β<α

2card(Vβ)} < λ,

0)'/*-+#0#$'+) 2- $2$00#L' +$ α6
M$ 2- +$N'#0#L' %$ +$%,*$'+$ A&$ λ $% 2C4#/$6 O&$F). Vλ =

⋃
α∈λ Vα. ,)*

0)'%#F&#$'/$.

card(Vλ) = card(
⋃

α∈λ

Vα) = sup
α∈λ

card(Vα) ≤ λ.

9-*- +$4)%/*-* 2- )/*- ,-*/$. %$- a ∈ Vλ =
⋃

α∈λ Vα6 E'/)'0$% $B#%/$ α ∈ λ
/-2 A&$ a ∈ Vα. 2) A&$ #4,2#0- A&$ card(a) ≤ card(Vα) < λ6 9-*- ,*)(-* 2-

*$0C,*)0-. %&,)'F-4)% A&$ a ⊂ Vλ > card(a) < λ6 <)'%#+$*$4)% 2- H&'0#L' f
+$N'#+- %)(*$ a > +-+- ,)* f(x) = card(rg(x))6 3$'$4)% A&$ f(x) < λ ,-*-

/)+) x ∈ a > -+$4G% card(a) < λ. ,)* 2) /-'/) ρ = supx∈a f(x) < λ6 "# x ∈ a.
f(x) ≤ ρ. $'/)'0$% rg(x) < 2ρ > /$'$4)% A&$ x ∈ V2ρ 6 M$ 2) -'/$*#)* %$ +$+&0$

A&$ a ∈ P(V2ρ) = V2ρ⊕1. > +-+) A&$ 2ρ ⊕ 1 < λ. /$'$4)% a ∈ Vλ6

 !"# $%&%&%  ! λ "#$!"%#&' (1 ' (2) '*$+*&'" Vλ "#$!"%#&' '3 89!+7# /'  1"$!:

$1&!2*5
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 !"#$%&'()*+, "#$%&'()%* +#, -(.,& .(* /0$12,*0* 3,. 450%)( 3, "#*202#601&

7,.(20-% ( Vλ8 ,*2% ,*9 3(3( #&( :17)#.( ϕ(x, y)9 $(7( 2%3% 6%&;#&2% a ,& Vλ ,&

,. +#, ϕ(x, y)Vλ
*,( :#&60%&(.9 ,* 3,6079 $(7( 2%3% x ∈ a ,50*2, #& <&06% y ∈ Vλ

2(. +#, ϕ(x, y)Vλ
= >% +#, 3,?,)%* -,7 ,* +#, ,50*2, #& 6%&;#&2% b ,& Vλ 2(. +#,

20,&, ( 2%3% y 3, Vλ 2(. +#, -(., ϕ(x, y)Vλ
$(7( (.'<& x ,& a=

@%7 ,. 450%)( 3, "#*202#601& ,50*2, ,. 6%&;#&2%

b = {y : ∃x (x ∈ a) ∧ (ϕ(x, y)Vλ)}.

A,&,)%* +#, )%*27(7 +#, b $,72,&,6, ( Vλ=
@%7 /0$12,*0*9 *0 x ∈ a B ϕ(x, y)Vλ

9 ,&2%&6,* y ∈ Vλ8 $%7 .% 2(&2% b ⊂ Vλ=
@%7 %27( $(72,9 $%3,)%* 6%&*27#07 #&( f : a→ b *%?7,B,620-( 3(3( $%7 f(x) =

y 3%&3, y ,* 2(. +#, ϕ(x, y)Vλ
=

>% (&2,70%7 306, +#, card(b) ≤ card(a)= C%)% a ∈ Vλ9 ,. >,)( D=E=F 0)$.06(

+#, card(a) < λ9 ,&2%&6,* card(b) < λ= "0 #*()%* &#,-(),&2, ,. 7,*#.2(3% 3,.

>,)( D=E=F %?2,&,)%* +#, b ∈ Vλ B 6%& ,*2% +#, ,. 450%)( 3, "#*202#601&

7,.(20-% ( Vλ ,* -,73(3,7%=

C%& .%* A,%7,)( D=F= B D=E=E *, 3,)#,*27( ,. *0'#0,&2, 7,*#.2(3%=

 !"#!$% &'(')' -) λ $'%)$.'(! /1 ! /2 0 λ > ω 1 !+%#+(!$ Vλ !$ 2+ "#3!4# 3!
567

+
,

 !"#!$% &'('*' Vω $'%)$.'(! 4#$ '8)#"'$ 3! 567
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"!+#$ !4 98)#"' 3! /+:;

+)%#, <=$ >&!()$'"!+%!1 $'%)$.'(! ?2! +# !8)$%! 2+ (#+@2+%# )+32(%)A# !+ Vω,

 !"#$%&'()*+, @%7 .%* 2,%7,)(* (&2,70%7,* .% <&06% +#, &%* :(.2( $7%?(7 ,* +#,

Vω *(20*:(6, .( 0&,50*2,&60( 3, #& 6%&;#&2% 0&3#620-% 7,.(20-% ( Vω= G& .( 3,H

)%*27(601& 3,. A,%7,)( D=F=I -,)%* +#, Ind(x) ,* VαH(?*%.#2( $(7( 2%3% α9
$%7 .% 2(&2% ,* ,+#0-(.,&2, 3,607 J0&3#620-% +#, $,72,&,6, ( VωK % J0&3#620-%

7,.(20-% ( VωK= "#$%&'()%* +#, x $,72,&,6, ( Vω B x ,* 0&3#620-%= C%)% ω ,*

#& *#?6%&;#&2% 3, x B -(., ,. 450%)( 3, .(* @(72,*9 ω ∈ P(x) ∈ Vω9 B $%7 *,7

Vω 27(&*020-% 2,&37L()%* +#, ω ∈ Vω +#, ,* (?*#73%=

M07,)%* +#, λ ,* #& 6(730&(. +,!#-!$!.-! /.%00!1/23! *0 λ > ω B *(20*:(6,

.(* $7%$0,3(3,* N1 B N2=
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.% 3, OPC

+
= Q,*2( -,7 +#, &% /(B 6(730&(.,* :#,72,),&2, 0&(66,*0?.,* 7,.(20-%*=
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"#$%&' π /∈ Vπ ( π ') '* "$+,'$#- .#$ *# /01/#2 )+ γ ∈ π2 '1/#13') 0*4&10 5' *0)

3#15+3+#1') 5' +1033')+6+*+505 5'6' 70**0$2 # )'02 0* ,'1#) &10 5' *0) )+4&+'1/')

5'6' 3&,"*+$)' ( /#50) '**0) 3#15&3'1 0 %&' '* 30$5+10* /0,"#3# )'0 +1033')+6*'

$'*0/+8# 0 Vπ9

:- γ ≤ ω2 +15+30 %&' γ /0,"#3# ') +1033')+6*' $'*0/+8# 0 Vπ-

;- <=+)/' β ∈ γ /0* %&' 2β ≥ γ2 ( 3#,# β ∈ Vπ "#$ '* >',0 ?-;-: /'1',#)

%&' 2β ∈ Vβ @ "#$ 3#1)+4&+'1/' γ 1# ') &1 30$5+10* 7&'$/','1/' +1033')+6*'

$'*0/+8#-

A- <=+)/' &10 70,+*+0 {βi}i∈I /0* %&' card(I) < γ ( "0$0 /#5# i ∈ I2 βi < γ2
"'$# )+1 ',60$4# γ ≤

⋃
i∈I βi- <1 ')/' 30)#2 *0 70,+*+0 {βi}i∈I ⊂ I × γ ⊂

γ × γ ( γ × γ ∈ Vπ "#$ '* B'#$',0 C-:-?- >0 70,+*+0 "'$/'1'3' 0 Vπ "#$

)'$ Vπ /$01)+/+8# ( ')/# +,"*+30 %&' γ /0,"#3# "&'5' )'$ 7&'$/','1/'

+1033')+6*' $'*0/+8# 0 Vπ-

 !"! #$ %&'(&)* +& $* (&,&-./0

<1 ')/0 D'33+E1 8'$',#) &1 $')&*/05#2 "$#605# '1 *0 5F3050 5' *#) ?G 5'*

)+4*# "0)05# "#$ H+30I0$5 J#1/041' ( KL$+'* >'8+2%&' ,&')/$0 3#,# 3+'$/0)

"$#"+'505') 8M*+50) '1 &10 3*0)' 5' 3#1N&1/#) )' $'O'N01 '1 &10 )&63*0)'2 %&'

"&'5' )'$ &1 3#1N&1/#- P10 3#1)'3&'13+0 +,"#$/01/' 5' ')/' $')&*/05# ') %&'

*#) +1Q1+/#) 0=+#,0) ')%&',0) 5' RST

+
1# "&'5'1 $'',"*0L0$)' "#$ &1 1U,'$#

Q1+/# 5' 0=+#,0)- V/$0) 0"*+303+#1') )' 8'$M1 '1 '* 30"W/&*# )+4&+'1/'-

T#,'1L0$',#) "#$ &1 $')&*/05# "$'*+,+10$-

X+$',#) %&' &10 *+)/0 5' 7E$,&*0) φ1 . . . φn ')  !""#$# %&" '()*+",(-#'

)W2 ( )E*# )+2 /#50 )&67E$,&*0 5' 3&0*%&+'$ 7E$,&*0 5' *0 *+)/0 Q4&$0 '1 φ1 . . . φn-
.#$ 'N',"*#2 3&0*%&+'$ 305'10 5' 7#$,03+E1 5' &10 7E$,&*0 ') 3'$$050 "#$ )&6Y

7E$,&*0)-

.!/01 1+0 234353  !"# M $ N %&"'!' ("&!' )*! (+,+ %+#-*#(+ ,! &" %&"'!

M !'(. !# &" %&"'! N /0"1" "21!34"15 M 6⊆7 N 89 :41!;+' )*! *#" <=1;*&"

ϕ(x0, . . . , xk) !' M,N >"2'+&*(" '4

∀x0∀x1 · · · ∀xk[(M(x0) ∧ M(x1) ∧ · · · ∧ M(xk))→

(ϕM(x0, . . . , xk)↔ ϕN (x0, . . . , xk))].

V6)'$8',#) %&' *0) 7E$,&*0) CY06)#*&/0) +1/$#5&3+50) '1 *0 X'Q1+3+E1 ?-:-;

)#1 C,U Y06)#*&/0)2 5#15' U ') '* &1+8'$)# 5' *0 /'#$W0 5' 3#1N&1/#)-

6!,# 234353 D'01 M ( N 3*0)') /0*') M Z⊆[ N - D+ φ1 . . . φn ') &10 *+)/0

5' 7E$,&*0) 3'$$050 "#$ )&67E$,&*0)2 '1/#13') *0) )+4&+'1/') 3#15+3+#1') )#1

'%&+80*'1/')9

\+] .0$0 /#5# 1 ≤ i ≤ n2 φi ') M,N Y06)#*&/0-



 !"! #$ %#&'#() *# $) '#+$#,-./  !

"##$ %# φi &' (& )* +,-.* ∃yφj(x, y1, . . . , yk)/ &01,02&'

∀y1∀y2 · · · ∀yk[(M(y1) ∧ M(y2) ∧ M(yk))→

(∃x(N (x) ∧ φNj (x, y1 . . . , yk))→ ∃x(M(x) ∧ φNj (x, y1, . . . , yk))].

 !"#$%&'()*+, "#$⇒"##$3 4#5&.,' y1, . . . , yn &0M 6 '78,09*.,' :7& φi &' (& )*
+,-.* ∃xφj(x, y1, . . . , yn) 6 :7& ∃x(N (x) ∧ φNj (x, y1, . . . , yn)).

;01,02&'/ φNi (y1, . . . , yn) &' <&-(*(&-*/ 6 8,- "#$/ φMi (y1, . . . , yn) &' <&-(*=

(&-*3 >7&9, &' <&-(*(&-*

∃x(M(x) ∧ φMj (x, y1, . . . , yn))

6 2,., 8,- "#$ φMj ↔ φNj / 1*.?#@0 &' <&-(*(&-*

∃x(M(x) ∧ φNj (x, y1, . . . , yn)),

), :7& 8-7&?* "##$3

"##$⇒"#$3 A&-&.,' :7& '& '*1#'+*2& "#$ 8,- #0(722#B0 ',?-& )* 2,.8)&5#(*( (& φi
"#CD/E/ . . . / 0$3

%# φi &' (& 2,.8)&5#(*( F/ 0, G*6 0*(* :7& 8-,?*-/ 8,-:7& '# φi &' 70*

+B-.7)* *1B.#2*/ &01,02&' φi = φMi = φNi 3

%78,09*.,' :7& comp (φi) > 0 6 :7& G&.,' <&-#H2*(, "#$ 8*-* 1,(*' )*' +B-=

.7)*' (& )* )#'1* (& 2,.8)&5#(*( .&0,- :7& )* 2,.8)&5#(*( (& φi3 ;0 8*-1#27)*-/

'78,0&.,' <I)#(, "#$ 8*-* 1,(*' )*' '7?+B-.7)*' (& φi3

>,' 2*',' φi = ¬φj 6 φi = φj ∧ φk/ -&'7)1*0 (& )* G#8B1&'#' #0(721#<* 6 )*

J&H0#2#B0 K3D3D (& -&'1-#22#B0 (& 70* +B-.7)* * 70* 2)*'&3

%78,09*.,' *G,-* :7& φi = ∃xφj(x, y1, . . . , yn) 6 H5&.,' y1, . . . , yn &0 M3

φMi (y1, . . . , yn)
↔ ∃x(M(x) ∧ φMj (x, y1, . . . , yn) L J&H0#2#B0 (& -&'1-#22#B0M

↔ ∃x(M(x) ∧ φNj (x, y1, . . . , yn) L 8,- G#8B1&'#' #0(721#<* ',?-& φj M
↔ ∃x(N (x) ∧ φNj (x, y1, . . . , yn) L→$ M N⊆O N 6 ←$ 8,- "##$M

↔ φNi (y1, . . . , yn) L J&H0#2#B0 (& -&'1-#22#B0M

 !"#!$% &'(') "P&,-&.* (& )* Q&R&S#B0$' -./#+0'"#$ 1.! W !$ .+' (2'$!3

1.! /'&' ('4' #&4)+'2 α3 Wα !$ .+ (#+5.+%# 6 1.! $! (."/2!+ 2'$ (#+4)()#+!$

$)0.)!+%!$7

W1 -) α < β3 !+%#+(!$ Wα ⊂Wβ3

W2 -) γ !$ .+ #&4)+'2 28")%!3 !+%#+(!$ Wγ =
⋃
α∈γ

Wα3

W3 9W =
⋃

α∈Ord

Wα:,



 !  !"#$%&' () *'+,&'-

 !"#!$%&' ()*) "#+) ,-&") +% ./*01,)& φ1, . . . , φn 2),% ,) &-31-%!"% )4*0)$-/!5

∀ α ∃ β > α (φ1, . . . , φn &#! Wβ ,W − )6&#,1")&),

+#!+% α, β +%&-3!)! #*+-!),%&7

8%0#&"*)$-/!7 "#$ %&'(#() (* +*$*'),#()( %-(*.-/ /0%-$*' 10* φ1, . . . , φn */

2*'')() %-' /0345'.0,)/6

"0%-$+).-/ 10*

φi(y1, . . . , yn) = ∃xψ(x, y1, . . . , yn). 7!689

:)(-/ y1, . . . , yn *. W; /*) Gi(y1, . . . , yn) = η /# η */ *, %'#.*' -'(#$), 10*

/)<#/4)2*

∃x(x ∈Wη ∧ ψ
W
j (x, y1, . . . , yn)) 7!6=9

> /*) Gi(y1, . . . , yn) = 0 /# $- *?#/<* <), η6 @, A?#-.) (* "0/<#<02#5$ +)')$<#B)

10* %)') <-(- -'(#$), ξ; {Gi(b1, . . . , bn) : b1, . . . , bn ∈ Wξ} */ 0$ 2-$C0$<- (*

-'(#$),*/; > %-' ,- <)$<-

Fi(ξ) = sup{Gi(b1, . . . , bn) : b1, . . . , bn ∈Wξ}

*/ 0$ -'(#$),6

@$ *, 2)/- 10* φi $- /*) (* ,) 4-'.) 7!689; /*) Fi(y1, . . . , yn) = 0 %)') <-(-

y1, . . . , yn *$ W6

D#C*.-/ α > (*E$).-/

β0 = α;
βp⊕1 = max(βp ⊕ 1, F1(βp), . . . , Fn(βp))

:* */<) .)$*') F*.-/ (*E$#(- ) βp %-' '*20'/#5$ %)') <-(- p ∈ ω6 "*);
)F-'); β =

∨
p∈ω

βp6 G-.- α = β0 < β1 < . . . βp < βp+1 < . . .; '*/0,<) 10* β */

0$ -'(#$), ,H.#<* .)>-' 10* α6

"*) φi (* ,) 4-'.) 7!689 > /0%-$+).-/ 10* y1, . . . , yn '*%'*/*$<)$ *,*.*$<-/

(*Wβ 10* F)2*$ I*'()(*'- ∃x(W(x)∧φWi (y1, . . . , yn). J) 2-$(#2#5$ W3 #.%,#2)

10* 7!6=9 (*3* /*' /)<#/4*2F); > W2 > W3 #.%,#2)$ 10* (*3* *?#/<#' 0$ -'(#$),

ξ < β <), 10* y1, . . . , yn ∈ Wξ6 @$<-$2*/ /* <#*$* 10* η = Gi(y1, . . . , yn) ≤
Fi(ξ)6 G-.- ξ < β; (*3* *?#/<#' 0$ p ∈ ω <), 10* ξ < βp; > */<- #.%,#2) 10*

Fi(ξ) ≤ Fi(βp) < βp+1 < β6 J0*+- x ∈Wη ⊂Wβ 6

K*.-/ %'-3)(- )/H 10*

∀y1 · · · ∀yn[(y1 ∈Wβ ∧ · · · ∧ yn ∈Wβ)→

(∃x(W(x) ∧ ψW
j (x, y1, . . . , yn))→ ∃x(x ∈Wβ ∧ ψ

W
j (x, y1, . . . , yn))))]

> %-' *, J*.) !686L '*/0,<) 10* ,)/ 45'.0,)/ φi /-$ Wβ −WM)3/-,0<)/6



 !"! #$ %#&'#() *# $) '#+$#,-./  !

"#$%$#& Wα = Vα ' W = V( ' &)*#+,-$#& .)% φ1, . . . , φn &#+ %+)+/0-1#&(

%&2# %&( 345$)6-& &0+ 7-50-86%& 6085%&9 :+2#+/%&( %+ ;< *#1%$#& *5#8-5 .)%

∀ α ∃ β > α (φ
Vβ

1 ↔ φ1) ∧ · · · ∧ (φ
Vβ
n ↔ φn).

:+ *-520/)6-5( &0 φi %& )+ -=0#$-( %+2#+/%& φi %& )+ %+)+/0-1# 7%51-1%5# %+ ;<9

>)%,#(

∀α∃β > α (φ
Vβ

1 ∧ · · · ∧ φ
Vβ
n ).

?@& ,%+%5-6$%+2%A

 !"!#$"%! &'('('  !" S #$ %&$'#$(& )! "*+&,"- .#! !*(+!$)!$ /0 12&3 !'!,24&5

S 2&)36" %&$(!$!3 " 4&- "*+&,"- )! /0 ,7- !4 "*+&," )! !4!%%+8$ & !4 "*+&,"

)! 3!9#4"3+)")5 4" $& !*+-(!$%+" )! #$ %"3)+$"4 :#!3(!,!$(! +$"%%!-+;4!5 !(%<=5 >

-!"$ φ1, . . . , φn "*+&,"- )! S< ?$(&$%!- !$ /0 -! )!,#!-(3" .#!

∀α∃β > α (φ
Vβ

1 ∧ · · · ∧ φ
Vβ
n ).

BC#5- 7%5%$#& .)% 6-& 2%#5D-& ;< ' ;<E )! *!) F+02-$%+2% -=0#$-20G-86%&A

 !"!#$"%! &'('+'  !" S #$ %&$'#$(& )! "*+&,"- .#! !*(+!$)! " /0 > φ1, . . . , φn
"*+&,"- )! S<  + " 2"3(+3 )! φ1, . . . , φn -! 2#!)!$ 23&;"3 (&)&- 4&- "*+&,"- )!

S5 !$(&$%!- S $& !- %&$-+-(!$(!<

@!,&-(3"%+8$< H)*#+,-$#& .)% - *-5205 1% φ1, . . . , φn *#1%$#& *5#8-5 2#1#&

6#& -=0#$-& 1% S9
H%- β %6 *50$%5 #510+-6 2-6 .)%

φ
Vβ

1 ∧ · · · ∧ φ
Vβ
n .

>- %=0&2%+/0- 1% 2-6 β %&2@ ,-5-+20G-1- *#5 %6 E#5#6-50# I9J9J9 :+2#+/%& 2#1#&

6#& -=0#$-& 1% S &% /)$*6%+ %+ Vβ 9 E#$# S %=20%+1% - ;<( 2#1#& 6#& 5%&)62-1#&

.)% 70$#& &#85% 345$)6-& -8&#6)2-& 7-6%+ K0+2%5*5%2-1#&L %+ Vβ 9 :+ *-520/)6-5(

/#$# x ∈ Vα *)%1% %&/50805&%A

On(α) ∧ ∃y(y %& 3)+/04+ ∧ dom(y) = α⊕ 1∧

∀γ[γ ∈ α⊕ 1→ (f(γ) =
⋃

δ∈β

P(y(δ) ∧ x ∈ y(γ))]

5%&)62- .)% &0 α ∈ β( Vα %& Vβ -8&#6)2-9 :+2#+/%& Vα
Vβ = Vα ∩ Vβ = Vα9 E#$#

S *%5$02% *5#8-5

∃αφVα

1 ∧ · · · ∧ φVα
n ,

1%8% &%5 7@601# %+ Vβ 6- &0,)0%+2% *5#*#&0/04+A

∃α < β φVα

1 ∧ · · · ∧ φVα
n ,

6# .)% /#+25-10/% 6- %6%//04+ 1% β9



 !  !"#$%&' () *'+,&'-

 !"! #$%&'('()*

 !"#$%$%& '()(*(  !"#$"!% card(Vn) &!%! n ∈ ω'

 !"#$%$%& '()(+( () #*)+$),* x -. /0#.  !"!#$%&"$&'!(%! )($%* -0 x 1 ,*/*-
"*- .".2,*- /. -$ #"!$-$%! ,%!)-0,03! -*) 4)0,*-'

 ) 5. $) .+.2&"* /. $) #*)+$),* %.6$"!% 4)0,* &.%* )* 7.%./0,!%0!2.),. 4)0,*'

  ) 5.2$.-,%. 8$. Vω .- "! #"!-. /. "*- #*)+$),*- %.6$"!%.- 7.%./0,!%0!2.),.

4)0,*-' 90-,!: -0 7$;0.-. #*2+$),*- %.6$"!%.- 7.%./0,!%0!2.),. 4)0,*- 8$.

)* .-,$30.-.) .) Vω< 7!;%=! $)* /. %!)6* 2=)02*'

 !"#$%$%& '()(,( >.! C $)! #"!-. )* 3!#=!' ?$.-,%. 8$. .) @A+
-. &$./. &%*;!%

8$. "! #"!-.

τ(C) = {x : C(x) ∧ ∀y (C(y)→ (rg(x) ≤ rg(y)))},

.-,* .-< "! #"!-. /. "*- #*)+$),*- /. %!)6* 2=)02* .) C< .- $) #*)+$),* )* 3!#=*'
90-,!: BC0-,. $) *%/0)!" α ,!" 8$. τ(C) ⊂ Vα'

 !"#$%$%& '()()( B) @A

+
< &!%! ,*/* #*)+$),* x -. /.4). |x| /." 2*/* -06$0.),.:

|x| .- ." &%02.% *%/0)!" α ,!" 8$. α ∼ x< -0 ,!" α .C0-,.< .-, .-< -0 x !/20,.
$) ;$.) *%/.)'

|x| = τ(Cx)< /*)/. Cx = {y : ¯̄y = ¯̄x} .) #!-* #*),%!%0*'

9%*;!% 8$.:

 ) 9!%! ,*/* x, y< |x| = |y| -0 1 -D"* -0 ¯̄x = ¯̄y.

  ) >0 x .- ;0.) *%.)!/*< |x| = card(x)'

   ) >0 x )* .- ;0.) *%/.)!/*< .),*)#.- |x| )* .- ,%!)-0,03*'


