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$"!3/& "! *& $"+,(& 0" 3+!:)!$+# ;#$& !+ #" 0"8",(& &* <=/+-& 0"  *"33/>!4  #$"

/-'+,$&!$" ,"#)*$&0+ ?)" +8$"!/0+ '+, @),$ AB0"* "! CDEF4  * -+0"*+ .)" #"

-+#$,&,G !+ "# "* +,/5/!&* 0" AB0"*H ?+,-&0+ '+, *+#  !"#$"%!&  !"&%'$ %()*+&H

#/!+ '+, +$,+ &*5+ -G# #/-'*"H ?+,-&0+ '+, *+#  !"#$"%!& ,+-"()*+& .!' !',("/*+&

.)" ?)" #)5",/0+ '+, "* -/#-+ AB0"* "! CDEI4

 !"! #$%&'()*$+ ,$-*(.%$+ /)0 12034%&+

J&0+ )! 3+!:)!$+ aH Df(a, n) #",G "* 3+!:)!$+ 0" ,"*&3/+!"# n9&,/&# #+8," a
.)" #+! 0"6!/8*"# '+, -"0/+ 0" )!& ?>,-)*& φ 0" ',/-", +,0"! ,"*&$/K/L&0& &
a4 MG# ',"3/#&-"!$"H Df(a, n) "# "* 3+!:)!$+ 0" $+0+# *+# #)83+!:)!$+# 0" an

0" *& ?+,-&

{(x1, . . . , xn) ∈ a
n : φa(x1, . . . , xn)},

'&,& &*5)!& ?>,-)*& φ 3+! n K&,/&8*"# */8,"#4
N"&-+# 3+-+ #" ')"0" ?+,-&*/L&, "#$+ "! 12H "#$+ "#H #/! )#&, "* <=/+-& 0"

 *"33/>!4

 !"#$%$&# '()()( 0+/" a $"  !"#$"%!1 n ∈ ω + i, j < n1 +"%!" +&

2/3 Proj(a, r, n) = {s ∈ an : ∃t ∈ r(t|n = s)}4

2)3 Diag∈(a, n, i, j) = {s ∈ a
n : s(i) ∈ s(j)}4

2 3 Diag=(a, n, i, j) = {s ∈ a
n : s(i) = s(j)}4

2,3 5!' '+ $'&(6" &!)'+ k ∈ ω ,+-"(7!& Df ′(k, a, n) 2./'/ %!,! n &(7$*%8"+/9

7+"%+3 .!':

Df ′(0, a, n) = {Diag∈(a, n, i, j) : i, j < n} ∪ {Diag=(a, n, i, j) : i, j < n},

DD



 !! !"#$%&' ()  '*+,+$-* ,! .-&!$,/! 0-& !1,'2!0- -&-  ,3*

Df ′(k + 1, a, n) = Df ′(k, a, n) ∪ {an \ r : r ∈ Df ′(k, a, n)}∪

{r ∩ s : r, s ∈ Df ′(k, a, n)} ∪ {Proj(a, r, n) : r ∈ Df ′(k, a, n+ 1)}.

 !" Df(a, n) =
⋃
k∈ω

Df ′(k, a, n)#

 !"# $%&%&% $% r, s ∈ Df(a, n)& !'()'*!+ an \ r ∈ Df(a, n) , r ∩ s ∈ Df(a, n)#
$% r ∈ Df(a, n+ 1)& !'()'*!+ Proj(a, r, n) ∈ Df(a, n)#

 !"# $%&%'% $!- φ(x0, . . . , xn−1) .'- /012.3- *.,-+ 4-1%-53!+ 3%51!+ 67.1!'

!'(1! x0, . . . , xn−1# 8'()'*!+&

∀a[{s ∈ an : φa(s(o), . . . , s(n− 1))} ∈ Df(a, n)]. "#$ %

9!2)+(1-*%0'# &'()*+, -' .)*+,/('0123 4+( 13.500123 ,+6() comp(φ)$
71 φ ), xi ∈ xj 8 i, j < n 8 )3/+30), "#$ % ), 0+3,)05)301' .)- 9)09+ :5)

Diag∈(a, n, i, j) ∈ Df(a, n)$ ;3<-+='*)3/)8 ,1 φ ), xi = xj 8 "#$ % >'-) 45),

Diag=(a, n, i, j) ∈ Df(a, n)$
754+3='*+, '9+(' :5) "#$ % >'-) 4'(' /+.' ?2(*5-' .) =('.+ .) 0+*4-)@1.'.

13?)(1+( ' φ$
71 φ = ¬ψ 2 φ = (ψ ∧ η)8 4+( -' 9142/),1, 13.50/1>'8 "#$ % >'-) 4'(' ψ A 4'('

η8 A )3 0+3,)05)301'8 /'*61B3 >'-) 4'(' φ8 45), Df(a, n) ), 53 ,560+3@53/+ .)

P(an) 0)(('.+ 4+( 0+*4-)*)3/+, ) 13/)(,)001+3),$

71 φ = ∃yψ8 0+*+ y 3+ ), >'(1'6-) -16() )3 φ8 ,) /1)3) :5) y /∈ {x0, . . . , xn−1}$
71 y 3+ ), >'(1'6-) -16() .) ψ8 )3/+30), φ A ψ ,+3 ):51>'-)3/),8 A 4+( -' 9142C

/),1, 13.50/1>'8 "#$ % >'-) 4'(' φ$ 71 4+( )- 0+3/('(1+8 y ), -16() )3 ψ8 4+.)*+,

()3+*6('( y 4+( xn$ D5)=+8 r = {t ∈ a
n+1 : ψa(t(0), . . . , t(n))} ∈ Df(a, n+ 1)8

A 4+.)*+, 'E(*'( :5) Proj(a, r, n) ∈ Df(a, n)$ F)(+

Proj(a, r, n) = {s ∈ an : ∃t ∈ r(t|n = s)} =

{s ∈ an : ∃b ∈ aψ(s(0), . . . , s(n− 1), b)} = {s ∈ an : φa(s(0), . . . , s(n− 1))},

4+( -+ :5) 4+.)*+, 0+30-51( :5) "#$ % >'-) 4'(' φ$

G+, 4(+4+3)*+, '9+(' 4(+6'( :5) 4'(' /+.+ 0+3@53/+ a A n ∈ ω8 Df(a, n)
), 53 0+3@53/+ 35*)('6-)$ F'(' ),+ .)E31()*+, 4'(' m ∈ ω -+, 0+3@53/+,

E(m, a, n) .)- *+.+ ,1=51)3/)H

"'% 71 m = 2i · 3j ) i, j < n8 )3/+30), E(m, a, n) = Diag∈(a, n, i, j)$

"6% 71 m = 2i · 3j · 5 ) i, j < n8 )3/+30), E(m, a, n) = Diag=(a, n, i, j)$

"0% 71 m = 2i · 3j · 528 )3/+30), E(m, a, n) = an \ E(i, a, n)$

".% 71 m = 2i · 3j · 538 )3/+30), E(m, a, n) = E(i, a, n) ∩ E(j, a, n)$

")% 71 m = 2i · 3j · 548 )3/+30), E(m, a, n) = Proj(a,E(i, a, n+ 1), n)$



 !"! #$%&'()*$+ ,$-(*(.%$+ /)# -0#12%&+  ! 

"#$ %&m '( )* +) ,- #(./- )*0)1&21-+- )' -,34'( +) ,(* &'1&*(* "-$5")$6 )'7('1)*

E(m, a, n) = ∅8

 !"# $%&%'%  !"! #$%$ &$'()'#$ a * #$%$ n ∈ ω+

Df(a, n) = {E(m, a, n) : m ∈ ω}.

,-.$/#"!&01'2 "-$ ∀n ∈ ω(E(m, a, n) ∈ Df(a, n))6 0-.- 7(+( m ∈ ω8

9-.)/(* ,- +)/(*7.-1&:' 0(. &'+411&:' *(;.) m8

<' )#)17(6 E(0, a, n) = ∅ ∈ Df(a, n)6 04)* Df(a, n) )* 1)..-+( 0(. 1(/0,)5

/)'7(* = 0(. &'7).*)11&:'8 %40('3-/(* >4) 0-.- k ∈ ω6 ∀n ∈ ω(E(k, a, n) ∈
Df(a, n))8 <'7('1)*6

" $ %& k + 1 == 2i · 3j ) i, j < n6 )'7('1)* E(k + 1, a, n) = Diag∈(a, n, i, j) ∈
Df(a, n)8

"?$ %& k + 1 = 2i · 3j · 5 ) i, j < n6 )'7('1)* E(m, a, n) = Diag=(a, n, i, j) ∈
Df(a, n)8

"@$ %& k + 1 = 2i · 3j · 536 )'7('1)* E(k + 1, a, n) = E(i, a, n) ∩ E(j, a, n) ∈
Df(a, n)6 0(. ,- A&0:7*)*&* &'+417&B- = +-+( >4) Df(a, n) )* 1)..-+( 0(.

&'7).*)11&(')*8

"C$ %& k + 1 = 2i · 3j · 546 )'7('1)*

E(k + 1, a, n) = Proj(a,E(i, a, n+ 1), n).

D(/(6 0(. ,- A&0:7)*&* &'+417&B- E(i, a, n+1) ∈ Df(a, n+1)6 .)*4,7- >4)

Proj(a,E(i, a, n+ 1), n) ∈ Df(a, n)8

"E$ %&m '( )* +) ,- #(./- )*0)1&21-+- )' -,34'( +) ,(* &'1&*(* "-$5")$6 )'7('1)*

E(m, a, n) = 0 ∈ Df(a, n)8

9)/(* 1(/0,)7-+( -*F ,- +)/(*7.-1&:' +) "-$8

";$ ∀n ∈ ω(Df(a, n) ⊆ {E(m, a, n) : m ∈ ω})8

G-*7-.H 0.(;-. >4) ∀n ∈ ω(Df ′(k, a, n) ⊆ {E(m, a, n) : m ∈ ω}) 0-.- 7(+(

k ∈ ω6 ,( >4) A-.)/(* 0(. &'+411&:' )' k 8 I-.- k = 0J

∀n ∈ ω(Df ′(0, a, n) = {Diag∈(a, n, i, j) : i, j < n}∪{Diag=(a, n, i, j) : i, j < n} ⊆

{E(m, a, n) : m ∈ ω}).

%& ∀n ∈ ω(Df ′(k, a, n) ⊆ {E(m, a, n) : m ∈ ω})6 1(/( {E(m, a, n) : m ∈ ω} )*

1)..-+( 0(. 1(/0,)/)'7(*6 &'7).*)11&(')* = 0.(=)11&(')*6 7-/;&K' 1('7)'+.H -

Df ′(k + 1, a, n) 0-.- 7(+( n ∈ ω8

()*)+#*,) $%&%-% Df(a, n) -/ ').-"!34- * 4! 5)'&01' m 7→ E(m, a, n) %- ω
/$3"- Df(a, n) -/ )'! -').-"!&01' -5-&#06!2



 !" !"#$%&' ()  '*+,+$-* ,! .-&!$,/! 0-& !1,'2!0- -&-  ,3*

 !"! #$%&'%($) *+,%-./+) 0$1 $1*-%2/+)

#$%&'()*(+$,+- .$ /&$0.$,& a 1+ 23/+  !"#$%&! '() () $#*&!+ 13 1+ *& 4.+2+

2+5$3' 4&' (+23& 2+ .$) *31,) 5$3,) 2+ &'23$)*+16 71,& +1- 13 +831,+ .$) *31,) 5$3,)

2+ &'23$)*+1 α1, . . . , αn 9 .$) %:'(.*) φ(y1, . . . , yn, x) ,)* ;.+

φ(α1, . . . , αn, x)↔ x = a.

<=1+'>+(&1 ;.+ /)2) &'23$)* +1 2+5$3=*+ 4&' &'23$)*+16 7$ +%+/,&- 1+) φ(y1, x)
*) %:'(.*) ),:(3/) y1 = x6 ?3 α +1 .$ &'23$)*- >)*+ ;.+ φ(α, x)↔ α = x6

@+)(&1 /&(& 1+ 4.+2+ 2+5$3' *) /*)1+ 2+ *&1 /&$0.$,&1 2+5$3=*+1 4&' &'23A

$)*+1 +$ BC

+
- +1,& +1-/&$132+'$2& ;.+ +* .$3>+'1& + *) ,+&'D) 2+ /&$0.$,&1 +1 *)

/*)1+ V 2+ *&1 /&$0.$,&1 '+E.*)'+16

F&(+$/+(&1 4&' &=1+'>)' ;.+ a +1 2+5$3=*+ 4&' &'23$)*+1 13 *& +1 '+14+/,&

) .$) /*)1+ Vβ - /&$ β 1.5/3+$,+(+$,+ E')$2+G

?3 +831,+ β > max(α1, . . . , αn, rg(a)) ,)* ;.+

∀x ∈ Vβ(φ(α1, . . . , αn, x)↔ x = a)Vβ . HI6"J

7$ +%+/,&- 13 a +1 2+5$3=*+ 4&' &'23$)*+1 ,+$+(&1 ;.+

∀x(φ(α1, . . . , αn, x)↔ x = a),

4)') )*E.$&1 &'23$)*+1 α1, . . . , αn 9 )*E.$) %:'(.*) φ(y1, . . . , yn, x)6 K&' +* L+&A
'+() M6N6"- +831,+ β > max(α1, . . . , αn, rg(a)) ,)* ;.+ φ +1 VβA)=1&*.,)6 O.+E&-
HI6"J 1+ 1),31%)/+6

K&' &,'& *)2&- 13 1+ /.(4*+ HI6"J- +$,&$/+1 a +1 2+5$3=*+ 4&' &'23$)*+1 +$ +*

.$3>+'1& @ 4&' α1, . . . , αn 9 β6

,!"#$-$.# /01020 Dor  ! "# $"#! % &'%'! "'! $'()*(&'! a &#" ! +* ,

∃β > rg(a)∃n∃s ∈ βn∃r ∈ Df(Vβ , n+ 1)

∀x ∈ Vβ(ŝ < x >∈ r ↔ x = a),

%'(% ŝ < x > % ('&# "# -*($./( t : n+ 1→ Vβ &#" +* t(i) = s(i)0 0 ≤ i ≤ n−10
t(n) = x1

O) 2+5$3/3:$ 2+ *) /*)1+ Dor ,3+$+ 1+$,32& +$ BC

+
9 >)(&1 ) >+' ;.+ /&3$/32+

/&$ *) /*)1+ 2+ *&1 /&$0.$,&1 2+5$3=*+1 4&' &'23$)*+16

3!()!4* /01020 2#3# $#%# -/34*"# φ(xo, . . . , xn−1, x) ! &. ( +* 

∃α0 . . . ∃αn−1[(∀xφ(α0, . . . , αn−1, x)↔ x = a)→ Dor(a)]. HI6NJ

5 4'!&3#$./(1 C30+(&1 α0, . . . , αn−1 9 a 9 1.4&$E)(&1 ;.+

∀xφ(α0, . . . , αn−1, x)↔ x = a.



 !"! #$%&'%($) *+,-%-./+) 0$1 $1*-%2/+)  !"

#$% &' (&$%&)* +,",- .$/&)$0 12*% β > max(α0, . . . , αn−1, rg(a)) /& )$/$ 3*'

45& φ 0&* Vβ6*70$'53*,
8&* r = {< y0, . . . , yn−1, x >∈ Vβ

n+1 : φ(y0, . . . , yn−1, x)} 9

s =< α0, . . . , αn−1 >∈ β
n
, :;3$;<&0= ∀x ∈ Vβ(ŝ < x >∈ r ↔ x = a),

#&%$ .$% 0&% φ Vβ6*70$'53*= %&05'3*

r = {< y0, . . . , yn−1, x >∈ Vβ
n+1 : φVβ (y0, . . . , yn−1, x)}.

>5&?$= .$% &' >&)* @, ,-= r ∈ Df(Vβ , n+1), #$% '$ 3*;3$= a &03A &; Dor,

:' 3&$%&)* *;3&%B$% ;$0 /B<& 45& 3$/$ <$;25;3$ a /&1;B7'& .$% $%/B;*'&0 &;

&' 0&;3B/$ B;35B3BC$= &03$ &0= &DB03& 5;* EF%)5'* φ <$; n + 1 C*%B*7'&0 'B7%&0 3*'

45& ∀x(φ(α0, . . . , αn−1, x)↔ x = a)= .&%3&;&<& * Dor,
G*)$0 * .%$7*% '* %&<H.%$<*= .*%* '$ 45& /*%&)$0 5;* EF%)5'* φ 45& ;$0

0&%CB%A .*%* 3$/$0 '$0 <$;25;3$0 &; DorI

∀a(Dor(a)→ ∃α∀x(φ(α, x)↔ x = a))

:03* &0 5;* &0.&<B& /& JE$%)* ;$%)*'K, L& M&<M$= φ /&1;B%A 5;* JE5;<BF;K

/& Ord &; Dor,
>$0 '&<3$%&0 45& &03N; E*)B'B*%BO*/$0 <$; '* 3&$%H* /& E5;<B$;&0 %&<5%0BC*0=

;$3*%A; '* 0B)B'B35/ <$; '* B;/&D*<<BF; /& '*0 )A45B;*0 /& (5%B;? P&; &03& <*0$

ω /&7& 0&% 0503B35B/$ .$% OrdQ 9 '* E$%)* ;$%)*' /& R'&&;&,

S70&%C&)$0 45& .$% '* L&1;B<BF; @,-, = * <*/* <$;25;3$ a &; '* <'*0& Dor
'& <$%%&0.$;/& 5; ;T)&%$ 1;B3$ /& $%/B;*'&0I n= '$0 n $%/B;*'&0 .%&0&;3&0 &;

'* ;65.'* s= β /& '* /&1;B<BF;= 25;3$ <$; &' m 45& <*%*<3&%BO* * '* %&'*<BF;

r ∈ Df(a, n+ 1)I r = E(m, a, n) .*%* *'?T; m ∈ ω,
>5&?$= .$/&)$0 B;/&D*% '$0 <$;25;3$0 /& '* <'*0& Dor .$% 'B03*0 1;B3*0 /&

$%/B;*'&0= &03$ &0= &'&)&;3$0 /& Ord<ω = J

⋃
n∈ω

OrdnK,

:' .%B)&% .*0$ 0&%A C&% 45& .$/&)$0= * 05 C&O= B;/&D*% '$0 &'&)&;3$0 /&

Ord<ω
.$% Ord,

8B s, t ∈ Ord<ω
= &0<%B7B%&)$0 s ⊳ t 0H= 9 0F'$ 0BI

PBQ Umax(img(s)) < max(img(t))]∨

PBBQ [(max(img(s)) = max(img(t))) ∧ ((dom(s) ⊂ dom(t)))]∨

PBBBQ [(max(img(s)) = max(img(t))) ∧ (dom(s) = dom(t)) ∧
(∃k ∈ dom(s)((s|k = t|k) ∧ s(k) < t(k)))]

8& C&%B1<* EA<B')&;3& 45& /*/$0 s, t, u &; Ord<∞, (s 6= t)→ ((s ⊳ t) ∨ (t ⊳ s)) 9
((s ⊳ t) ∧ (t ⊳ u))→ (s ⊳ u).

8&* a 5; <$;25;3$ <59$0 &'&)&;3$0 &03A; &; Ord<ω
, :;3$;<&0= (a, ⊳ ) &0 5;

<$;25;3$ 7B&; $%/&;*/$= /$;/& s ⊳ t 0B?;B1<* Js ⊳ t ∨ s = tK, :0 <'*%$ 45& ⊳
&0 5; $%/&; 0$7%& a, 8&* b ⊆ a=b 6= ∅, G&*)$0 45& b 3B&;& .%B)&% &'&)&;3$I

{max(img(s)) : s ∈ b} &0 5; <$;25;3$ ;$ C*<H$ /& $%/B;*'&0= 9 .$% '$ 3*;3$ 3B&;&
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#$%&'$ '('&')*+ γ, -( .+)/0)*+ {n ∈ dom(s) : s ∈ b ∧max(img(s)) = γ} '1 0)

102.+)/0)*+ )+ 34.5+ 6' ω 7 *%')' #$%&'$ '('&')*+ p,
8'4 c = {s ∈ b : max(img(s)) = γ∧dom(s) = p}, 94$4 .464 i ∈ p: 6';)4&+1

t(i) %)60.*%34&')*' .+&+ 1%<0'=

>%? t(0) = min{s(0) : s ∈ c}: 0 < i ∈ p:

>%? t(i) = min{s(i) : s ∈ c ∧ s(j) = t(j), #4$4 j ∈ i},

-1 .(4$+ @0' t ∈ b 7 @0' t ⊳ s #4$4 *+6+ s ∈ b,
94$4 .464 s ∈ Ord<ω

: (4 1'..%A) %)%.%4( Ord<ω
s = {t ∈ Ord<ω : t ⊳ s} '1 0)

.+)/0)*+, -) 'B'.*+: 1% β = max{img(s)}: ')*+).'1

Ord<ω
s ⊆ (β ⊕ 1)<ω =

⋃

n∈ω

(β ⊕ 1)n

@0' '1 0) .+)/0)*+, C0'<+: #4$4 *+6+ s ∈ Ord<ω
: Ord<ω

s '1 0) .+)/0)*+ 2%')

+$6')46+: 7 #+$ (+ *4)*+ 'D%1*' 0) E)%.+ +$6%)4( α *4( @0' Ord<ω
s ∼ α,

C4 BA$&0(4 Fα '1 0) +$6%)4( %1+&+$B+ 4 (4 1'..%A) %)%.%4( Ord<ω
s G 6';)' 0)4

$'(4.%A) B0).%+)4( H(s) = α: FH : Ord<ω → OrdG,
8' *%')' @0' s⊳ t 1% 7 1A(+ 1% H(s) < H(t), -) 'B'.*+: 1% s⊳ t: ')*+).'1 Ord<ω

s

'1 0)4 1'..%A) %)%.%4( 6' Ord<ω
t , C0'<+ H(s) '1 %1+&+$B+ 4 0)4 1'..%A) %)%.%4(

6' H(t): 7 #+$ (+ *4)*+: H(s) < H(t), 9+$ +*$+ (46+: 1% H(s) < H(t): )+ #0'6'

1'$ @0' t ⊳ s 7 #+$ (+ *4)*+ 6'2' 1'$ s ⊳ t,
9+6'&+1 6';)%$ (4 $'(4.%A) B0).%+)4( %)3'$14 6' H: J : #+$ (4 BA$&0(4 J(α) =

s 15: 7 1A(+ 1%: H(s) = α: @0' '1*H 6';)%64 1+2$' (4 .(41' F%&4<') G H(Ord<ω),
-) $'4(%646 H '1 I1+2$'I: '1*+ '1 H(Ord<ω) = Ord, 94$4 3'$(+: +21'$3'&+1

#$%&'$+ @0' FH(Ord<ω)G '1 6'.$'.%')*' ') Ord, 8'4 β < H(s) 7 1'4 f '(

%1+&+$;1&+ f : Ord<ω
s → H(s), 9+$ (4 .(H010(4 >%%%? 6' (4 J21'$34.%A) K,L, 

'D%1*' t ∈ Ord<ω
s *4( @0' β = H(t): (+ @0' &0'1*$4 @0' 1% α '1*H ') H(Ord<ω):

*4&2%M) '1*H) *+6+1 (+1 β ∈ α, -1*+ %&#(%.4 @0' 1% N02%'1' 0) γ @0' )+ '1*H ')

H(Ord<ω): ')*+).'1 6'2'$54 '1*4$ H(Ord<ω) ⊂ γ, O+&+ (4 $'1*$%.%A) 6' H 4

(+1 +$6%)4('1 '1 %)7'.*%34: '1*+ %&#(%.4$54 @0' N47 0)4 IB0).%A) %)7'.*%34I6' (+1

+$6%)4('1 ') 0) .+)/0)*+: (+ @0' '1 %&#+1%2(' #+$ '( C'&4 ",", , C0'<+ J '1 0)4

IB0).%A %)7'.*%34G 6' Ord 1+2$' H(Ord<ω),
P4&+1 4 6';)%$ 4N+$4 0)4 FB0).%A) 1+2$'7'.*%34G K : Ord<ω → Dor,
8% s ') Ord<ω

'1 6' (4 B+$&4 t̂ < β, n,m >: n,m ∈ ω: t ∈ β<ω
: dom t = n

7 #4$4 4(<E) >E)%.+? a ∈ Vβ(t̂ < x >∈ E(m,Vβ , n + 1) ↔ x = a): 6';)%&+1

K(s) = a, 8% s )+ '1 6' (4 B+$&4 %)6%.464: #+)'&+1 K(s) = ∅,

Q' (4 'D#$'1%A) >  ? $'10(*4 @0' K '1 0)4 FB0).%A)G .+) 6+&%)%+ Ord<ω
'

%&4<') .+)*')%64 ') Dor, R6'&H1: .+&+ E(S, Vβ , n+ 1): ω → Df(Vβ , n+ 1)
'1 1+2$'7'.*%34 7 ∅ '1*H ') Dor >#0'1 *+6+1 (+1 +$6%)4('1 '1*H)?: $'10(*4 @0'

#4$4 *+6+ .+)0)*+ a ') (4 .(41' Dor 'D%1*' s ') Ord<ω) *4( @0' a = K(s),

O+)1%6'$'&+1: 4N+$4: (4 .+&#+1%.%A)

On
J
−→ On<ω K

−→ Dor



 !"! #$%&'%($) *+,-%-./+) 0$1 $1*-%2/+)  !"

#$ I = KJ % I &' ()* +,()-$.)+/& Ord '012& Dor3 #$ I(α) = a% /$2&40' 5(&

α &' ()  !"#$% "% a3 60/0 a &) Dor 7$&)& () 8)/$-& 9*: 4&)0' ()0% ;02 &<&4;:0

∅ 7$&)& $)=)$70'>3

#&* ψ(s, t) :* ,.24(:* Ord(s) ∧ (t = I(s))3 ?)70)-&'%

∀y(Dor(y)→ (∃α(Ord(α) ∧ ∀x(ψ(x, α)→ x = a)). 9@3A>

?'70 ;2(&1* 5(& 70/0 -0)<()70 &) :* -:*'& Dor &' /&=)$1:& ;02 02/$)*:&' &)

&: '&)7$/0 $),024*: /*/0 *: -04$&)B0 /& &'7* #&--$.)3

?)70)-&' 7&)$&)/0 &) -(&)7* &: 6&02&4* @3C3 7&)&40' &: 2&'(:7*/0 '$D($&)7&%

5(& 4(&'72* 5(& E&40' ;0/$/0 ,024*:B*2 :* )0-$.) /& -0)<()70 /&=)$1:& ;02

02/$)*:&' &) FG

+
H

&%'(%)* +,-,-, Dor  ! "# $"#! % "&! $&'()'*&! % +',-" ! .&/ &/%,'#" !0

I(&'720 ;2.J$40 01<&7$K0 '&2L (7$:$B*2 :0' -0)<()70' /&=)$1:&' ;02 02/$)*:&'

;*2* /&=)$2 ()* '(1-:*'& /& V 5(& '*7$',*D* :* 2&:*7$K$B*-$.) /& :0' *J$04*'

FGM

+
3

.%)* +,-,/, 1, w, z, w  !*2'  ' Dor3  '*&'$ !

4 5 {w, z} ∈ Dor0

4  5 ∪w ∈ Dor 6 P(w) ∈ Dor0

7 8&!*/#$,9'0 9 > #&*) w = I(α1)% z = I(α2) N '&* a = {w, z} N '&* φ(y1, y2, x)
:* ,.24(:*H

Ord(y1) ∧Ord(y2) ∧ (x = {I(y1), I(y2)}).

?)70)-&'% ∀x(φ(α1, α2, x)↔ x = a)% :0 5(& ;2(&1* 5(& {w, z} ∈ Dor3
9  >#& ;2(&1* *)L:0D*4&)7& * 9$>% 704*)/0 -040 φ(x, y)

Ord(y) ∧ (x = ∪I(y))

N

Ord(y) ∧ (x = P(I(y)))

2&';&-7$K*4&)7&3

M040 )0 &' ;0'$1:& ;201*2 5(& Dor '&* 72*)'$7$K*% K*40' * -0)'$/&2*2 :* -:*'&

/& :0' -0)<()70' 0%(%"#1*(#*)%!1% "%2!#34%5 6'( '("#!*4%5% 5(& /&)07*2&O

40' HDor% ,024*/* ;02 :0' -0)<()70' /& Dor 7*:&' 5(& '( -:*('(2* 72*)'$7$K*

&'7L -0)7&)$/* &) DorH

HDor = {a : Dor(a) ∧ ∀x(x ∈ Tr(a)→ Dor(x)}. 9@3">

.%)* +,-,7, :Ord ⊆ HDor ⊆ Dor; 6 HDor  ! )'# $"#! */#'!,*,<#0



 !" !"#$%&' ()  '*+,+$-* ,! .-&!$,/! 0-& !1,'2!0- -&-  ,3*

 !"#$%&'()*+, #$% α &' ()*+'%,- #%.$/(0 1&$ α ∈ Dor- 2(/( Tr(α) = α 3

β ∈ α +/4,+5% β ∈ Ord ⊆ Dor6 )$0&,7% 1&$ Tr(α) ⊆ Dor- 8&$9(6 Ord ⊆ HDor-
:0 (.;+( 1&$ HDor ⊆ Dor- <$%/(0 %=()% 1&$ HDor $0 7)%'0+7+;%- #$% x ∈
HDor $ y ∈ x- 2(/( y ∈ x ⊆ Tr(x) 3 Tr(y) ⊆ Tr(x) ⊆ Dor6 )$0&,7% 1&$

y ∈ Dor 3 Tr(y) ⊆ HDor6 ,( 1&$ 0+9'+>5% 1&$ y ∈ HDor-

 !"# $%&%'% -'&' %#.# (#+/0+%# a1 $) a ∈ Dor 2 a ⊆ HDor1 !+%#+(!$ a ∈
HDor,

 !"#$%&'()*+, ?$0&,7% *$ (.0$);%) 1&$6 4%)% 7(*( a6 Tr(a) = a∪
⋃
x∈a

Tr(x)-

 !"# $%&%(% -'&' %#.# α1 Vα ∩HDor ∈ HDor,

 !"#$%&'()*+, 2(/( Vα ∩HDor ⊆ HDor6 4() $, ,$/% %'7$)+() .%07% ;$) 1&$

Vα ∩HDor ∈ Dor- #$% φ(y, x) ,% @A)/&,%

Ord(y) ∧ (x = Vy ∩HDor).

8&$9(6 ∀x(φ(α, x)↔ x = Vα∩HDor)6 3 4() ,( 7%'7(6 Vα∩HDor ∈ Dor-

)!*+!"# $%&%$% HDor $'%)$3'(! %#.#$ 4#$ '5)#"'$ .! 678+
,

 !"#$%&'()*+, :, BC+(/% *$ :C7$'0+('%,+*%* 0$ 5&/4,$ 4&$0 HDor $0 &'%

5,%0$ 7)%'0+7+;% DE$()$/% "- - F-

<$%/(0 1&$ 0$ 5&/4,$ $, BC+(/% *$ :04$5+>5%5+A'- G%)% $,,( *$.$/(0 ;$)

1&$ *%*% &'% @A)/&,% ϕ(y, z1, . . . , zk) 0$ 7+$'$ 1&$ 4%)% 7(*( x, y, z1, . . . , zk
$' HDor6 $, 5('H&'7( c = {y ∈ x : ϕ(y, z1, . . . , zk)

HDor} $07I $' HDor- 8%
7)%'0+7+;+*%* *$ HDor %0$9&)% 1&$ 7(*(0 ,(0 $,$/$'7(0 *$ c $07I' $' HDor-
8&$9( 4() $, 8$/% J-K-L 4%)% 4)(.%) 1&$ c $07I $' HDor @%,7% ;$) 1&$ c $07I

$' Dor- #$% φ(wo, . . . , wk, x) ,% @A)/&,%

Ord(wo) ∧ · · · ∧Ord(wk) ∧ (x = {t ∈ I(w0) : ϕ(t, I(w1), . . . , I(wk))
HDor}),

3 0$%' y = I(α0), z1 = I(α1), . . . , zk = I(αk)- :'7('5$0

φ(α0, α1, . . . , αk, x)↔ x = c,

3 4() $, E$()$/% J-K- 6 c ∈ HDor-
M&$ $, BC+(/% *$, 2('H&'7( <%5N( 0$ 0%7+0@%5$ )$0&,7% *$, 8$/% J-K-O-

G%)% ;$) 1&$ 0$ 5&/4,$ $, BC+(/% *$ ,% P'+A'6 ;$)$/(0 1&$

∀a(HDor(a)→ HDor(∪a).

#$% b = ∪a- 2(/( 4() $, 8$/% J-K-Q b $07I $'Dor6 .%07% ;$)+>5%) 1&$ b ⊆ HDor-
#$% x ∈ b- :C+07$ y ∈ a 7%, 1&$ x ∈ y- 2(/( a ∈ HDor6 y ∈ Tr(a) ⊆ HDor6 3
5(/( HDor $0 7)%'0+7+;%6 x ∈ HDor- G() ,( 7%'7(6 b ⊆ HDor-

G%)% 4)(.%) $, BC+(/% *$, 2('H&'7( G(7$'5+% .%07% /(07)%) 1&$ 4%)% 7(*(

a $' HDor6 P(a) ∩ HDor ∈ HDor- #$% α > rg(P(a)- :'7('5$0 7$'+$'*( $'



 !"! #$%&'%($) *+,-%-./+) 0$1 $1*-%2/+)  !"

#$%&'( %) *%+( ",-,. /% '0%&% 1$% P(a) ⊂ Vα⊕1 ∩ HDor ∈ HDor2 3 456 %)

7805+( 9% :/4%#0;#(#0<& 6%)('0=5 ( HDor2

P(a) ∩HDor = {x ∈ Vα⊕1 ∩HDor : x ⊆ a} ∈ HDor.

>(6( 465?(6 %) 7805+( @:/1$%+(A 9% B$/'0'$#0<&2 /%( ϕ(x, y) $&( C<6+$)(

3 a $& #5&D$&'5 %& HDor '() 1$% /% /('0/C(E(

∀x((x ∈ a)→ ∃!y(HDor(y) ∧ ϕ(x, y)HDor.

>56 %) 7805+( 9% B$/'0'$#0<& =F)095 %& V2 %80/'% %) #5&D$&'5

b = {y : (HDor(y) ∧ (∃x ∈ aϕ(x, y)HDor)}.

G%?%+5/ 465?(6 1$% b %/'F %& HDor, B%( α > sup{rg(y)}y∈b, :&'5&#%/ b ⊂
Vα ∩HDor ∈ HDor 3 456 %) 7805+( 9% :/4%#0;#(#0<& 6%)('0=5 ( HDor2

b = {y ∈ Vα ∩HDor : y ∈ b} ∈ HDor.

H?/%6=%+5/ 1$% &%#%/0'(+5/ %) 7805+( 9% :/4%#0;#(#0<& 6%)('0=5 4(6( 465?(6

1$% %) 7805+( 9% B$/'0'$#0<& /% /('0/C(#%, >56 %/5 9%?0+5/ 465?(6 460+%65 1$%

/% /('0/C(#% %) 7805+( 9% :/4%#0;#(#0<&, :/ #)(65 1$% /0 4$90I/%+5/ 465?(6

906%#'(+%&'% )( =()09%J 9%) 7805+( 9% B%4(6(#0<&2 &5 K(6L( C()'( 465?(6 1$%

/% /('0/C(#% %) 7805+( 9% :/4%#0;#(#0<&, >56 5'65 )(952 $&( =%J 465?(95 1$% /%

/(6'0/C(#% %) 7805+( 9% B%4(6(#0<&2 /(?%+5/ 1$% '(+?0I& /% /('0/C(#% %) 7805+(

9%) >(6,

:) 7805+( 9%) M&;&0'5 /% /('0/C(#% 4561$% ω ∈ Ord ⊆ HDor,
:) 7805+( 9% N%E$)(609(9 /% /('0/C(#% 4561$% HDor ⊆ V,
O0+5/ %&'5&#%/ 1$% )( #)(/% HDor /('0/C(#% )5/ (805+(/ PQ

+
,

O%(+5/ 1$% '(+?0I& /% /('0/C(#% %) 7805+( 9% :)%##0<& @6%)('0=5 ( HDorA,
R5+5 HDor %/ '6(&/0'0=( 3 /('0/C(#% )5/ (805+(/ 9% %/4%#0;#(#0<&2 9%) 4(6 3 9%

)( $&0<&2 /0 a 3 r /5& #5&D$&'5/ %& HDor 3 r %/ $& ?$%& 569%& /5?6% a2 %&'5&#%/
456 %) S%56%+( ., ," @r %/ $& ?$%& 569%& /5?6% a)HDor

%/ =%69(9%65, *$%E52

?(/'( 465?(6 1$% 4(6( '595 a ∈ HDor %80/'% r ∈ HDor 1$% %/ $& ?$%& 569%&

/5?6% a,
B%( a = I(α) ∈ HDor, R5+5 a ⊂ Dor2 459%+5/ ?0%& 569%&(6 )5/ %)%+%&'5/

9% a 456 +%905 9% )5/ +%&56%/ 9% /$/ L&90#%/T

r = {〈s, t〉 ∈ a× a : ∃ξ(s = I(ξ) ∧ ∀η ≤ ξ(t 6= I(η)}. @",.A

:/ CF#0) =%60;#(6 1$% r 9%;&% $& ?$%& 569%& /5?6% a @=%6 %) :D%6#0#05 ",U, A,

B%(

r(y) = {〈s, t〉 ∈ I(y)× I(y) : ∃ξ(s = I(ξ) ∧ ∀η ≤ ξ(t 6= I(η)}

3 /%( ϕ(y, x) )( C<6+$)( Ord(y) ∧ x = r(y), B0 a = I(α)2 %&'5&#%/

ϕ(α, x)↔ x = r.

*$%E5 456 %) S%56%+( ",-, 2 r ∈ Dor 3 #5+5 r ⊆ a × a ⊂ HDor2 456 %)

*%+( ",-,V 6%/$)'( 1$% r %/'F %& HDor,

 !"!#$"%! &'(') @WX9%)A'  ! "#

+
$% &'(%!%)$()$* )+,-!.( /' $% "#0

+
1



 !" !"#$%&' ()  '*+,+$-* ,! .-&!$,/! 0-& !1,'2!0- -&-  ,3*

 !"! #$%&'('()*

 !"#$%$%& '()(*(  !"#$! %&' ($ !'($)*+, r -'.,*-$ /"#!' a 0"! 12345 '/ &, #&',
"!-',3  */6$7 8')"!-$! %&' ("/ '('9',6"/ -' a /", -' ($ :"!9$ I(ξ) 0$!$ $(;<,
"!-*,$( ξ3

#$ %&'(&)*+) ),)-.&.&/ 0.$0-0-1 0$'(*/% 2) $/% 0-'(3)*+/% (%02/% )* $0 2)3/%4

+-0.&5* 2)$ 6)/-)30 789878

 !"#$%$%& '()(+( ='$ C &,$ )($/' 6!$,/*6*>$ %&' /$6*/:$)' '( ?@*"9$ -' A/0')*B
.)$)*+, C ($ /*;&*',6' )",-*)*+,7

∀x(x ⊂ C → ∃ y((C(y) ∧ x ⊆ y))). :787;

 !"#$! %&' C /$6*/:$)' ("/ ?@*"9$/ -' DE 9',"/ '( ?@*"9$ -'( F,.,*6"3

 !"#$%$%& '()()( G$! &, 'H'90(" -' &,$ )($/' 6!$,/*6*>$ C %&' /$6*/:$;$ '(

?@*"9$ -' A/0')*.)$)*+, C 12325 0'!" ," /$6*/:$;$ '( ?@*"9$ -'( F,.,*6"3


