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MULTIPLIERS FOR (C.K)-BOUNOEO FOURIER EXPANSIONS . 

IN WEIGHTEO LOCALLV CONVEX SPACES ANO APPROXIMATION 

J. Junggeburth* 

Vediea~ed to P~o6e44o~ Albe~~o Go~zdlez Vom~nguez 
on ~he oeea4ion 06 hi4 4even~ie~h bi~~hday. 

l. INTRODUCTION. 

In [111 some first extensions of the multiplier theory as devel­
oped in Banach spaces in [51 and [171 were presented for locally 
convex spaces. In view of the applications these considerations 
were essentially restricted to order-preserving operators. In the 
mean time, however, we observed that some of the given and other 
examples are also valid in a non-order-preserving setting. In this 
general frame a multiplier theory for arbitrary multiplier opera­
tors has interesting new applications, in particular to weighted 
locally convex spaces. Motivated by these viewpoints we therefore 
continue our investigations in [ 111, this time for general multi­
pliers in locally convex spaces. 

In the applications we treat projective and inductive limits, 
essentially of weighted locally convex Hausdorff spaces.The Fourier 
series are defined via classical orthogonal syst~ms such as the 
trigonometric system, Laguerre-, Hermite- or ultraspherical poly­
nomials. 

After giving some definitions and general results in Section 11, 
first of all in Section 111 multipliers are defined. Then some 
classical inequalities of approximationtheory are extended to 
locally convex spaces and the saturation problem for approxi­
mation processes of multiplier operators is treated. In Section 
IV we derive a multiplier criterion via the (CIC)-condition (4.3). 

* Work supported in part by DFG grant Ne 171/1 which is grate­

fully acknowledged. 
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Finally Section V gives some"nontrivial new applications of this 
criterion in (weighted) locally convex spaces for Fourier ex­
pansions by trigonometric and Laguerre polynomials. By similar 
consideratiOJis" further examples conoerning Hermite a'nd ultra­
spherical expansions could be worked out. 

The author wishes to express his sincere gratitude to Professor 
R.J. Nessel for his constant encouragement and many valuable 
suggestions. 

11. PRELIMINARIES. 

Let Z. N. P denote the set of all. of all non~negative and of 
all positive integers, respectively; Furthermore, let R and R+ 
be the set of all real and of all positive real numbers. In the 
following (X, {Pr}reJ)' J being an arbitrary index set, will 

always denote a locally convex Hausdorff space whose topology T 
is gene:rated by a family of'fil trating seminorms, or to be short, " 
by a system of seminorms {Pr}reJ' Let [Xl be the class of all 

continuous linear operators of X into itself. A family 
{T(p)}p>o e [xl is called an (equicontinuous) appToximation pr~ 

cess on (X, {Pr})' if for each rE J theri exists tE J and a 

co"nstant M('r;t) > O such that 

(2.1) (f E X, p > O) 

(2.2) lim Pr(T(p)f - f) O (f E X) 
p ..... 

Let (X,{p}) and (Y.{q}) be two locally convex spaces such that 
y is continuously emaedded in X. Let X be complete. With 
X:= n R+, the completion of Y relative to X is defined by 

qe{q} 
(cf.[ 3]) 

Y"'K : = U srrn X 

ReX 
S(R):= n S (O;R ) , 

qe{q} q \ q 

where ~X denotes the closure of SeR) in the X-topology and 
Sq(O;e) := {h E Y; q(h) < e}. Let {fa}aeD be a net in Ywith di-

rected domain D and Nf(Y) the class of all nets in Y whi~h con-
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verge to f in X. Then for every q E {q} 

(2.3) 

is a seminorm on y~ with 

(f E X) • 

The local1y convex spaces X to be considered in the applications 
are repre,sentable as proj ective or inductive limits (cL [16]) 

of locally convex spaces or even Banach spaces. In treating pro­
jective limits, we always examine the spe~ial case X e Xr ' rE], 
with local1y convex spa~es' IJCri ). ,1ind the linear mappings ur:X -- Xr 
are the identity mapp~ngs. Furthet¡j\(IIJ;~.?, the system of seminorms 
{Pr}re:] on X is usually given by a countable system of norms 
{ak}ke:p which are in concordance . If the spaces Xk are complete 
for a11 k E P, we obtain the class of the complete, cOWJ,tably . 
normed spaces (FriSchet spaces) (cf •. { 7] las a special class o:J; 
the projective limito In the same way in our examples of induc­
tive limits the linear mappings ur : Xr ~ X are always the res­
trictions of the identity map from X to the loca11y convex sub­
spaces Xr e X. The topology of the inductive limit is then the 
finest local1y convex topology on Xwhich.induces on each Xr a 
coarser topology than the initial,t~pology. Particularly. 
X = 00 X • the inductive limit of a monotone increasing sequence m- m 
{(Xm' Tm)}me:P of locally.convex spaces, is called the countable, 
inductive iimit of the spaces (X , T ),m E P, or sometimes a m m 
countable union space. 

Let X = ÜO X' be the countable inductive limit of a sequence of m- m '. 
metrisable, locally convex spaces (Xm' Tm) and let Y be the strict 
inducti~e limit of locally convex spaces (yk, Tk) with the addi­
tional property that each yk is closed in yk+l. Then a family 
{T (p)} p>o: X -- Y of linear operators is equicontinuous iff to . 
each mE P there exist!, a \ = k(m) E P such tp.at {T(p)}:Xm- yk 
is equicontinuous (cf. [16; p. 891, [1]). . . 

Furthermore, eachclosed linear operatar T from a countable in­
ductive limit of B-complete locally C0nvex Baire spaces {Xk}ke:P 
into itself is known to be continuous (cf. [1]). A corresponding 
version of the closed graph the~r.em holds fO,r a linear clos.ed 
operator T of a barreled, B~complete spa<:e X into itself, espe­
cially for complete countably normed sp~ces X (cf.[ 16; p. 126]). 

, ' 
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II l. GENERAL THEORY. 

111.1 MULTIPLIERS. 

Let X be a loca11y convex (Hausdorff) space whose topology T is 
generated by a system {Pr}rEJ of seminorms. Furthermore, let 
{Pk}kEP e [Xl be a total sequence of mutua11y orthogona1 proj ec­
tións on X, in short a system {Pk}, i.e., '(i) mutual1y orthogona1: 
PjPk = 6jkPk , 6 jk being Kronecker's symbo1, and (ii) total: Pkf=O 
for a11 k E P implies f=O. Then to each f E X one may associate 
its unique Fourier series expansion 

(3.1) (f E X) 

The sequence {Pk}kEP is said to be fundamental if the set n of a11 
po1ynomia1s, i.e., theset of a11 finite linear combinations 

n 
l f k with f k E Pk(X), is dense in (X, {Pr}rd)' 

k=O 
With w the set of a11 sequences T = {Tk}kEP of scalars, T E w is 
ca11ed a multiplier for X (with respect to {Pk}) if for each 
f E X there exists an,e1ement fT E X such that 

(3. Z) P f T P f k = Tk k (k E P) 

Since {Pk} is total, e is unique1y determined by f. The class 
of a11'multipliers T for X with respect to {Pk} is denoted by 

M = M (X; { P k} ) • 

To each multiplier T E M there corresponds a c10sed linear mu1-" 
T ' T T 

tipli~r opera tor T : X - X, defined by T f = f . (In general 
we don't distinguish between mu1tip1iers and the corresponding 
multiplier operators). The set Me = Me (X; {Pk}) of a11 T E M 
for which the operator TT'is continuous on X, can be identified 
with a c10sed subspace of [Xl, denoted by [XI M • In general 

e 
Me e M, but if the c10sed graph theorem ho1ds on X, then Me M. 

In this case, to each r E J there exists t E J and a constant 
B(r,t) > O such that 

(3.3) (f E X) 

'and we set 

(3.4) ITTa := inf {B(r,t); pr(TTf) ~ B(r,t;T)Ptlf), f E X} r,t 

:= hIM,r,t 
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If the seminorms {Pr}r~J on X are norms as in the case of coun-
tably normed spaces, then IITT n t = UT T n t ' where the Banach 

r, [xr,x 1 
spaces Xt and Xr are the completions of the locally convex space 

X under the ~ Pt and Pr' respectively. 

For an arbitrary ~ E ~ we define 

(3. S) X~ := {f E X; there exists an f~ E X with ~kPkf 

for all k E P} 

P f~ 
k 

Evident1y X~ e X, and the linear operator B~: X~ -4 X, defined 
by B~f = f~ for f E X~, is closed for each ~ E~. Furthermore, 
Pk(X) e X~ for each k E P, so that B~ is densely defined if 
{Pk} is fundamental on X.The operators B~ are called operators of 
multiplier- type. 
It is easy to see 

LEMMA-(3.6). (a) Under the system of 

by p~(f) := p (f) + p (B~f) r r r 
X~ becomes a ZocaZZy convex subspace 

is fiZtrating and separating. 

seminorms {p~}r~]' defined 

(r E ], f E X~) 

of X; the system {p~} r re:] 

(b) If (X, {Pr}r~J) is a compZete ZocaZZy c~nvex apace. then 

(X~, {p~}reJ) is compZete. 

In contrast to the Banach space theory in arbitrary locally con­
vex spaces there here exist unbounded multipliers T correspon~ 
ding to a continuous operator TT. A simple example is the dif­
ferential operator R = -i(d/dx) with eigenvalues {~k}k~P = 
= {k}k~P which is not a continuous.multiplier operator on 
C211 (with respect to the system{e1kx }) but a boundedone on 
V211 , the locally convex space of 211-periodic infinitely dif­
ferentiable test functions. 

III.2 INEQUALIT.IES OF JACKSON-, BERNSTEIN- AND ZAMANSKY-TYPE 
AND SATURATION. 

In the following some fundamental inequalities in approximation 
theory will be extended to locally convex spaces, and wi th these 
means the saturation problem for multiplier operators in locally 
convex spaces will b"e treated. 

Let Hp) be a positive, monotonely decreasing function on (O,GO) 
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with lim ~(p) O. 
p+'" 

THEOREM (3.7). Let {T(p)} O be a famiZy of muZtipZier operatórs p> 
on (X,{p }) aorresponding to {T(P)} e M, and Zet W E w. Further-

r 
more, Zet the famiZy of muZtipZier operators {L(p)}p>O' given 

via {Á(p)} e Mc' be equiaontinuous on X with respeat to p. Then 

the aondition 

(3.8) (k E P) 

1:mpZies that to eaah r E J there e~ists t E J and a aonstant 

B (r, t) > O suah that the Jaakson-type inequaZity 

(3.9) -1 
~ (p)Pr(T(p)f- f) ~ B(r,t)Pt(~Wf) (f E XW) 

hoZds. On the other hand, the aondition 

(3.10) (k E P) 

impZies the Bernstein-type inequaZity 

(3.11) (f E X) 

and 

(3.12) (k E P) 

the Zamansky-type inequaZity , 

(3.13) (f E X) 

The proofs are easy and follow analogously as those in Banach 
spaces OCf. [6]). Indeed, (3.8) immediately implies (3.9) since 

(3.14 ) t-l(p){T(p)f - f} = L(p)BWf (fEXW,p>O) 

In a similar way one may treat Bohr-type inequalities (cf. [8]) 

and the comparison problem (cf. [11], [12]). 

Let us briefly examine the saturation problem for approximation 

processes {T(p)} O' defined via multipliers {T(p)} O' Procee-p> . p> 
ding as in the Banach space frame (cf. [S; I Il and [ 1 7] ), we s et 

for an approximation process {T(p)} O e [X]M 
p> c 
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f := {k E P; Tk(P) = 1 for all p > O} 

Under the assumption T r P we postulate as a sufficient condition 
for the solution of the saturation problem: 

(3.15) Let {T(p)} e [XI M be an approximation proaess on 
e 

(X, {p} J) with assoaiated muZtipZiers {T(P)}. Let there 
r re: 

exist a famiZy {n(p)} e Me' whose assoaiated'muZtipZier op~ 
rators {E(P7} form an approximation proaess on X, and a 

sequenae W E w with Wk # O if k é r suah that for aZZ 

p > O and k E P 

~-l(p){Tk(P) - 1} = wknk(p) 

As {E(p)} is an approximation process, there holds lim nk(p) 
for al! k E P so that p+'" 

(3.16) (k E P) 

THEOREM (3.17). If Pr(T(p)f - f) = 0r(~(p)) for eaah r E J then 

f E U P (X), and T(p)f = f for aZZ p > O, i.e. f is an inva­
me:T m 

riant eZement. 

Proof. As Pk E [X] and 

Pk (l/>-l(p){1'(p)f - f}) = ~-l(p)hk(P) - l}Pkf 

for each k E P and r E J there exists sorne t E J such that by 
(3.16 ) 

lim Pr(~-l(p){Tk(P) - l}Pkf) ~ 
p+'" 

~ B(r,t;k) lim Pt(~-l(p){T(p)f - f}) O 
p+'" 

Thus wkPkf = O for all k E P which implies Pkf = O for k ~ f, 
while for k E Tone has PkT(p)f = Pkf. Hence PkT(p)f = Pkf for 
each k E P, and the theorem is proved. 

If, in addition, the set 

(3.18) F[X; T(p)] := {f e X; pr(.-l(p){T(p)f - f}) 

for p+~ and each r E J} 

o (1) 
r 

contains a noninvariant element, then the approximation process 
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{T(p)} is saturated in X with order .(p), and F[X; T(p)] is called 
its Favard or saturation class. Such a noninvariant element always 
exists as for each k é T, r E J and O , h E Pk(X) 

p (T(p)h - h) = ITk(P) - 11p (h) r r 

Let us observe that (3.15) implies for each r E J 

(3.19) (f E X,p > O) 

THEOREM (3.20). Given '(X, {Pr}reJ) suoh that the o~osed gr¡aph 

theorem ho~ds on X. If {T(p)} satisfies (3.15), then the Favard 

o~ass of {T(p)} is oharaoteriaed as (XW)-X and the fo~~owing 
seminorms are equiva~ent on F[X; T(p)]: 

(i) (r E, J) 

(ii) qW (f) 
r 

and (iii) sup pW(S(p)f) 
p>O r 

(1' E J) 

where {S(p)}p>O e [X]M 
e 

is an approximation prooess with S(p)(X) e 

Proof. (i) * (iii): On account of (3.15) one may choose 
{S(p)}p>o = IE(p)}p>o' and the assertion follows immediately by 
(3.19) and 

sup pW(E(p)f) 
p>O r 

e B(r.t)Pt(f) + sup p (.-l(p){T(p)f - f}) e 
p>o r , 

e B(r,t)[p (f) + sup p (.-l(p){T(p)f - f})]c 
s p>O s , 

e B(r,t) sup pW(E(p)f) 
p>O s 

as {Pr}r&J is filtrating. 

(ii) ,. (iii):Given fE (XW)-X, there exists a net (ffl}fl&D e XW 

súch that pW(f a ) e R (r E J) for some R > O and lim p (fa-f)=O. 
r" r r fl&D r " 

Obviously BWS(p) is defined and closed on X, so that 
BWS(p) E [X]M . 

e 
On XW we have BWS(p) = S(p)BW, and therefore 
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Theleft sideis independent of the specialchoi,c~,of the ne'!; 

{fa}aeD' and the right sida is independen.t of p;"theref6re ' , 

• • 1/Ib ::::11 
~~b Pr(S(p)f) <: B(r;t)J.nf{~~b pt(fa); {fa} EN f },= B(r·:t)qtCf)." 

(iii) .. (ii): This direction is easily proved by examining the 

particular net {S(a)}f3eR+ c X·. : 

IV. A MULTIPLIER CRITERION FOR CES~RO BOUNDE6 ~OURIER EXPANSIONS. 

In the applications the problem arises whether a given sequence 

n = Ink}keP E (¡) is a mul tiplier wi th, \respe'cttcj) a: giivenorthb:­

gonal system {Pk}keP e [X] in a lo,ca11y convex space (X.{Pr}reJ)' 

Inthis section we ob.tain afírst .critetion fer subclasses o{ '. 

M(X;{Pk}) by the uniform boundedness of the (C,IC)-means; these 

are.justth,e cla;sses, bv ic+! ,'w,e1;L known i;:n th¿e, .l,i ttl:r~t:~!e"for sorne 
time, particularly in connection with the theory of diverg~nt . 

series. 

In th~; Ioeany ~o,~vex sPllce(X, {Pr}}' ,~I:t.h th~ syste¡n.c:>fpToj:ec-

tions {Pk}hP let the(C,IC) -lIIelins for !<= ~ ,0 be de(ined):>y ',; 

(4.1) (f E I,n E P) 

DEFINITÍaN (4.3). ("The (CIC)-aondit~onll). Let IC ~,O and (X,{Pr )) 

be aomp'Lete. The pa-lz. {x.rp .} "J)" (p'klieatiefies'the (CIC)-aondi-'r re.. .. 
t-lon~ if fol' eaah l' E J thel'e e:1:Íete, t E f and a aonetant 

C (1', t'j,K} > O :euch·,tha't 

Pr ((e "IC)nf )<C(r.t; lC)pt(f) 
~: . ~ 

.éf'EX.nE P) 

If (4.3) is satisfied for afixedlC > h .:thenÚ} fo11ows that for 

a11 S > le 
. -;; 

(f E X.n E P) 

To derive an appropriate mUlUplie:r cdterion'we int,roduce the 

sequence spaces' b'v 1C+1 as subs'paces of 1.-, the set of a11 bounded 
sequences, by 
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where the (fractional) difference operator A/3 is defined via 

(4.5) t -/3-1 
l. Al nk+l 

1=0 

Wi th /3 ;> O and n E ¿"" the series (4.5) converges absolutely. We 
still remark that limnk = n"" exists for n E bVK+1 and 

k+"" 

(4.6) bv K+l e bv y+1 

Furthermore, for each n E b~K+1 

(4.7) n -n 
(n E P) 

For these fundamentals see [17; Sec.31 and the literature cited 
there. 

THEOREM (4.8). Let (X,{Pr}rd). {Pk} 8ati8fy the (CK)-aondition 

(4.3) for 80me K ;> O. Then bV K+1 i8 aontinuou8Zy embedded in 

Mc(X;{Pk}). i.e.~ to eaah r E J there exi8t8 t E J and a aon8tant 
C(r, t; K) > O 8uch tha.t 

Proof. Analogously to [5; III or [121 we set up for an arbitrary 
f E X and n E bVK+1 

n ~ K K+1 ( ) f ' f := l. AkA nk C,K k + n""f 
k=O 

Then fn E X since by (4.3) and (4.4) ({pr} being filtrating) 

P (fn) ~ C(r,t;K)Pt(f) I A~IAK+1nkl + In""lpr(f) ~ 
r k=O 

~ C(r,t;K)lnl b P (f) 
V K+1 B 

To prove that P fn = n P f for each n E P we consider n n n 

• Pn(C"),f : j O ~ if n > k 

(AK IAK)P f if n~k k-n k n 

and obtain by (4.7) that 
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Att:. 
P f{ ~ Att:. k-n .tt:.+1 } 

n .L k -tt:.--- u nk + n~ 
k=n Ak 

Concerning sufficient conditions for n E bVtt:.+1 we refer to.[ 5; 11) 
and [17; Sec.3 ff) . 

To give an appiication, 1et (X,{Pr})' {Pk} sat,isfy (4.3) fo,r sorne 
tt:. ~ O. Then one may consider the Abe1-Cartwright and the Riesz 
means of (3.1), thus for a > o andA> O 

(4.9) W (p)f - ¿ w((~)a)Pkf and R ,(p)f 
a k-O p a,A 

w(x) 
<x 

For each a > O, A ~ tt:. one has (cf. [5; II), [17; Sec;4)) that 

(4.10) 

uniform1y in p > O. Furthermore, 

so that convergence of the Abe1-Cartwright and the Riesz means 
fo110ws on n (cf. Seco 111.1). tf n is dense in X and X barre1ed, 
then the families {W (p)} O and {R ,(p)} O form approximation a p> a,A p> 
processes on X. 

To determine the Favard c1ass F[X; Wa(p)) we examine (3.15) and 
have for any a > O 

-a p 

nk(p) = e(k/p), 1im nk(p) = 1, and {nk(p)}k€P E bV j +1 
p+~ 

for each j E P (cf. [5; 11)). 

By theorem (3.20) it therefore fo11ows that 

a ' 
1/1 ={-k }k€P 

For further examp1es of processes, a1so in connection with theo­
rem (3.7) see [4], [5], [6], [9], [17] and the 1i terature el t,ed 
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there: In this direction one has the following Bernstein-type ine­
quality 

THEOREM (4.11).Let" > O. If (X,{Pr})' {Pk} satisfy the (CK)-condi 
tion (4.3) for sorne K > O. then to each rE] thereexi.ts tE] 

and a constant B(r,tjK) > O such that for aZZ poZynomiaZs 
n 

f = ¿ Pkf E n it foZZows that 
k .. O 

Proof. We reduce the proof to (3.10) with p+~ replaced by n+~. 
Let ,,> O and e(x) E C~ ([O,~)), the class of infinitely differ-

. 00 

entiable functions with compact support on [O,~), such that 
e(x) = x" if O ~ x ~ 1 and e(x) = O if x ~. 2. Evidently the se­
quence A(n) with Ak(n) =e(k/n)·belongs to bVj +1 for each j E P 
uniformly in n E P(cf. [Sj 1, 11] j the dependence of .the parameter 
n E P being of Fejér-type). Thus we choose j = [K] + 1 with [K] 
the greatest integer less than or equal to K. Now we identify 
Wk k", ~-l(n) = n"j finally, T E 00 with Tk(n) = (n/k)"Ak(n) 

n 
is a mUltiplier on X. Particularly, for f ¿ Pkf we have 

k=O 
by (3.11) as Tk(n) if k ~ n 

n 

Pr(k!o(k/n)"Pkf) Pr(k!O Ak(n)Pkf) ~ B(r,tjK)UAUbVj+l Pt(f) , 

and the theorem is proved wi th C = 11 AII b 
v j +1 

V. APPLICATIONS TO CESARO BOUNDED ORTHOGONAL SYSTEMS. 

V.l. TRIGONOMETRIC SERIES. 

As a first example we treat trigonometric expansions in weighted 
locally convex spaces of 2w-periodic functions. Here theorem 
(5.2) (cf. [14]) gives necessary and sufficient conditions upon 
the weight functions Ur(x) such that the (C,1)-means of the 
Fourier series expansion satisfy condition (4.3). This in turn 

determines examples of locally convex spaces X~ ] and X~ ] for 
which the (CK)-condition is satisfied for K = l'but not ~or 
K = O. 

Let the system {Pk}keP be defined by 
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(S .1) POf(x) = f"'CO), PkfCx) = fA (k) e ikx + f"'(_k)e- ikx . (k E N) 

f~(k) denoting the usual Fourier eoeffieients 

fA(k) (k E Z) 

THEOREM (5.2). [14; p. 223/224]: Assume that 1 < p <~. f(x) is 

integrabZe on [0,2w]. U (x) > O. f(x) and U (x) have period 2w. r r 
Then the 10ZZo1JJing are equivaZent: 

(5.3) lim f2W I (C,1)nf(x) - f(x) IPu (x)dx = O 
n+~ O r 

lor every lunction f satislying aP(f) := (J 2W lf(x)I PU (x)dx)l/p<~. 
r O r 

(5.4) f h l(C,1) f(x)IPu (x)dx <C f2Wlf(x)IPU (x)dx, 
O n r POr 

the constant C being independent 01 f and n. 
P 

(S. S) 

A 
P 

Al 

For every intervaZ 1 1JJith 111 < 2w (111 the Zength 01 1) 
one has 1JJith a constant K. independent 01 1, 

:= (1 < P <~) 

:= U (x)dx ess sup[Ur(y)]-l < Kili 
r ye:I 

(p=1) 

REMARK. In the case 1 < p < ~ one may repZace the (C,1)-means in 

theorem (5.2) by the usuaZ partiaZ sums S (f;x) (ef. [10]). 
n 

LEMMA (5.6). For every subintervaZ I e R the 1JJeights Ur(x) = Ixlr 
satislY the condition 

A < KIII P il -1 < r < p-1 (1 < p < ~) 
P 

Al < Kili il -1 < r < O (p=1 ) 

1JJith a constant K 1: K(r,p) independent 01 I. 

In view of the estimate 

(5.7) 2 < sin x/2 < 
ir x/2 

Lemma (5.6) immediately implies 
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LEMMA (5.8). The weight functions 

u (x) = 12 sin x/2l r 
r 

(x E R) 

satisfy (5.5) for 

-1 < r < p-l if < p < - , 
-1 < r .s;; O if P = 1 

Let us observe that on the fundamental interva1 [-w,w] the func­
tions Ur(x) have to be defined here such that they are symmetric 
in sorne neighborhood of its singu1arities and zeroS. 

Via the weights Ur(x) of Lemma (5.8) we define the Banach spaces 

(5.9) xr,p := {f E L1 . aP(f) := 2w 2w' r 

(1 .s;; p < -) 

1 as subspaces of L2w ' We have in the sense of continuous embedding 

(5.10) r E (-1 ,p-1), 1 .s;; p < GO 

and L~w is dense in x~:p. Therefore the projections Pk , k E P, 
defined in (5.1), are continuous, total and fundamental on x~:P 
for all re (-l,p-l). 

Given sorne open interva1] e (-l,p-1),by 

(5.11) x~,] := n xr,p 
] 2w re: 

and ~,] := U 
re:] 

(1 .s;; p < GO) 

there are defined 10cally convex spaces in which the (CIC)-condi­
tion (4.3) ho1ds with 1C=1 for p=l and by [10] even with IC=O for 
l' < p < GO. 

Evident1y, for p=l the (C,O)-means are not equicontinuous on 
1 1 

XD,] or XV,] as the examp1e 

shows. Indeed, one has (n+-) 

n 
Dn(x) = 1/2 + ¿ cos kx 

k=1 

a1 (S (f ;x)) ~ (1/2)IS (sgn D ;x)1 1 r n n n n L O(log n) . 
2w 
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Under the system of norms {a~}re] which are in concordance, x~,] 
1 ~ P < -, is a countably normed, barreled and B-complete 
Hausdorff space, metrisable but not normable. As theclosed graph 
theorem holds we have Me(X~,] ; {Pk}) = M(X~,] ; {Pk}). On each 

X~;P e L~lI' r E'(-1,p-1), and therefore on X~,] and X~,] the sys­
tem {Pk}keP is continuous, fundamental, total and mutually ortho-
gonal. ' 

X~,] , 1 ~ p < -, is a countable strict inductive limit, complete, 
barreled and Hausdorff but not metri~ble and not necessary B-co~ 
plete; however by the closed graph theoremwe have Me = M. 

Let us conclude with an application of Theorem (4.11) in connec­
tion with the spaces (5.11~ and weights (5.8). 

COROLLARY (5.12). Let v> O. Then t.o eaah rE (-1,p-1) there 

e~ists a t E (-1,p-1) suah that for eaah trigond~etr~a potynomiat 

with some aonstant D(r,t;K,v) > O 

V.2. LAGUERRE SERIES. 

Let LP(O,-), 1 ~ p < -, denote the usual Lebesgue spaces (with 
respect to ordinary Lebesgue measure) of functions for w11ich the 
nO'l'ms 

Ifa := (J-lf(X)IPdX)l/P 
P O 

(1 ~ p < -) 

are finite. LP1 (0,-) denotes the set of functions which belong oc 
locally to LP(O,-). i.e. on every compact subset of (0,-). 

With the weight functions, defined on (0,-) for som~(fixed) 
G > -1 

(S.13) Ub (x):- xG / 2xb (1+x)r-b exp (-x/2) ,r (b,r E ~) 

,let us introduce the Banach spaces 
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(5.14 ) xP := {f E LP (O ~). ~Pb (f):= Uf(x)Ub (X)" <~} 
'b,r loe" ,r . ,r P 

Then for every open subset ] e R, by 

(5.15) X~,J := n xP 
re] b,r 

and x~,] := u xP 
reJ b ,r 

(1 E;;; P < ~) 

locally convex spaces are defined in which considerations analo­
gous to V.l are valido Therefore the closed graph theorem holds 
so that each multiplier T is continuous. Obviously these and the 
following considerations are also truefor a variation of the p~ 
xameter b in an open set ] e R orof the pair (b,r) in an open 
') e R2 • 

Let L~(x), a> -1, denote the kth Laguerre polynomial given via 

-a-l sx (1 - s ) exp ( -r:s ) 

Then to each f E x~,] or f E X~,]' respectively, one may associ­
ate its (well-defined) (cf. [15~ p.171) Laguerre series.expansion 

(5.16) 

where 

(5.17) 

~ 

f - ¿ 
k=O 

a These projections {Pk}keP form a total, fundamental and mutually 

orthogonal system on x~,] and x~,]. With the results in [131 ando 
[151 we determine now open intervals J = ](K,p) e R such that on 
x~,] and x~,] the (CK)-condition (4.3) holds with r E;;; t, r,t E ] 
for K=l; but (4.3) isn't valid with K=O foro al! rE] and any 
choice of tE]. This is an immediate consequence of the fact 
that the conditions about the parameters b and r in [131 conee!. 
ning (C,O)-summability are sharp. However, it was not 
Muckenhoupt's aim to study summability conditions in a locally 
convex frame. In particular for .a > ~ 1/2 and 

(5.18) 1/4 - l/p < b < 3/4 - l/p (1 E;;; P < ~) 

one has the following intervals ](K,p) for the parameter r: 
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{ 
(1/4 - 1/:,3/4 - l/p), pE [4/3,41 

VJ ,pf,![4/3,41 

In case K=O the restriction r < t, r,tE J, i"s necessary fer p=4/3 
and p=4. Thus, if p rI;. [4/3,41, then the (C,O)-means are not equi­
continuous on x~,Jor X;.J respectively. On the other hand. 

(5.20) for ,-1 1(1,.) - j (-1/(3p) - 5/4, 7/4 -l/p), 10;;; p < 4/3 
(-l/p - 3/4 7/4 - l/p), 4/3 O;;; p O;;; 4 
(-l/p - 3/4 , 19/12 - 1/(3p)), 4 < p<"~ 

Furthermore, for b=r. a > -1, in (5.13), Le. 

Ur,r(x) = xa / 2xr exp(_x/2) there are other open intervals J(l,p) 
(cf. [15, p. 111) such that the (C,l)-means, but not the (C,O)­
means are equicontinuous on X~.J or X~,J' lO;;; P < ~, respecti­
vely, namely 

j -1/p-min(a/2,l/4) < r < 1 
(5.21) 

-2/(3p) -1/2 < r < 7/6 -

- l/p + min(a/2,l/4)! 
" (1 o;;;p <~) 

2/(3p) " 

So (5.20) means, in the case 1 ~ p < 4/3, for example, that to 
~ach rE (-1/(3p)- 5/4, 7/4 -l/p) and each tE [r, 7/4 - l/p)" 
there exists a constant C(r,t) > O such that 

WbP ((C,l) f) ~ C(r,t)wbP t{f) " ,r n , (f E X;.J or f E X~,J) 

r(p) 

3/2 

1 

3/4 

1/2 

O 

-1/2 

-3/4 

-1 

-3/2 
19/12 
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The figure gives the upper and lower bounds of the parameter 
r = r(p) of conditions (5.19), (5.20) which determine the allow­
able intervals ](O,p) and ](l~p). 

Obviously ](O,p) e ](l,p), and the restriction r < t in (5.18) -
(5.20) may not be omitted. In the case K=l the parameter r gener­
ally still depends on the parameter b = b(a,p). 

Further examples of weighted locally convex spaces with the mo­
re general weight functions Ub,r(x) qf (5.13) may be derived 
from the results in [131 and [151 by variation of the parameters 
b and r under the given restrictions. 

Correspondingly one may treat Hermite expansions in suitable 
weighted functions spaces (cf. [111, (121) using resul ts of [131 
and [151 or ultraspherical expansions by taking inductive and 
projective limits with respect to the parameter p E [1,00) 
(cf. [21, (121). Some examples of domains ] valid for Hermi te 

expansions are given in [11; cf. (3.5) and (3.6)1 in the order­
preserving case, but they are valid on spaces analogous to 

(5.15) also in the general case. One can obtain,further examples 
of locally convex spaces satisfying the condition (4.3) from the 

examples in V.l and V.2 by forming countably normed spaces and 
inductive limits with respect to the free parameters in an open 
set A, for example in V.2 with p E A e [1,00) 

XD,A .- n X~,] and Xv A .- U xP . or 
pe:A , pe:A D,] 

1 
U X~,] XV,A . -

pe:A 

In the last case the closed graph theorem may fail on X~,A as 
this 'inductive limi t is not countable, and hence one may then 
get Me e M with proper inclusion. 
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SOBRE UN TEOREMA DE R. PALAIS 

V LOS METODOS DE PROVECCION nt{Pn} 

Carmen Casas 

En esta nota examinamos la relación entre un teorema de Palais 
[3], reformulado adecuadamente, y un teorema de la teoría de los 
m6todos de proyección n de Galerkin [2]. Mostramos que en el caso 
considerado por Palais, de un álgebra Át "approximately tame", 
a. t., ambos teo~emas son equivalentes. En caso de álgebras Á ge­
nerales el teorema de Palais sugiere la introducción de un méto­
do de proyecci6n que llamamos nt , y damos para el método nt dos 
teoremas de estabilidad así como un criterio general para que se 
verifique T E nt. Previamente examinamos la relación entre la 
noci6n de álgebra a. t. y la de ideal simétrico mono-normante, y 
de paso extendemos el teorema de Palais al caso de bases equiva­
lentes a ortonormales y sustituímos la condici6n "tame" por otra 
más débil vinculada a la noci6n de operador casi triangular. 

Cuestiones más finas, tales, como caracterizaci6n de la clase nt , 

caso de bases generales, etc., serán consideradas en un trabajo 
próximo. 

El tema me fue sugerido por el Prof. M. Cotlar a quien agradezco 
su' generosa ayuda. 

1. PREL 1M I NARES. 

1.1. NOTACIONES. En todo 10 que sigue H designará un espacio fijo 
de Hilbert, {e } una base ortonormal fija del mismo, H el subes-

n n 
pacio generado por {el, ••• ,en }, Pn la proyección ortogonal de H 

sobre Hn' B(H) el espacio de los operadores lineales acotados 
A: H --+ H con la norma usual IIAII, Kn ={K E B(H); dim. K(H) = n}, 

ID 

K· U K , Y Il .. el espacio de los operadores XE B(H) compactos 
n-l n 

con la misma norma UXI. Si A es invertible y {IP j } lO {A e j }, en-
tonces {IP j} se llama base equivalente a ortonormal; p~n,iendo 



PI X = 
n 

n 
l c. '/l .• 

j-l J J 
si x 
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l c. '/l.. vale PI 
j-l J J. n 

(1) 

En algunas situaciones mlis generales consideramos en v.ez de {en} 
una base {'/In} equivalente a ortonormal con {P~} en vez de {Pul. 
Observemos que P x -+ x. 'fIx E H. o sea P -+ 1 fuertemente pero 

n n 
no en norma. Sin embargo se tiene (cfr. [3] plig. 274): 

1.1.1. Si P x -- x. 'fIx EH. UP 11.;;;; 1. entonces IIPnA - Al -- O n u 
y IIAPu AH -- O para todo A En ... 

A E B(H) se dice triangular (respectivamente casi triangular) res­
pecto de la sucesi6n {P} (cfr. [4].[5]) si PAP - PA = O 'fin. u u u n 
(respect. IPnAPu - PnM --+ O). 

Si A E n. entonces, por 1.1.1, la 6ltima condici6n UP AP -P AH.O 
.. u u n 

equivale a IIPuAPn - APnl1 -- O. 

Para todo A E n indicaremos con {s. (A)} a la sucesi6n de los n6-
.. J 

meros de Schmidt de A (cfr. [1]) de modo que 

A x = l s. (x, '/l.) "'. , sJ. = sJ. (A) 
j=l J J J 

(2) 

donde {'/l.} (resp: {"'.}) es una base (sistema) ortonormal. 
J J 

Si e = {~= (~.)ECO: ~. = O desde un j} , (3) 
J J 

~(~) ~(~1'~2"") es una funci6n normarite sim~trica definida 
en e (cfr. [1], cap. JII), Y si 

c~ = H = (~j) E c:II~II~ == sup ~(~I'''~u'O ... O) < .. } (4) 
n 

indicaremos con n~ = {X E o .. :{sn(X)} E c~} al ideal normado si­
m~trico asociado a ~, con 

(5) 

Si A E n .. es dado por (2) y si Qn es el proyector ortogonal so­
bre el subespacio {'/Il' •..• '/In} designemos con 

n 
An = QnA = l sJ.(x. '/IJ') "'J. 

j=1 

Se tiene entonces [1] que 

~ (sn+l (A) • sn+2 (A) , ... ) 

(2a) 

(6) 
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(6a) 

1.2. LA CONDICION TAME. A e B(H) designará un álgebra de Banach de 
operadores, cuya topología es más fina que la inducida por la de 
B(H). B(H ) designará la subá1gebra de B(H) formada por los ope­
radores A \a1es que A (H )=H y A(If) = O, de modo que n n n 
P AP E B(H ), V A E B(H). n n n 
Siguiendo a Pa1ais [3] diremos que A cumple la condición "tame", 
o que A es un álgebra "approximate1y tame" respecto de la base 
{en} fijada si: 

1) B(Hn) e A Vn=1,2, ... ; 2) P AP -- A en la norma de A,V AE A n n 

En particular si A = 0t entonces 2) equivale a 

(7) 

Y 2) implica que A e 0t' 

La condición 2a) implica estas otras dos 

3) IIp AP - P AII .. -- O Y 3a) IIP AP - AP 11 .. -- O puesto que n n n VI n n nVl 

IIPnAPn - PnAll t = IIPn(PnAPn) - PnAll t ... IIPnll IIPnAPn - Allt 

A su vez la 3) implica obviamente la 

4) IIPnAPn - PnAII -+- O o sea toda A E A es casi triangular. 

Diremos que un operador A E 0t es aa8it~iangu~a~-t a de~eaha (res­
pecto de {Pn}) si verifica 3), y aa8it~iangu~a~-t a i2quie~da si 
verifica 3a). 
La casi triangu1aridad-t es pues uria condición más débil que la "ta­
me" de Pa1ais. 

1.3. EL TEOREMA DE PALAIS. 

Pongamos: 

G L (H) = {T E B (H) : T invertib1e en B (H) } 
G L (n,{Pn}) {T E G L (H) : T = 1 + A, A E B 
G L (ao,{Pn}) lim G L (n) = límite inductivo 
n-+- ao 

G (A) = {T E G L (H): T = 1 + A, A E A} 
O = {A.E A: 1+ A E G L (H) 1 

Entonces se tiene: 

(Hn) } 
de las G L (n) , 

(8) 

1.3.1. TEOREMA DE PALAIS. Si A es un á1;geb~a"a'pp~o:x:imate~y tame" 
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de operadores en H, entona es la inyeaaión j: G L ( ~) ~ G (A) es 

una equivalenaia homot6piaa. O sea, e~iste una apliaaaión aonti­

nua ql ; G (A) ~ G L (~), ql(G(A)) = G L (~) e G(A), tal que jql 

as! aomo qlj son homotópiaas a la apliaaaión identidad. 

Para 10 que sigue conviene recordar la idea de la demostraci6n de 
este teorema. Primeramente se define Pt para todo t > O, por la 
f6rmula 

(8a) 

Luego como O es un abierto de A, se define en O la funci6n: 

t' (A) = inf{t ;;;. 0, Pt A Pt + 1 = Qt + .1 es inversible en A} (8b) 

Se prueba que t'(A) es continua superiormente, y que por tanto 
existe una funci6n contínua t(A), en O, tal que 

teA) ;;;. t' (A), A E O 

Se define qT: G (A) ~ G L (~) por la f6rmula 

P.!.t(A) (l+A) P~t(A) 
T T 

Se prueba entonces que 

1.3.2. Si A es "approximately tame" entonces 'rJ A E A, 
qT(l + A) ~ + A en A, cuando T ~ 0, 

qn(l + A) ~ + A en A si n ~ ~. 

(8c) 

C8d) 

De 1.3.2, resulta enseguida que qlj es homot6pica a la identidad 
de G L (-),así como j ql homot6pica a la identidad de G (A), 10 

que prueba el teorema 1.3.1. 

1.4. LA CLASE n' {P }. 
n 

Sea {Pn} una sucesi6n de proyectores de H que convergen fuerte­
mente al, P nX - x, x EH. Diremos (cf [ 21) que el operado.r 
A E B(H) pertenece a la clase n(Pn) si A es inversible en B(H) 
y si 'rJn > nO es Pn A Pn invertible en B(Hn) (o sea consideran­
do Pn A Pncomo operador de Hn en Hn), yadem4s 
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Son de especial interés los dos casos siguientes: 

a) {Pn} es la sucesión de proyectores ortogonales correspondien-
tes a una base ortogonal {e}. ' 

n 

b) {Pn} es la sucesión de proyectores correspondientes a una'ba­
se {~j}no necesariamente ortonorma1; pero equivalente a la 
base ortonorma1 {e.}. 

J 

Vale la siguiente propiedad (cf. (2)) de frecuente aplicación: 

1.4.1. A E II{Pn} si y sóZo si A es invertibZe y existe un c > O 

taZ que desde un n > nO se v.rifiaa 

H 
n 

Mencionaremos aún los siguientes teoremas. (cf. (2)) 

(9) 

(9a) 

1.4.2. Si A = + S + T, nsn < 1 Y T un operador aompaato e~ton­

aes A E II{Pn } • siendo {Pn} auaZquier suaesión de proyeatores 
ortogonaZes. 

1.4.3. (Teorema de estabilidad 1). Si A E ft{P 1. entonaes existe , . n 
y > O taZ que para todo operador B de H en H. taZ que ~Bn < y • 

entonaes A + B E, II{P n}' o sea II{P n) es un aonjunto abierto. 

1,.4.4. (Teorema de estabilidad 11). Si A E II{Pn } y T es un oper~ 

dor aompaato de H en H entonaes A + TE ft{Pn}. 

2. RELAC IO'N ENTR.E IOEALES MONONORMANTES y LA CONO I C ION OE PALA I S. 

Siguiendo a (1) diremos que la' funci6n normante simétrica ~ (t) 
es mononormante, si para todo t E c~ es 

lim ~(t +1' t +2' n+- n n 
, .. ] . lim ~(t +1'''' ,t + ,0,0, ... ) • O 

n,p+- n n p 

De (6) Y (6a) del 01, se deduce enseguida que para toda ~ norman 
te simétrica son equivalentes las condiciones siguientes: 

a) ~ es mononormante. 

b) Para todo A E n~: ex~ste una sucesHSn {Bn} t Kn con 
1IBn - AII~ - O. 
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e) Para todo A E nt es DA - AnU t -+ O, donde An 
(2a), § 1 • 

Q A es dado por 
n 

2.1. PROPOSICION. Para toda función no:romante t. son equival.entes 

l.as condiciones siguientes: 

a) t es monono:romante. 

b) l.a condición 2a). osea UPn A Pn - ARt -+ O si n -+ ~, se ve­

:roifica para todo AE nt y pa:roa toda sucesión de proyecto:roes o:roto 

normal.es Pn E Kn asociados a una base o:rotono:romal. {en}' 

e) l.a condición 2a) se verifica po:ro l.o menos pa:roa una sucesión 

{Pn} ortogonal. asociada a una baseo:rotono:romal. {en}' 

d) l.a condición 2a) se ve:roifica pa:roa toda A E nt y pa:roa toda su 

cesión de p:rooyecto:roes {Pn} asociados a una base equival.ente a 

una ortono:romal.. 

2.2. LEMA. Sea {P } una sucesión de p:rooyecto:roes o:rotogonal.es aso-
n . 

ciados a una base o:rotono:romat {en}' t una función monono:romante 

sim~t:roica. entonces pa:roa todo A E nt val.e 

IA(l - Pn)Ut -+ O, Y 0(1 - Pn)All t -+ O 

Demost:roación. Consideraremos primero el caso A de rango 1, enton­
ces existen dos vectores .p, l/I, tales que 'f} x E H 

Ax .. e (x, l/I).p , 11.p R • 1, c.;> O 

Ademis DA(l - P)U • n sup DA(1 - Pn)xll· sup Oc«l - Pn)x,1jI).pU· 
Uxl-l HxH-l 

sup el(x,(l - P )1jI).p11 • e sup U(x,(1 - Pn)l/I).pII < ell(1-pnHR 
IxU-l n Uxl-l 

o sea IA(1 - Pn B < el (1 - Pn)l/IU y como (Pn - 1)." -+ O resulta 

lim U A (1 - P n JI .. O 
n+~· 

Como A(1 • Pn) es de rango 1, y A E Dt es 
IIA(1 • Pn)Ht • IA(1 - Pn)O y de (10) resulta 

DA(l - PnHt -+ O 

(10) 

(11 ) 

Consideremos ahora A un operador de rango finito m, entonces 
A· I A Blt , donde los Blt son operadores de rango 1. 

OCltCIII lt 

Como IIA(1 • PnJl. < 1IAltl IIBlt (1 - pnH • ' y por (11) cada 
. OCltCIII . 
Urmino tiende a O, resulta IA(1 - pnH • - O. 

Finalmente sea A e n., por 12.b existe un B e KN tal que 
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IIB - AII~ < t. 
Además por (11) IIB(1 - Pn)ll~ < t IJ n> nO luego 

IIA(1 - Pn)II~";; IIA - BII~ + IIB(1 - Pn)ll~+ II(B - A)Pnll~ < e:, IJ n>no 

o sea 

c.d.d. 

Demostración de Za proposición 2.1. a) ~ b) 

IIA - Pn A Pnll~";; IIA(1 - Pn)lI~ + 11(1 - Pn)A Pnll~";; IIA(1 - Pn)ll~ + 

+ 11 (1 - Pn)AII~ IIPnll 

y por el lema 2.2 cada término tiende a O, luego IIA - PnA Pnll~+ O. 

b) ~ c) trivial . 

a) ~ d) Sea {eo} una base ortonorma1 de H y {CPo} su base equiva 
J J-

lente, y {P } y {PI} los proyectores asociados a {eo} y {CPo} 
n n 1 J J 

respectivamente; CP. = A e. y PI = A P A- por 1.1 (1). Sea BEíl",; 
J J n n '" 

por b) vale IIPn B Pn - BII~ --+ O. Entonces IIP~ B P~ - BII~ = 
IIA P A-lB A P A- I - A A-lB A A-III 

n n ~ 

IIA(P A-lB A P - A-lB A)A-III", ..;; IIAII IIA-III IIP A-lB A P - A-IBAII. 
n n '" n n " 

y la última expresi6n tiende a O pues A-lB A E íl~ es decir 

IIP~ B P~ - BII~ --+ O. 

d) * c) trivial . 

c) * a) Si se verifica 2a) para una sucesi6n de proyectores, 
como Qn = Pn A Pn E Kn , 2a) significa que existe {Qn} E K 
con IIA - Qnll~ --+ O Y por §2.b) ~ es mononormante. 

2.4 .. COROLARIO. Si Za propiedad 2a) se verifiaa para una suce­

sión {Pn} de proyectores ortogonaZes asociados a una base {en} 
ortonormaZ se cumpZe para cuaZquier otra sucesión {Pn} asociados 

a otra base ortonormaZ. 

Observemos que vale el siguiente lema. 

2.5. LEMA. La función normante 

Za condición IIA - An 11 ~ --+ O se 
(donde A es dado por 2a §\). 

simétrica ~ es mononormante, si 

verifica para todo A E íl~, A> O. 

n 

Sea ~ = Hn} E C~, y {CPo} una base 
co J 

ortonorma1 de H. Consideremos 

el operador Ax = L I ~ o I (x, cP • ) cP o ; 

i=l· l. l. l. 
entonces A E o~ Y A > O. 
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n 
A x 

n ¿ 11;;· 1 (x,<p.)<p. y HA-Anll~ = SUkP ~(l;;n+1,l;;n+2, .•. ,l;;n+k'O,oo.,O). 
i=l 1 1 1 . 

Ya que por hip6tesis HA - An 11 ~ -+ O, resulta 

lim ~(I;; +1,1;; +2, ... ,1;; +k'O,oo.,O) O 
n,k+'" n n n 

es decir ~ es mononormante. 

Como ~n no es mononormante resulta: 

2.6. COROLARIO. E:x:iste un A E ~n' A> OtaZ que IIA - Anll~ no aon­

verge paFa n -+ .... 

Como ~n y los ~p son mononormantes obtenemos el siguiente corola­
rio que contiene el teorema E de Palais (cf. [3]): 

2.7. COROLARIO. Si ~ es mononoFmante. entonaes A 
bFa 'appFo:x:imateZy tame' en sentido de PaZais. 

O~ es un áZge-

En particular, las álgebras 0p y 0n son 'approximately tame' res­
pecto de toda base ortonormal así como de toda base equivalente 
a ortonormal. 

3. EL TEOREMA DE PALAIS V LA CLASE n{Pn }. 

Sea ~ mononormante y A 
tely tame' respecto de 
lentes a ortonormales, 
Palais 1.3.1 Y 1.3.2. 

= O~. Por 2.7 sabemos que A es 'approxima-' 
{P } generales asociados a bases equiva-

n 
luego a O~ = A se aplica el teorema de 

Ahora relacionaremos este teorema (en caso de A = O~) con el m~­
todo de proyecci6n n{p } (ver 1.4). Observemos antes que si 

n 
G (A) es la clase definida en (8) del 1.3, se tiene 

3.1. LEMA. Sea ~ nOFmante sim6tFiaa A = O~. Entonaea paFa todo 

1 + A E G (A) es (1+A)-1 E G (A). Luego poniendo Y(l+A) = (1+A)-1, 
tenemos que Y:G (A) -G (A) es un opeFadoF aont-lnuo en G (A). 

Demost~aaión. Si C (l+A)-l, (l+A)C = 1, entonces C = 1-AC, 
de A E A es AC E A Y 1-AC = C es invertible, luego (1+A) -1 = 

.. C E G(A). 

Además: A -+ A en A implica (1+A )-1 -+ (l+A)-l en A, pues n . n 
1 + An • 1 + A + En con 11 En 11 ~ -+ O, 

y 
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1 + A = (1+A)[ 1 + (1+A)-1 e ) = (1+A)(1+n ) donde Un 11 ... -+ O. 
n n n n ... 

Luego para n > nO 1 + n es invertible y (1+n )-1 -+ 1, n n 

entonces (1+A)-1 -+ (1+A)-1. c.d.d. 
n . 

En todo lo que sigue ~ es mononormante y A = o~. 

Por lo visto en 1.3.1, si qT: G(A) -+ G(A) es definido por 
qT (1+A) = 1 + P A P entonces qT (1+A) -+ 1+A si T + O 

lt(A) lt(A) 
T T 

en A, en particular q (1+A)+1+A si n -+~ de modo que q da .una 
n T 

homotopía de q1 en 1. 
Como Y es continuo, obtenemos que: YqT -+ y:. Yq1 .~ Y Y qTY -+ Y 

:. q1Y ~ y, luego 

(12a) 

Ahora como A E o~, por 1 .4.2 1+A E n{p } 
n de modo que desde un 

T > TO' es P (1+A) P H -+ H invertible en B(H ); 
lt(A) lt(A) n n . n 
T T 

Y existe [P1 (1+A) P ) -1 : H -+ H n' 
donde t (A)' fue dado 

lt(A) n Tt(A) T 
en (Se) de 1.3.1. 

3.2. PROPOSICION. Se puede eZegir Za funoión oont~nua teA) de 

modo que desde un T > TO se verifique 

YqT(1+A) 

de modo que por (12a) es: 

(13) 

(14) 

P [P (1+A)P )-lp -P (1+A)-1 P1 +0 en A (15) 
lt(A) lt(A) lt(A) lt(A) lt(A) ~t(A) T T T T T • 

Demostl'aoi.ón. Observemos qUe, para T > TOes 

YqT (1+A) = [P C1+A) P + (1 - P )-1 
~t (A) ~t (A) . ~t (A) 
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P [ P (l+A) P ] -1 P + (1 - P ) 
~t(A) ~t(A) ~t(A) ~t(A) ~t(A) 

Para verificar esta 
quierda por P 

igualdad, basta multiplicar a derecha y a iz-

lt (A) 
(l+A) PI + (1-P1 ) y comprobar que da 1. 

T"t(A) T"t (A) 
T 

Esto prueba (13). 

Como Y(l + A) = (1 + A)-1 E G(A), (1 + A)-1 = 1 + D, DE A; 

q Y(1+A) 
T . 

q (l+A)-1 = P lt(D) (l+A)-1 P 1 t(D) + 1 - P -TI t(D). T T T 

Eligiendo t(D) = t(A) una función cóntínua mayor que t' (A) Y 
t' (D) se puede reemplazar t(D) por teA) y obtenemos (14). c.d.d. 

En particular (15) da 

P (P (1 + A) P )-1 P - P (1 + A)-1 P -+ O en A 
n n n n n n (15a) 

Interpretaremos (ISa) en t6rminos de la teoría de la proyección. 
Si A es un ilgebra que contiene los operadores de rango finito 
y A e a , entonces 1 + A E G(A) implica 1 + A E n{p } (ver 1.4.2) 

~ n 
({P } cualquier sucesión de proyectores correspondiente a una n . 
base equivalente a una ortonormal). O sea, mientras que el teo-
rema 1.4.2. dice tan s6lo que (15a) vale en la topología fuerte, 
en cambio si A = 0t' t mononormante, 3.2 nos dice que (15a) vale 
en la topología de la norma H 11 t' o sea el teorema (I) de Palais 
expresa un hecho formalmente mis fuerte que 1 + A E n{p } . 

n 

Esto sugiere estudiar una nueva clase de operadores que llamare­
mos nt{Pn } que serin los que verifican (15a) en la topología de 
A, que pasamos a estudiar en las secciones siguientes. 

4. LA CLASE nt' 

4.1. DEFINICION. Sean tuna funoi6n normante sim4trica. 0t et 
ideat normado oorrespondiente. y {P } una suoesi6n de proyeotb­

n 
res ortogonates que oonvergen fuertemente a ta unidad en 
H(P x -+ x). Sea H = P (H). Diremos que un operador A E n~{p } n n n ... n 
si: i) A es invertibte. ii) tos operadores P AP : H -+ H son 

n n n n 
invertibtes en B(H ), o sea e~iste (P AP )-1: H -+ H Y iii) n . n n n. n 

vate 11 (P AP )-1 Pn - P A- 1P l. -+ O. 
n n n n 
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Observemos que iii) implica que (PnAP n)-1 Pn 
tras que A fi. Il",. 

4.2. PROPOSICION. Una aondición necesaria y suficiente para 
A E IT",{Pn}. es que se verifiquen Zas aondiaiones siguientes: 

(a) 
-1 (PnAP n) existe como operador de Hn en Hn, y V n > nO 

11 (PnAPn) -1 Pnll .;;; C, C > O 

(b) IIP nA(1-P n )A- 1Pn ll", - O 

Demostraaión. Supongamos A E IT",{Pn}, entonces se verifican i) ii) 
Y iii) de la definición, es decir V n > nO 

II -1 -1 
( P nAP n) P n - P nA P n II '" < e: O s e a 

II (PnAPn)-IPn-PnA-IPnll < e: y II (PnAPn)-lpnll < IIP nA- 1Pn ll + e: <: 
...... -1 
~ IIA 11 + e: - C , 10 que prueba (a). 

Por otra parte: 

IIP A(1-P )A- 1p II ... =IIP -P AP A- 1P II .. -IIP AP [(P AP )-lp -P A- 1P 111 ... <: n n n ~ n n n n w n n n n n n n ~ 

",IIPnAPnll II (PnAPn)-lpn - PnA- 1Pn ll",", IIAII II (PnAPn)-1Pn-PnA-1Pnll", y 

el ü1timo miembro tiende a O pues A E IT",{Pn}, 10 que prueba (b). 

Supongamos ahora que se verifican (a) y (b). 
Las propiedades i) y ii) se verifican obviamente. Para verificar 
iii), observemos primero la siguiente identidad: 

(P AP )(P A- 1P ) = P - P A(1-P ) A- 1P . Luego n n n n n n n n 
P A- 1P _ (P AP )-1 [P -P A(1-P )A- 1 P 1 = n n n n n n n n 
= (P AP )-1p _ (P AP )-1 P A(1-P ) A- 1P, de donde n n n n n n n n 
(P AP )-1p _ P A- 1P _ (P AP )-1 P A(1-P )A- 1 P y 

n n .n n n n n n n n 

II(P AP )-1 P - P A- 1P 11 ... <: II(P AP )-1p 11 IIP A(1-P )A-1p 11 ... n n n n n w n n n n n n w 

Por las condiciones (a) y (b) el ü1timo miembro tiende a O 10 
que prueba iii), c.d.d. 

OBSERVACION. La condición (a) de 4.2 es cierta para un operador A 
si y s610 si A E IT{P n } ya que(a)es equivalente a las condiciones 
(9) y (9a) de 1.4.1. 
Luego 4.2. puede enunciarse en la siguiente forma 

4.2.(bis) PROPOSICION. A E IT",{P n} si y sóZo si: 

a) A E IT {P n} y 
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b) si IIP A(1-P )A.,-lp 11 .. -+ O n n n ... 

4.3. COROLARIO. Si A E II{Pn} y si A es casi triangular t a dere­

cha o A- I es casi triangular t a izquierda respecto de {Pn } 

(ver 1.2) entonces A E IIt(Pn). 

Demostración. Supongamos por ejemplo que A E II {Pn} y que A es ca­
si tFiangular t a derecha respecto a {Pn}. Para probar que 
A E IIt{Pn } basta verificar b) del teorema 4.2 bis. Pero 
UP A(l-P )A-Ip UA < UP A-P AP UA UA-IU y por la casi triangula-n n n ... n n n ... 
ridad t a derecha, la última expresión tiende a O. c.d.d. 

4.4. COROLARIO. Si A = l+S+T, donde S es casi triangular t a de­

recha respecto a {Pn}. USU < 1. Y T un operador de rango finito. 

entonaes A E IIt{Pn}. 

En efecto: Por 1.4.2, A E II{Pn} y A = l+S+T es casi triangular t 
a derecha respecto a {Pn}, luego por 4.3 A E IIt{Pn}. 

4.5. DEFINICION. Diremos que t es casi mononormante si t es nor­

mante simétrica y para dual.quier T E 0t' T es casi triangul.ar '" 

a derecha respecto a cual.quier sucesión de proyeatores ortonorma­

les que convergen fuertemente al. (Pnx + x). 

Observemos que si t es mononormante, entonces t es casi mononor­
mante, pues por 2.7 0t es 'approximately tame' respecto a cual­
quier sucesión de proyectores ortogonales {Pn} con Pnx + x, y 
por 1.1.1, si A E 0t A es casi triangular a derecha respecto a 
{P n}. 

4.6. COROLARIO. Si t es casi mononormante. si A es casi triangu­

lar t a derecha respeato a {Pn} y A E II{Pn}. y si T E 0t enton~ 

ces A+T E lIt' 

En efecto por 1.4.4 A+T E II{Pn } y A+T es casi triangular t a 

derecha respecto a {Pn}, luego por 4.3, A+T E lIt' 

4.7. COROLARIO. Si t es mononormante l.as clases II{Pn } y IIt{Pn} 
coinciden. 

Basta aplicar el corolario 4.3. Luego en caso de un 0t mononor­
mante el teorema de Palais expresa en forma geométrica el mismo 
hecho que el teorema 1.4.2. 
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Un teorema de V. Neumann (cf.[6]) dice que todo operador simétri­
co A puede escribirse como una suma de un operador de 02 de nor­
ma arbitrariamente pequeña y un operador de la forma ¿A.(X,~.)~. 

j J J J 
donde {~.} es un sistema ortonormal. pero {A.} no tiende necesa-

J J 
riamente a cero. de modo que este operador no es necesariamente 
compacto. Luego para todo A y para todo n finito existe un siste-

{ (n) (n) (n) ma ortonormal ~1. • ~2 ••••• ~n } y una n-upla numérica 
{A 1 • A 2 ••••• A } tales que: n n n.n 

n 
1) Para todo x E H. vale Ax = ¿ L (x~. (n»)~. (n) + Rn(x) (16) 

j .. 1 Jn • J J 

n 
(x,~. (n») (n) 2) El proyector P x = ¿ ~j n 

j -1 J 
(17) 

verifica P x + x. V x (17a) n 

3) IIP R U - O n n Y 11 RnPn11 -O para n - .. 

Podemos entonces dar el siguiente criterio general para la clase 

n~{Pn}' 

4.8. TEOREMA. Sea ~ 

taZ que para todo n 

condiciones 1), 2), 

normante sim~trica, A un operador invertibZe 
e~isten {~. (n)} y {A. } que verifican Zas 

J J~ 
3) Y Za 3a), más fuerte que 3), siguiente: 

3a) IIRnPnll~ -+ O Y IIPnRnll~ -+ O (17b) 

entonces A E n~{Pn}' 

Demostraci~n. Basta verificar las condiciones a) y b) de 4.2. 
Veamos primero que (P AP )-1 existe como operador de H en H . n n n n 
Observemos que de (16) y (17b) es claro que para n grande es 

PnA = APn + Sn' donde IISnU <; IISnll~ < en y en -+ O. (18) 

Luego: P A- 1P . P AP = P A- 1AP + P A- 1S P n n n n n n n n n 

= P n + S~ • 11 S~ U < e~ - O. 

Como P es igual a 1 en Hn' es P + S' invertible en H • Y n n n n 
[(P +S' )-1p A- 1P ] P AP Pn = 1 en H • luego (P +s,)-l'p A- 1P n n . n n n n n n n n n 
es el inverso a izquierda de P AP • Análogamente se verá que 

n n 

P AP tiene inversa a derecha, luego (P +S,)-1 P A- 1P = (P A P )-1. nn nn n n n n 

n (P +S') -1 U Además para n -+ .. es -+ ftPnl1 = 1 Y como n n 
P A- 1P x 

n 
1 UP A- 1P 11 1 .. ¿ X-(x,~.)~. es (en Hn) '" sup I-:- '" C. n n n n 

j =1 j J J J 
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resulta que: U{P AP )-1 11 = U(P + 5,)-1 P A-lp 11 " 
n n n n n n 

"I(P + 5,)-1 11 UPA-1P 1" (1 + e:)C = Cl' Esto prueba a). 
n n n n 

Para probar b), observemos que por (18) es 

IIP A(l-P )A-lp 11 ... = U (AP +5 ) (l-P )A-1P U ... = 115 (l~P )JClp 11 ... · + O. n n n... n n n n .. n n n ... 

4.~. TEOREMA DE ESTABILIDAD 1. Si A E II t {Pn}. A casi triangul.ar a 

derecha y A- 1 aasi triangul.ar a izquierda respeato a {P }. suae-
n 

sión de proyeatores ortogonal.es. Pnx + x. entonaes existe un 6 > O 
tal. que A+T E II t {Pn}. para todo T E 0t aón IITII < 6. 

Demost~aaión. Por a) de 4.2 bis es A E IT{Pn} y por 1.4.3, si 
UTU < 6 1 , A + T E II{Pn} luego por 4.2 bis basta probar que A + T 
verifica la condición b). Observamos primero que: 

(A + T)-l = [A(l + A- l T)]-l = [1 + A~l T + (A- l T)(A- l T) ... ]A- 1 

si hemos elegido UTU < 61 (6 < 61) de modo que UA-1T~ < 1. Si lla 
-1 -1-1 mamos Bl = A T + A T A T + ... , entonces Bl E O~ Y vale 

(A + T)-l = (1 + Bl ) A- l = A- l + Bl A- l , luego 

IIPn(A + T)(l - Pn)(A + T)-l PnU~ = IIPnA(l-Pn) A-1Pn + PnA(l- Pn) 

B1A-lp + P T(l-P )A- l P + P T(l-P )B1A-1U ... " n n· n n n n ... 
" UP A(l-P )A-lp U ... + UP A(l-P ) B1A-lp U ... + uP T(l-P ) A- l P U ... + n n n .. n n n .. n n n ... 
+ IIPnT(l-Pn) BlA-1pnll t • Veamos que cada término de esta última 
expresión tiende a O. 

IIPnA(l-Pn)A-IPnllt -- O pues A E II t {Pn} 

UP A(l-P \)BlA-1pB ... " IIP A-P AP 11 UB1A-1p 11 ... -- O n n n ... n n n n ... 
porque A es triangular a derecha y Bl E 0t ; 

IIPnT(l-Pn)A-lPnllt" UPnTU t 11 (l-Pn)A- l Pn ll -- O , 

ya que A- 1 es triangular a izquierda, y T E 0t ; 

UPnT(l-Pn)BIA-Illt "IIT(l-Pn)11 IIBIA-lUt y IIT(l-PnH -- O por 1.1.1. 

Luego IIPn (A+T) (l-Pn) (l+T)-1 Pnll t - O, c.d.d. 

4.10.' TEOREMA DE ESTABILIDAD Ir. Si A E lIt' con A E n{Pn} y A 
casi triangul.ar a derecha respecto de {P }. sucesión de proyecto 

n -
res ortogonal.es. Pnx + x. entonces A + T E nt para todo t de ran 
go finito. 

Demostración. Observemos primero que por ser T de. rango finito, 
podemos suponer' T = Q T, donde Q eS,el proyector sobre el rango' 
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de T. Q y T E Q~. 

Por 1.4.4 A + TE II{Pn}. Para ver que A + T E n~{PIi} basta probar 
b) de 4.2 bis. 

P (A+T)(l-P ) (A+T)-1 p = P A(l-P ) (A+T)-1p + P T(l-P ) (A+T)-1 p = n n n n n n n n n 
= P A(l-P )(1+A-1T)-1A~1p + P T(1-P ) (A+T)-1 p 

n n n n n n 
Si llamamos e a (1+A- 1T)-1, e(1+A-1T) = 1,' e+eA-1T = 1 Y 
e = l-eA- 1T; entonces: . 

HP (A+T) (l-P ) (A+T)-1 p U. = UP A(l-P )(1-eA-1T)A- 1pU. + n n n... n n n ... 
+ IIPnQT(1-Pn)(A+T)-1Pnll~ '" IIPnA(1-Pn)A-1PnU~ + 

+ IIP A(l-P )eA-1TA- 1p N + IIP QT(l-P ) (A+T)-1 p 11 Y cada uno de 
n n n~ n n n~ 

los altimos t~rmirios tiende a O. En efecto: 

IIPnA(1-Pn)A-1Pnll~ -+ O porque A E n~{Pn} 

IIPnA(l-P )eA-1TA- 1 P 11. '" IIP A(l-P H IIA- 1n2 Ilell IITI. - O n n ... n n ... 

por ser A triangular y 

IIP QT(l-P )(A+T)-1 p 11 ... '" IQII ... IIT(l-P )11 11 (A+T)-1 11 -+ O n n n ... ... n 

porque liT (l-P n) 11 - O por 1.1.1, c.d.d. 
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UN EJEMPLO DE GEOMETRIAS METRICAS EUCLIDIANAS EN CUALQUIER 

DIMENSION EN LAS QUE NO RIGE EL AXIOMA DE PARALELISMO DE EUCLIDES 

Heinz-Rei~er Friedlein 

Por los axiomas en [2] 6 [4] es posible construir geometrías en 
cualquier dimensión. Adjuntamos a los axiomas de [2] el siguient"e: 

EUC. Para g 1 h existe un punto S 1 g, h Y dos rectas que pasan 
por S, con s 1 t tales que g 1 s 1 t 1 h. Se dice que las rectas 
s, h 6 g, t están en una escalera. 

Decimos que la geometría así descrita es una geometría métrica 
euclidiana. Es conocido que ciertas geometrías afines son geome­
trías métricas.euclidianas. 

Ahora queremos construir un ejemplo de una geometría métrica eucli 
diana que no es geometría afín. El ejemplo que vamos a construir 
es una generalizaci6n de un ejemplo para el plano métrico eucli­
diano que figura en [ 1] • 

Designaremos los puntos y las rectas de las geometrías por letras 
mayúsculas y minúsculas, respectivamente. Un haz propio con sopo~ 
te P es el conjunto de todas las rectas que pasan por P. 

El teorema principal en [2] nos muestra que es posible extender 
cada geometría métrica euclidiana a una geometría proyectiva o 
bien que la geometría mthrica euclidiana es sumergible en una geQ. 
metría proyectiva, que se dice geometría proyectiva euclidiana. 

TEOREMA 1. a) En un espaoio mdtrioo euolidiano todos los haoes 
propios tiene~ ¡a misma oardinalidad. 

b) Ademds. oada has de la geometr-la proyeotiva euolidiana tiene 
la misma oardinalidad que un has propio en la geometr-la mdtrioa 
euolidiana. 

Un haz de la geometría proyectiva euclidiana es definido en for­
ma análoga a un haz propio de una geometría euclidiana. 

·Demost%'aoi~n. a) Sean dos haces diferentes que tienen como sopor­
tes los puntos diferentes O y P respectivamente. Sea g 1 O; según 
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[2] existe exactamente un h I P Y perpendicular a g. Esto implica 
un mapeo biyectivo del conjunto de las rectas del haz determinado 
por O sobre el conjunto de las rectas que pasan por P. 

b) Sea G un haz que contiene rectas proyectivas, que no son rec­
tas métricas. Elegimos 'un punto lI\étr,ico a como centro de un "snai1 
map" (comparar [3]). Existen enG dos reqtas métricas euclidianas 
diferentes a, b, tal que a, b no tienen rti un punto mét~ico ni 
una recta métrica euclidiana en común que sea ortogonal a las dos; 
entonces existe un "snail map" con centrQ O tal que la imagen G' 
de G bajo este mapeo es un haz propio. Las preimágenes de las rec­
tas de. G' son - por construcción (comparar [3]) - rectas proyec­
tivas y estáne~ correspondencia 1-1 con el snai1 map. 

Queda por demostrar q\ue los haces G con la propiedad que todas 
las rectas de G son perpendiculares a un hiperp1ano de la geome­
tría métrica euclidiana que 'pasa por O tienen la misma cardinali­
dad. Pero como estamos en una geometría proyectiva, se sabe que 
los haces de esta geometría tienen la misma cardinalidad. 

DEFINICrON. Una geometr-la af-ln que es u,na geometr-ta métriaa euaZi 

diana se ZZama geometr-ta euaZidiana. 

Desde 1uego,no toda geometría afín es una geometría euclidiana. 
Por ejemplo, las geometrías afines con coordenadas en un cuerpo 
no conmutativo no'son geometrías euclidianas (comparar [1]). 

TEOREMA 2. Cada geometr-la métriaa euaZidiana es sumergibLe en una 

geometr-la euolidiana. 

Demostraoión. Según [2] Ó [3] cada geometría métrica euclidiana 
es sumergible en una geometría métrica proyectiva Ep' Elegimos en 
E subconjuntos n , r de puntos y rectas respectivamente. 

p o o 

no = {P E Ep I '11 g ,¡. h, g, h I P tal que g, h 1 H, H hiperp1ano y 

g, h rectas en la geometría métrica euclidiana} 

ro ~ {r E Ep I Q, R E no' Q ,¡. R Y Q, R I r} 

Entonces n yr determinan una geometría afín y todos los puntos o o . 
métricos euclidianos se encuentran, en no y todas las rectas métri 
cas euclidianas pertenece,n a ro' Según [3] cada recta de ro es 
eje de una ref1exi6n. Esto implica que no' ro determinan una geo­
metría euclidiana [3]. 

Con este resultado podemos construi~ nuestro ejemplo. 

Consideremos el anillo e = ({1/p I p = 2, 4l + 1, l. E N}) o 
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Sea H: = {(al, .•• ,an , ... ) I al, .• ,an, ... e Col un conjunto de pU!l 

tos cuyas coordenadas pertenecen a C . Es claro queH es un sub-o < 

conjunto de los puntos de una cierta geometría euclidiana A (R) 
con coordenadas enR. Además A(R) es una geometría afín y el es­
pacio vectorial con producto interno correspondiente es un espacio 
de Hilbert. 

NOTA. Es posible demostrar que la geometría m6trica euclidiana d~ 
termina este producto interior (comparar [21). 

Como conjunto r de rectas definimos: Si P es un punto de H enton­
ces las rectas de r son las rectas g de A (R) con la siguiente 
propiedad: g es la unión de P con un punto Q E H Y Q # P. 

Ahora queremos demostrar que (H, r, 1) es una geometría métrica 
euclidiana pero no una geometría euclidiana. 

TEOREMA 3. (H, r, 1) determina una geometria métrioa euoLidiana 

en La que no vaLe eL axioma de paraLeLismo de EuoLides. 

Demostraoión. Usamos los axiomas de [21 • Estos axiomas exigen tam 
bién para la geometría métrica euclidiana una relación 1 y ref1exi~ 
nes en puntos y rectas. Pero A (R) tiene estas propiedades. Axio­
ma 1 de [21 se cumple pues H,r son subconjuntos de los puntos y 
rectas en A (R). 

Axioma 2. Sean g , n , J , a , gl' JI reflexiones en A (R) con o o o o 

ejes go' ho' jo' ao ' gl' jI respectivamente y go' ho' jo 1 A; 

ho ' gl' jI 1 B; A # B. Entonces tenemos go . no fo = ao con 

ao 1 A Y JI . no . Yo = al con al 1 B. 

Axioma 3. Dados los puntos y rectas como en el dibujo 

pI 
P ""'::::--______ -t-_2"--___ p 2 

a . o . e = a con a, b 1 P implica según [21 que a, b, c se en­
cuentran en un plano métrico euclidiano. Sea tI P3 la recta per-
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pendicular a b por P2 tal qU.e corta fa recta a en Pi. Falta de­
mostrar que Pi. Pi E n. Pero esto sale de [11.pág, 288/299.f6rm~ 

la (1) y (3). 

Axioma 4. Sean g = (P. PI). h = (P.Q') diferentes y (P.p') J (P.Q'). 
Entonces (p.p'). (P.Q') determinan un plano euclidiano A2 (R) de 
A (RJ. Se sabe que en A2 (R) la reflexi6n Ji en el punto P es el 
producto g. r con r 1 g. r E A2 (R). Análogamente como en la demos­
traci6n para axioma 3. existe un punto A I r y A E n tal que 
(A, Q') ~ r. El teorema de tres reflexiones [11 implica que 
~).(P.Qi).r es una reflexi6n en una cierta recta d I P. 

El axioma 5 sigue inmediatamente de la demostraci6n de los axio­
mas 3 y 4. 

Axiomas 6 y 7 se satisfacen. pues estamos en A (R). 

Axioma 8 es trivial pues en A (R) no existen puntos p.Q distintos 
con P".Q = Q.P". 

Axioma 9. La existencia de tres puntos que no se encuentran en 
una sola recta es trivial (ver la demostraci6n del axioma 4) y des 
de luego dos puntos diferentes se encuentran sobre cada. recta. 

Además la geometría construída cumple trivialmente Euc. Por tanto 
n.r son los conjuntos de puntos y rectas respectivamente de una 
geometría m6trica euclidiana. 

Ahora vamos a demostrar que esta geometría no satisface el teore­
ma de las paralelas de Euclides. 

Como cada' geometría afín satisface este teorema. estamos listos 
con la demostraci6n si hemos encontrado dos rectas distintas g.h 
con g. h I E. x n g = 0. x n h = 0; g. h E r. P E n. Como 
1/3 ~ ~ entonces (1/3.0 •.•. ) ~ n pero O. E' = (1.1.0 •..• ) E n. o . 
Además_sabemos que los ejes coordenados x e y pertenecen a r. Pe-
ro en el plano euclidiano que determinan x e y se tienen dos rec­
tas diferentes g, h que pasan por E' y que no cortan la recta x. 
Elegimos g como la recta ortogonal a y con g I E' Y como h la 
recta 

y , 
I 

I 

'E' --------1------ g 

o 
I 

I 

I 

I 
I 

I 

(3/2.0 ... ) x 

en el plano euclidiano de ecuaci6n y ~ 3/2 x - 1/2. h pertenece a 
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r pues (0.-1/Z.0 •... ) y E' se encuentran sobre h y E'. 
(0.-1/Z.0 •...• 0 •... ) E TI pero la intersecci6n con x es 
(3/Z.0.0 •... ) rt TI. 
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A SURVEY OF MODERN APPLICATIONS 

OF THE METHOD OF CONFORMAL MAPPING 

Patricio A.A. Laura 

INTRODUCTION. Classical applications of conformal mapping to man 
y stationary problems of mathematical physics go back over a cen­
tury and continue to the presento These applications deal, in ge­
neral, with solutions of Laplace's equation which remains inva­
riant if the real plane- is subjected to a conformal transforma­
tion.Consequently, any complicated configuration can be trans­
formed into a more convenient one without modification of the go­
verning partial differential equation. 

Applications of conformal mapping techniques to the mathematical 
theory of elasticity are considerable more complexo The method is 
due to the great Russian mathematician Mushkelishvili. An excel.­
lent survey of applications of this method is available in the 
book EZastioity and PZastioity by J.N. Goodier and P.G. Hodge, 
Jr. (John Wiley and Sons, 1958). 

Itis the purpose of this paper to present a review of non-clas­
sical applications of conformal mapping in several fields of tech. 
nology and applied sciences: acoustics, electromagnetic theory, 
vibrations, viscous flow problems, etc. 

The present review should not be considered exhaustive but rather 
informative. 

ELECTROHAGNETIC THEORY. 

In general, exact analytical calculations of wavefields between 
conducting stlrfaces are only possible for configurations of sim­
ple shape, for example planes or cyHnders having a circular 
cross-section. However, more compl.icated boundary configurations 
are needed in many technological applications. 

It must be pointed out that the standard circular an rectangular 
waveguides do not satisfy all present and future requirements. 
Hence the need of investigating waveguides of very general cross 
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section. 

Since many curved surfaces can be transformed intosimpler surfa­
ces, the boundary configurations can be simplified using the me­
thod of conformal transformation. 

When such a transformation is used the space in which the wave 
propagates becomes considerable more complex since the dielectric 
constant and the permeability become functions of position. In 
some cases the space becomes anisotropic ([11). 

Some authors feel that the complex transformed equations with 
their simplified boundary configurations are more suitable for nu­
merical evaluations than the original differential system ([ 1]). 

The most important contributions in this field are due to Meinke 
and his coworkers ([ 1],[ 2]). The curved boundary surfaces are 
transformed into parallel planes and rectangular coordina tes are 
then used. The transformed governing differential system has the 
same structure for all transformed systems and they only differ 
in some position dependent factors which describe the non-unifo~_ 
mily of thefield. The solution of the differential system is 
then expressed in terms of an infinite sum of orthogonal functions 
and a numerical evaluation oí the equations is then possible. 

The transformation expressions can be obtained by mathematical 
formulations, graphical methods or by utilizing the electrolytic 
tank technique. Other contributions in this field are due to 
Tischer ([ 31,[ 4] ), Wohlleben ([ 5] ), Chi and Laura ([ 6] ,[ 7]), 
Bava and Perona ([ 8]), Baier ([9]), etc. 

It has been shown by Richter ([ 10]) that wave propagation around 
a cylinder represents an approximation to wave propagation around 
a sphere (e.g. the earth) when the influence of the curvature of 
the sphere perpendicular to the direction of propagation can be 
neglected. He proved that the conformal mapping applied to the 
cylinder yields an earth - flattening technique which agrees with 
first - order approximations ribtained in spherical coordinates. 
It is interesting to point out that Pryce ([ 10]) treats wave pro­
pagation ~round the earth in spherical coordinates using a range 
transformation suggested by Pekeris and a heigh~ transformation 
suggested by Copson and that Richter provedthat both independen­
tly proposed transformations follow directly from the application 
of conformal mapping ([10]). 

Richter's paper is the only contribution which makes use of con­
formal mapping in a problem of radio propagation in the atmosphera. 
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FLOW AND HEAT TRANSFER IN DUCTS OF ARBITRARV SHAPE. 

The analysis of the flow and heat transfer in ducts of arbitrary 
shape has been the subject of investigation for many years. A com 
mon application of such conduits is in space vehicles e[ 111). A 
very general approach has been developed by Sparrow and Haji -

Sheikh and several practical cases have been studied in an excel­
lent paper ([ 111 ) . 

A different approach has been followed in Refs. [121 and [13] . 
The technique introduced therein is not as general as that deve­
loped in Ref. [111 but it is more convenient for the specific pr~ 
blem tackled by the authors. 

HEAT CONDUCTION PROBLEMS. 

Laura and his coworkers have made use of conformal mapping tech­
niques intheanalysis of unsteady heat conduction problems in 
bars of arbitrary cross section ([ 141 -[ 16] ) . 

Yu e[ 17]) has extended the method to deal with temperature depen­
dent conductivity materials. 

ANALVTICAL P~EDICTION OF DRVING PERFOMANCE IN NON-CONVENTIONAL 

SHAPES. APLICATION TO THE DRVING OF APPLES. 

The diffusional flow of water is an important part of many food 
drying processes. In general, several mechanisms are expected 
when considering a drying process. They are sometimes divided in­
to two broad all-including cathegories: one in which drying oc­
curs as if the system were pure water being evaporated, one with 
internal control. The first type may ormay not occur but the se­
cond type is always presento 

The internal control period of drying is described as a diffusio­
nal process, which follows Pick's second law in Reference [18] . 
Experimental data was obtained for a rectangular paralellepiped. 
This shape having natural coordinates, has a simple mathematical 
solution. Non-conventional shapes, which do not have natural co­
ordinates on the x, y plane, are solved analitically by using coª 
formal mapping. The initial and boundary conditions are those cla~ 
sical for a drying p'rQblem: uniform ini tial concentration, zero 
surface concentration. 'The transformed differential system is so.!. 
ved by the collocation along arcs procedure, obtaining moisture 
concentration distribution as afunction of time and position. 

Por practical reasons, the total amount of moisture diffusing from 
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the solid body is more useful than the concentration distribution. 
The solution is therefore integrated over the volume of the solid 
bodies. 

The non-conventional cross sections considered are: cardicid, cy­
'linder, corrugated, hexagon, epitrochoid, and square. 

ION OPTICS. 

The equation of trajectory of a charged particle in a two - dimeª 
sional electric field and a normal magnetic field has béen derived 
by Naidu and Westphal (! 19'] and [20]) from the basic equation of 
motion. A series of paracial approximations reduced the non-lineal 
traj.ectory equation to a linear inhomogeneous ordinary differen­
tial equation. 

The boundary value problem is solved by the Schwarz-Christoffel 
transformation and the field configuration is then found. 

MATHEHATICAL THEORV OFELASTICITV. 

Only a few papers published after 1958 and which consequently 
have not --been referenced in Goodier' s excellent monograph will 
be briefly discussed in this section. 

Florence and Goodier ([ 21]) ha~e .sotved the thermoelastic pro­
blem of uniform heat flow disiurbep by an insulated hole of ova­
loid formo Deresiewicz ([ 22]) has extended the previous analysis 
to ho}es whose boundaries can be mapped conformally on a unit cir 
cle by means of polynomials. 

Thedetermination.of stresses in beams subjected to pure bending 
and having holes of arbitrary shape has been analized in [ 23] 
and [24] . The cases of equilateral triangular, square, rectangu­
lar and regular polygonal holes have been examined in great de­
tail and the circumferential normal stresses have been evaluated 
in each case as a function of the radius of curvature at the ver­
tices ([ 23] ) . 

The names of Wilson and Richardson must be, certainly, mentioned 
at this point since they have analyzed extremely complex shapes 
([25] ,[ 26]). They have developed computer programs to find the 
corresponding mapping functions by solving an integral equation 
of the Fredholm type ([ 25]) or a system of coupled integral equ~ 
tions ([26]). A discussion on available methods for finding the 
mapping function has also been published ([48]). 
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A conformal mapping approach has also been used in predicting the . 

stress distribution in rotating disks of non-circular shape ([ 27) ) • 

No numerical values are given. 

Stress fields in plates with reinforced holes of several shapes 
have also been determined by several researchers ([ 28) -[ 30) ) . 

References (31) and (32) deal wi th applications of conformal map­

ping to the analysis of stressed plates with inclusions. 

Savin and his coworkers have followed a complex variableapproach 
to determine stress fields around holes of arbitrary shape in 
physically nonlinear media ([ 33) ,[ 34) ). 

NON CLASSICAL APPLICATIONS OF CONFORMAL MAPPING TO FLUID FLOW 
PROBLEMS. 

Bartels and Laporte ([35)) have developed a general method for 
treating the linearized equations of the supersonic flow past 
conical bodies. Their approach makes use of conformal mapping 
techniques. 

Segel has shown that conformal mapping is a useful tool in obtai 
ning the solution of certain unsteady two-dimensional perturbation 
problems involving the flow of a viscous incompressible fluid 
([ 36}) . 

The case offlow between moving circular cylinders is solved by 
mapping the given eccentric - circular boundaries into concentric 
circles ([ 36) ). 

Yu and Chen ([37)) have solved the problem of an unsteady laminar 
flow of a viscous incompressible fluid in a conduit of arbitrary 
cross section due to a time dependent axial pressure gradient. 
The given region is transformed onto a unit circle to facilitate 
the choice of the coordinate functions. The stationary value pro­
blem in the circular region is then solved by the Rayleigh - Ritz 
method. Velocity profiles, friction factors and rates of energy 
dissipation factors are calculated for ducts of regular polygonal 
cross section. 

SOLIDIFICATION PROBLEMS. 

Siegel and coworkers ([38)-[40)) have developed a conformal map­
ping method for analyzing two-dimensional transient and steady -
state solidification problems. The method has been applied to 
the solidification which takes place on a cold plate of finite 
width immersed in a flowing liquid and to the solidification in-
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side of a cooled rectangular channel which containe a warm flowing 
liquido The investigations have dealt with the transient and stead 
y -' state shapes of the frozen regions. 

It is interesting to point out that the transient shapes of the 
frozen region are found by mapping the region into a potential 
plane arid then determining the time varying conformal transforma­
tion between the potential and physical planes. 

THEORY OF ACOUSTICS. 

Acoustic waveguides of complicated cross section have-been studied 
using conformal mapping techniques by several authors ([ 41] -[ 44]), 
([ 46] -[48]). It must be pointed out that the governing diff~en-
tial system is similar to that of microwave theory: 

,,2 cfJ + k2 cfJ = O ; cfJ O (soft walls, TM waves) 

~: O (rigid walls, TE waves) 

A method for solving three - dimensional axially symmetric problems 
related to the diffraction and radiation from a general class of 
bodies of revolution has recently been developed ([45]). The me­
thod depends on the conformal transformation of the region outsi­
de the meridian profile of the body onto the region outside a cir­
ele. The required boundary value problem is formulated in spherical 
coordinates in the transformal space. In this form, Galerkin's me­
thod can be applied to obtain a functional approximation for the 
solution of the boundary value problem. 

THEORY OF PLATES. 

Simply supported plates of rectilinear sides subjected to complex 
distributions of loading have been considered by Aggarwala in 

several papers ([49]-[ 51]). Aggarwala has derived a simple but v~ 
ry accurate formula which yields the central deflection of a sim 
ply supported centrally loaded rhombic plateo The formula, which 
depends only on the first coefficient obtained in the mapping of 
the rhombus onto a unit circl~, gives results correct within 
about one per cent (l SO]). 

The approach is also valid to any simply supported plate of regu­
lar polygonal shape. Such functional relation is: 

w o 
P 2 

"" ---Q! 

811'D 1 

where Wo : deflection at the center, P: concentrated load, D: 



173 

flexural rigidity anda 1 is the first coefficient of the mapping 
function given in series form: .. 

z = ¿ a .~n 
n=1 n 

Clamped and simply supported plates of complicated boundary shape 
have been considered by several authors ([ 52]-[54]). 

In Ref.[ 55] Ramu determines the collapse load of plates of arbi­
trary bounda.ry shape. The author uses a method similar to 
Musklelishvili for plane elasticity problems. By introducing a 
suitable stress function, the problem of. determining a statically 
admissible stress field is reduced to finding a solution of the 
governing biharmonic equation in terms of analytic functions. It 
is assumed that the material obeys Von Mises yield condition. 
As pointed out by Laura and Shahady ([ 56]) solution of the eigen­
value problem governing tlle stabili ty of a thin elas·tic plate suQ. 
jected to hydrostatic in-plate loading is easily accomplished 
when the boundary configuration is natural to one of the common 
coordinates systems. Reference [56] shows that is convenient .to 
conformally transform the given domain onto a simpler one, i.e. 
the unit circle. The boundary conditions can then be satisfied 
identically .Since the governing partial differential equation is 
not invariant under the transformation and becomes considerably 
more complicated, a variational method is used to solve it. The 
method has been illustrated in the case of clamped and simply su~ 
ported plates of various configurations. 

It has also been shown that the determination of an upper bound 
of the critical in-plane loading of simply supported plates of 
rectilinear sides is quite straightforward if use is made of a 
theorem by $zego ([ 56] -[ 57]) . 

Obviously the same approach is also valid when determining natu­
ral frequencies of vibrations of plates of cdmplicated boundary 
shape ([ 58] -[ 62]) . 

VIBRATIONS OF SOLIO PROPELLANT ROCKET MOTORS. 

The grain of a solid propellant rocket motor usually takes the 
form of a circular cylinder bonded to a thin case. This grain 
quite commonly has a star-shaped internal perforation. The math~ 
matical solution of any boundary or eigenvalue problem becomes 
quite complicated in view of the exotic geometric configuration. 
This difficu1ty can be alleviated to a large exten,t by conformally 
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transforming the grain cross section into a simpler region such 

as a circle or annulus. Several studies have been performed on 
axial shear vibrations of solid and hollow bars making use of co~ 
formal mapping and variational or bóunding techniques ([63)-[65)). 
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EXISTENCE OF SOLUTIONS FOR GENERALIZED CAUCHY-GOURSAT 

TYPE PROBLEMS FOR HYPERBOLIC tQUATIONS 

Eduardo Luna 

INTRODUCTION. Let X be a Banach space and R the set of real num­
n 

bers. If 8 e R is a Lebesgue measurable set we will denote by 
L (S,X) the set of all Lebesgue-Bochner measurable functions with 

q . 
·power qsummable on the set 8 into the Banach space X. Let a i E R, 

a i> O (i= 1,2) and consider the closed intervals I i = <O,a i > for 
i= 1,2 . 

Let the graphs of the functions gl:I I ~ 12 , g2:I2 ~ 1 1 represent 
two continuous non-decreasing curves with (0,0) as their only 
point in common. Denote by 6 the set of all points (x l ,x2)in the 

x l x 2-plane such that gl(x I ) ~ x 2 ~ a 2 and g2(x 2) ~ xl ~ al' 

Take PiE<1,oo> Ci= 0,1,2), Po ;;;'max(PI,P2) and let P3=CPo ,PI,P2)' 

In this paper the derivatives we understand in the sense of 8.50-
bolev (Le., L. 8chwartz derivatives representable by a Lebesgue­
Bochner locally summable function). 

In the first section we define a class of functions U . This class 
P3 

is a subset of the set of continuous functions u from I l xI 2 into X 
which have S. 80bolev partial derivatives u , u , u . We pro-xl x2 x l x 2 
ve that the class U is linearly isomorphic to the product space 

P3 

W = L (6,X) x L (Il'X) xL (I2'X) x X Thus the class U 
P3 Po PI P2 P3 

inherits a Banach type structure from the product space W 
P3 

In the sequel we shall be concerned with the following hyperbolic 

equation (0.1) uXlx2(xl,x2)= f(x l ,x 2) a.e. on 6, where f: 6 ~ X 

is a bounded Bochner measurable function on 6 . 

Let Y= L(X,X) denote the collection of all linear continuous map­

pings from X into itself. Let V= B(6,X) x LpCIl'Y) x LooCII'Y) x 

x,Lp(Il'X) x Lp CI 2 ,Y) x Loo (I 2 ,Y) x Lp (I2'X) x X where B(6,X) is 
the space of bounded Bochner measurable functions with the supre­

mum norm from 6 into X, and pE<1,oo>. Take (f,Clo,C1I,C12,i3o,i3I:i32'Y) 
EV and let ~= (oo,p,p). By a solution of the generalized Cauchy­
Goursat boundary problem in the class U- for the hyperbolic equa-

p 
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tion we mean a function u'E U- satisfying equation (0.1) and the 
P 

boundary conditions (0.2) 

Uxi(',gl('))= ao(·).u(·,gl(·)) + alC).ux2(·,glC)) + a 2 (') 

a.e. on 11 

Ux (g2 (') , ') = S (') u (g ('),') + S (') u (g ('),') + S (') 2 o. 2 l. xl 2 , 2 

a.e. on 12 

u(O,O)= y 

In the third section we establish that the generalized Cauchy­
Goursat boundary prob1em is meaningfu1, i.e., a11 the operations 
appearing in the definition of the prob1em make sense. A1so we 
prove the existence and uniqueness of the solutions for the ini­

tia1 data from the product space V in the fourth section. 

The continuity of the solutions on the initia1 data in the sense 
of ,the topo10gy of the normed space V is a1so established. 

1. DEFINITION OF THE CLASS U 
P3 

From now on when dea1ing with derivatives .we wi11 specify if they 
are to be taken in Sobo1ev sense, otherwise they wi11 be taken in 
the usual sense. 

DEF1NIT10N 1.1. A funation u:I l xI 2 + X beZongs to the aZass UP3 ' 

if and onZy if, u is aontinuous on I l xI 2 and there ereist u l E 
L (I l xI 2 ,X). U2EL (I l xI 2,X), u 12 EL (~,X) suahthat: 

Pl P2 Po 

(a) Dlu=ul , D2u= u 2 ' D12u= u12 where the derivatives aretaken 

in SoboZev sense. 
(b) There ereists a set Al e 11 of Lebesgue measure aero suah that 

the funation x 2 + u l (x l ,x2) is aontinuous on 12 for every fireed 

xl~Al; the funation ul(',gl(')) E Lpl (Il,X); ul(xl,gl(x l ))= 

u l (xl'x2) for aH X2 E <O,gl(x l » at eaah X1EI 1 ; ul(xl'cxl )= 

= u l (xl'x2) for aH X2 E <cxl ,a2> at eaah xl E <0,g2 (a2» , 

where cxl= sup {X 2EI 2 :g 2(x2)= Xl}. 

(c) SymmetriaaZZy, there ereists a set A2 e 12 of measure aero suah 

that the funation xl + u 2 (x l ,x2) is aontinuous on 11 for eve­

roy fireed x2~A2 ; the funation u 2(g2(·),·)EL (1 2,XJ; 
, P2 
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U 2 (g2(X 2),X2)= u2 (x 1 ,x2) for aH Xl E<O,g2(x2» at eaah X2E1 2 ; 
u2 (cx2 'x 2)= u2 (x l ,x2) for aH XlE <cx2 ,a l > at eaah x2 E<O,gl(al » 

where cx= sup {XlE1l;gl(x l )= x 2}. 
. 2 

DEF1N1TION 1.2. Let sEL q (I l x1 2,X) , q;;;' 1. We define the opera­

tors Ji(i= 1,2) by the formuZas 

J l s.(x l ,x2)= f: lS (t,X2)dt 

fX 2 
J 2s. (x l ,x 2)= O s(x1,:i:')dr for aH (xl'x 2) E 1l x1 2 

LEMMA 1.1. The operators Ji (i= 1,2) are weZ Z definedbounded li­

near operators on Lq (1 l x1 2). 

LEMMA 1.2. The operator Tgiven by the formula: 

T(s,+,W,Y)= J 2J l S + J l + + J1w + y 

where 5= s on /:, and s= O on 11 x1 2 \/:,. is a weZZ defined linear 

operator from the produat W into the spaae U • 
. P3 P3 

Proof. Let u= T(s,4>,W,y) , where (s,4>,W,Y)E,W . Clearly, u is con­
P3 

tinuous on 11x1 2 and Dlu= J 2s + 4>, D2u= Jls + W, D12u= s , where 
the derivatives are taken in the sense of Sobolev. 

Letting u l = J 2s + 4>, u2= Jls + W, u12 = s one can prove that u 
satisfies all the conditions specified in the definition of U 

P3 Thus, T is a well defined mapping. 

From the linearity of the integral and the fact that U is a li­
P3 near space follows the linearity of the. operator T. 

LEMMA 1.3. Let the set A e 1l x1 2, Ale 11 , Ble 12 be of measure 

sero. Then the boundary vaZue problem 

w12 (xl ,X 2)= ° if (xl ,x 2) f/= A 

wl (xl'gl (xl))=O if xl f/= Al 

w2 (g2 (X 2) ,x2)= O if x2f/= Bl 

w(O,O)= O 
has a unique soZution in the alass U , nameZy. w = O. where deri­

P3 
vatives are taken in the sense of SoboZev. 

Proof. It is evident that w = ° satisfy the given boundary value 
problem. Suppose WEU is a solution of the boundary value pro­
blem. Then there exist~3a set B2 e 12 of measure zero such that 
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The equation J2Jlw12,(Xl,X2)= O for all (x l ,X 2)E l l xl 2 implies the 
existence of a set B3 e l 2 of measure zero such that 

J I w12 · (X p X2)= O if x 2 f1. B3 , xl E ll' 

Hence W2 (X l 'X 2)= w2 (O,x 2)= w2(g2(X 2),X 2)= O if Xl EIl ' 
X2 f1. BI UB 2UB3 · 

Similarly we obtain sets A2 , Á3 e llof measure zero such thai 

Also there exist sets A4 e l l , B4 e l 2 of measure zero such that 

w(X l 'X 2)= J 1wl ·(xl ,x 2) +w(O ,x 2) if x 2 f1. B4 ' xl E II 

w(X l 'X 2)= J 2w2 ·(xl ,x2) + w(xl,O) if xl té A4 ' x 2 E l 2 

Hence, w(X l 'X 2)= w(O,x 2) if x2 ~ B4 , xl E II 

W(X l 'X 2)= w(xl,O) if xl ~ A4 , X2 E l 2 

The last two equalities and the continuity of W imply that there 
exists kEX such that w(x l ,x2)= k for a11 (X l 'X2) E l l xl 2 . 

So, from w(O,O)= o we have that W = O on l l xl 2 . 

THEOREM 1.1. The map T defined in Lemma 1.2 e8tabli8he8 a linear 

i8omorphi8m between the produat W and the 8paae U The inver8e 
P3 P3 

map F i8 given by the formula8: 

5= u 12 a.e. on 6 
(ji = u 1 ( • , g 1 (.)) a • e.. on l 1 
1/J= u 2(g2(')") a.e. on l 2 
y= u(O,O) 

Proof. lt is clear that F is a well defined linear map. Let 
(s,(jI,1/J,Y) E W , u= T(s,(jI,1/J,Y) , and F(u)= (s,T,ijT,y). 

P3 
By definition of the map F we have: 

s= u 12 a.e. on 6 

T= u 1 ( . , g 1 ( . )) a.e. on II 

iP= u2 (g 2 ( . ) , . ) a.e. on l 2 
y= y 

But, u12= s, u l = J 2s + (ji, u2= Jls + 1/1. Hence, 5= S a.e. on 6, 

+= f a.e. on l l , 1/J= ijT a.e. on l 2, y= y, or equivalently 

F o T= lW i.e. the identity map on W 
P3 P3 

Let v E U , F(v)= (s,(jI,1/J,y) , u= T(s,(jI,1/J,y). 
P3 
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Letting w= u - v we obtain: 
weU 

P3 
w12= O a.e. on 6. 

wl (. ,gl (.))= O a.e. on 11 
w 2 (g 2 ( . ) , .) = O a.e. on 12 
w(O,O)= O 

Therefore from Lemma 1.3 it follows that w = O on 1l x1 2 , or equiva-
lently T o F= 1U This completes the proof of the theorem. 

P3 

COROLLARY 1.1. The spaae U is a Banaah Bpaae ~ith the norm I I 

defined by the formu~a P3 

IUI= IIF(u) 11 for aU u e U 
P3 

The operator T estab~isheB a Zinear isomorphism and isometry bet-

~een the spaaes W and U 
P3 P3 

2. A CAUCHY-GOURSAT TYPE PROBLEM IN THE CLASS U- . 
P 

We are going to enunciate a series of hypothesis which will be used 
throughout the remainder of this paper. 

HYPOTHESIS (Al)' The functions g1' g2 are continuous, strict1y in­
creasing, gi(O)= O for i= 1,2 , and x 2= g1(x 1), x l = g2(x 2) imply 
x l = x 2= O. 

HYPOTHESIS (A2). The functions gl' g2 satisfy hypothesis (Al)' g:l 
(i= 1,2) are absolutely continuous functions on their domain of de­
finition, and the derivatives (g:l)1 (i= 1,2) are essentially boun-

J.. 

ded functions. 

HYPOTHESIS (A3). The curves gl' g2 satisfy hypothesis (A2) and they 
are absolutely continuous on their domain of definition. 

HYPOTHES1S (A4). The functions gi(i= 1,2) are such that 

gi (xi) .;;; xi for all xi e 1i (i= 1,2) 

DEF1NITION 2.1. Under Hypothesis (A 1 )and (A4) we want to find a 

funation u e U- satisfying equation (0.1) and the boundary condi-
P 

tions (0.2) where the derivatives are understood in the sense of 

Sobo~ev. Suah a funation u. if it exists, ~iZZ be aaZZed a so~ution 

of the Cauahy-Goursat probZem for equation (0.1) under the bounda-
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ry aonditions (0.2). 

3. THE CAUCHY-GOUR5AT PROBLEM 15 MEANINGFUL. 

The following two lemmas will be needed in this seetion. 

2.1. If w. EL (I., Y), 1/1. EL (1. ,X) and g. satisfy Hypothesis 
~ "'~ J PJ ~ 

then the funotion x. + w~(x.) ( •. og.(x.)) beZongs to the 
~ ~ ~ J ~ ~ 

Lp(Ii'X). where i, j E {1,2}, i¡!j. 

LEMMA 2.2. If f:A + X is Boohner measurabZe and bounded on A, 
W~E L (l. ,Y) (i= 1,2), g.(i= 1,2) satisfy Hypothesis (A 2), then the 
~ '" ~ ~ 

JX. 
funation xi +w.(x.)( ~ f(t,g.(x.))dt) beZongs to the spaae 

~ ~ ~ ~ 

Lp(Ii,X). o 

THEOREM 2.1. Under Hypothesis (A2) and (As) the Cauohy-Goursat pro­
bZem is meaningfuZ. 

Proof. Beeause of Theorem 1.1 every u E U- has a representa tion of 
p 

the form u= J 2J 1s + J1~ + J 21/1 + y where (s,~,1/I,y) E Wp . For any 

funetion G. EL (l.,X) (i= 1,2) we are going to write J.G .• (x 1 ,x2)= 
~ p ~ ~ ~ 

J.G .• (x.), fer all x. El.. 
~ ~ ~ ~ ~ 

To find u E Up satisfying the generalized Cauehy-Goursat boundary 

problem is equivalent to find (s,4l ,1/I·,Y) E Wp su eh that 

(2.1) 

+c')= a o(·)[J1J 2f.(',g1(·))+ J1~'(')+ J 21/1·(g1(·))+ y] + 

+ a 1 (·)[J1f.(·,g1(·))+ 1/J{g1('))]+ a 2 (') a.e. on 11 

1/1(')= ao (·)[J1J 2f.(g2(·)'·)+ J1~·(g2(·))+ J 21/1·(·)+ y] + 

+ a 1 ( • ) [ J 2 f • (g 2 ( • ) , • ) + ~ (g 2 ( • ) ) ] + a 2 ( .) a. e. on 12 

From Lemmas 2.1 and 2.2 it follows that the equations of system 

(2.1) are meaningful. This eompletesthe proof of the theorem. 

3. THE OPERATORS H ANO J. 

DEFINITION 3.1. Under hypothesis (A2) and (As) Zet us define the 

operators H and J from the spaae Lp(I1,X) x Lp(I 2,X) into itseZf 
by the formuZas 
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LEMMA 3.1. The operators H and J are weZZ defined. 

For every • E Lp(ll'X), • E Lp (12'X), let T= (:) and 

TO = (ao (xl)1 JI J 2f. (Xl ,gl (xl))+y] +a l (X l )[ JI f. (Xl ,gl (xl)] +a 2 (xl) ) 

13 o (x 2)[ JI J 2 f . (g 2 (x 2) ,X 2) +y] + 131 (X 2)[ J 2f . (g 2(X 2) ,X 2)] + 13 2 (x 2) 

(3.1) 

assuming that Hypothesis (A 2) and (AS) hold. 

By means of the operators H and J equation (2.1) can be written 

(3.2) 

Thus to solve the Cauchy-Goursat problem is equivalent to find a 
solution T of equation (3.2). 

DEFINITION 3.2. Under Hypothesis (Al) define the funations 

A~: 1.+ 1;, (i= 1,2), na non-negative integer. by the formuZas 
1. 1. ~ 

A~(Xi)= x. for aH x. E I. 
1. 1. 1. 

1 Ai(x i )= Ai(x i )= gjogi(Xi ) for aH xi E 1 i' (j=1,2, j ~i) 

and A~(Xi)= n-l Ai (A i (xi)) for aH xi E li' n> 1 

LEMMA 3.2. If g.(i= 1,2) satisfy the Hypothesis (A3). then (A~)-l 
1. 1. 

(i= 1,2) are striatZy inareasing absoZuteZy aontinuous funations on 

<O,A~(a.». and the derivatives ((A~)-l), are essentiaZZy bounded. 
1. 1. 1. 

where n= 0,1,2, .... 

LEMMA 3.3. If gi (i=1, 2) satisfy Hypothesis (Al). then the sequenaes 

A~ (i= 1,2) are non-inareasing sequenaes aonverging uniformZy toward 
1. 

zero in l .. 
1. 

This Lemma is proven by J. Kisynski and M. Bielecki in 13] . 

DEFINITION 3.3. Under Hypothesis (A2) and (As) Zet us define the 

funations: 
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lIln(Xl)= II I (xl) .•. lIl(l~-l(xl)) foro aH xl E 1 1 , n > 1 

lI 2 (x 2) = 1l 1 (x 2)a l (g2(x 2)) foro aH x2 E 12 

lI 2n (x 2) = lI 2 (x2) n-l ( ) ... lI 2(12 x2) foro aH x 2 E 12 , n > 1 

LEMMA 3.4. Let a l = a l /(gl,)l/P. 61= Il l /(g2,)1/p. wheroe a l :1 1 + Y. 

11 1 : 1 2 + Y. If al and al aroe essentia'Hy bounded funotions. and gi 

satisfy Hypothesis (A 3). then po /((l~),)l/p (i= 1,2) aroe essen-
1n 1 

tiaZZy bounded funotions on li foro everoy naturoaZ numbero n. 

DEFINITION 3.4. Let f EL (I:!.,X), P > 1. Define HfUk= 
x x P 

-- sup {e-k (xl+X2)( fol J
0

2 II-fIIP)l/p.( )E A} h k> O d o x l ,x2 u weroe an 

r= f on D., r= O on l l x1 2\D. • Froom now on we wiZZ wroite f instead of 
'f. 

One can prove that (Lp(I:!.,X),U Uk ) is a Banach space for k> O. This 
type of norm was introdticed by M.A. Bielecki in [2]. 

DEFINITION 3.5. If (~,w) E Lp(ll'X) x Lp (1 2,X), p > 1, we define 

U(~,w)Uk= max (U~Uk,UwUk)' k> O. It is known that Lp(ll'X) x 

x Lp (1 2 ,X) is oompZete undero the above defined norom. 

HYPOTHES1S (A6).The functions gi(i= 1,2) satisfy Hypothesis (A 3 ) 

and (A4). The functions alE L=(ll'Y) and lilE L=(12'Y) are such 
that alEL=(ll'Y)' elE L",(l ,Y), and lim +ii1 (x l )= aleO), 

2 Al~xl+O 
of the norm of Y where lim + 61 (x2)= al (O) exist in the sense 

A 2 ~ x 2+o 

(g ~) 1 /p 
a = 1 

measure zero. 

and Ao e lo (i= 1,2) are of Lebesgue 
1 1 

-1 LEMMA 3.5. Undero Hypothesis (A6) the operoatoro A= (l-H) • froom 

Lp (1 1 xX) x Lp (I2xX) into itseZf. is bounded and Zinearo. Moroeovero. 
theroe e~ists M independent of k > O suoh that UAU k < M. 

Prooof. 1t is clear that H is a well defined linear operator. We ha­

ve (3.3) IIHllk<Ml where Ml=max (lal"=u(g~I)'II!./P, 
11l111 .. l(g;1)'II!./p) is independent of k> O. 

From the definition of the operator H it follows that 
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H
2n(J ( '1 n (xl) •• (A ~ (X 1)) ) 

~2n(x2)·$(A~(x2)) 

for al! ~ E Lp(II'X), $ E Lp (12'X), n= 1,2, ... 

We have the following inequality for every natural number n: 

Let us note that lim ~1(xI)/(A~(xI))I/p= a1lO)el(O) where 
+ C ~ X 1 ... 0 

C= AIUg~I(A2) is of Lebesgue measure zero. Thus, given q > O 

such that "~I(O)ll(O)" < q2 < 1 there exists 6 > O such that 

"~I(XI)/(A~(Xl))l/p" < q2 if xl ~ C, Xl E 11 , O < xl < 6. Since by 
n-1 Lemma 3.3 there exists no such that O ~ Al (Xl) < 6 far all XlEl l , 

n ;;;a. n we have 
o 

n-1 /' n-le l/p Z (3.5) "~l(Al (xl)) (Al(A l xl))) 11 < q far all n;;;a. no and 

d (,nl-I)-I(C), Whl·ch l·S a t f L b Xl ~ A se o e esgue measure zero. 

From (3.4), (3.5) we obtain 

Similarly there exists nI such that 

Hence IIH2n"k~ MzqZn for all n;;;a. max(no,n l ), where M2 independent of 

k is defined in an obvious way. 

Noting that A= (1 + H)B, where B= I + H2 + H4 + ••• + HZn + ••• and 
using (3.3), (3.6), and (3.7) we can obtain the desired resulto 

DEFINITION 3.6. Let C(I.) (i= l. 
funations f:I .... X. Por every f 

l. 
= sup {e-kxi"f(x.)":x. E I.L l. l. l. 

1,2) denote the set of aZZ aontinuous 

E C(ll..) define "f"(i)= kc 

It is known that (C(l i )," "~!») is a Banach space. 
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LEMMA 3.6. The opel'atol's T. (i= 1,2) fl'Om the spaae (L (I.,X),II Uk ) 
1 p 1 

into the spaae (C(I.),II IIk(i») defined by the fOl'muZa 
1 e 

(T.~)(x.)= JXOi ~(t) dt fol' aZZ 
1 1 

al'e weZZ defined bounded Zineal' opel'atol'S and IITillk= 

= (kep)l/p a~p-l)/p if l/pk "¡;;min(a1 ,a2), p ;;;.1, k> O. 

LEMMA 3.7. Let a:ll~ Y, a:I2~ Y be p-Bochnel' summabZe functions on 

11 and 12 l'espectiveZy. Then. the. opel'atol's 

Hi:(C(Ii),1I 11 (i) ) ~ (L (l.,X),1I II k ) (i=l,2) kc p 1 

defined by the fOl'mu"laa 

(H1f) (x I )= a(x l ) .f(x l ) fol' aZZ xl E 1 1 , f E C(I l ) 

(H2g) (x 2)= a (x 2) .g (x2) fol' aZZ x 2 E 1 2 , g E CCI2) 

al'e weZZ defined bounded "lineal' opel'atol's. MOl'eovel'. fol' any E > O 
thel'e exista k such that IIH.ll k"¡;; (E/pke)l/p fol' aZ"l k;;;' k (i=l,2). 

o 1 o 

Pl'oof. It is elear that H. (i= 1,2) are well defined and linear. We 
1 

have also 

(3.8) 

,,¡;; IIfll(l) ( 
kc 

Let k 1 be sueh that 

k > k we have: 
1 

(3.9) 

1- ,,¡;; min(a ,a2) for all k ;;;. k1 . For any 
pk 1 

dt ,,¡;; 

Let s ;;;. O be a simple funetion defined on 11 su eh that 

J:lllla(t)II P _ s(t)ldt < E/2 where E > O is given. So, 

(3.10) 

From inequalities (3.8), (3.9),(3.10) it follows that 
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E OSU l/p 
Similarly we obtain IIH2 Hk'" (pke)-l/p[_ + -_ .. ] 

2 kp 

-function S defined on 12' Let k2 be such that 
Ilsl .. 

0511.. E 

for some simplé 
E 

<-
2 

---- < - . Thus for all k> ko= max(k l ,k2) we have UHi1k '" 
k 2P 2 

'" (E/pke)l/p for i= 1,2. 

LEMMA 3.8. Assume gl ,g2 satisfy Hypothesis (Al) and (A4). The ope­

rators T.:(L (I.,X),II 0k)+ (C(I ),11 "k(m») (ülhere p:> 1,i,m E {1,2}. J p 1 m e 

Jgm(Xm) 

i~m, j=i+2) defined by the formuZas (Tj~)(Xm)= O ~(t) dt, 

for aZZ x E 1 are üleZZ defined bounded Zinear operators. Moreover. 
1 m m 

if '" min(a l ,a2) then UT,U k '" (kep)l/Pa~p-l)/p. 
~ J 1 

LEMMA 3.9. Under Hypothesis (Al)' (A4) and (AS) the operator J (De­

finition 3.1) is a weZZ defined bounded Zinear operator. Moreover. 

for any given E > O there exists ko suah that UJU k '" E for aZZ 
k:>k. 

o 

The proof follows easily from Lemmas 3.6, 3.7 and 3.8. 

4. EXISTENCE THEOREMS FOR THE CAUCHY-GOURSAT PROBLEM IN THE CLASS U 
p 

Under Hypothesis (As) and (A6) equation (3.2) can be written: 

(4.1) T= (I-H)-lJT + (I-H)-lT o ' Let us define the operator Fl by 

the formula: (4.2) F1T= AJi + ATo' Clearly Fl is a well defined 0-

perator from the space Lp(I1,X) x Lp (I 2 ,X) into itself because of 
Lemmas 3.5 and 3.9. 

Moreover, from equation (4.1) it follows that to find a solution of 
the Cauchy-Goursat problem in the class U- is equivalent to find a 

p 
fixed point of the operator Fl' 

THEOREM 4.1. Under Hypothesis (As) and (A6) the Cauahy-Goursat pro­

bZem has a unique soZution in the clas8 U-o 
p 
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Proof. Note that 1lFl'tl - Fl'tzllk <10; MIIJllkllT l - 'tZllk where M is as in 
Lemma 3.5. From Lemma 3.9 it follows that there exists k such that . o 

1 
IIFl'tl - Fl'tzllk <10; - lI'tl - 'tZllk for all k > ko' 

2 

Thus for any fixed k > ko the operator Fl has a unique fixed point 
because of Banach Fixed Point Theorem. 

THEOREM 4.2. Under Hypothesis. (Al), (A4) and (As) the boundary va­

Zue probZem u lz = f a.e.in~; u1(',gl('))= ao(·).u(·,gl(·)) + a z (') 

a.e. in I l ; uz(gz(')")= ao(·).u(gZ(·)'·) + az (') a.e. in 1z; 
u(O,O)= y. has a unique soZution in the aZass U- . 

P 

Proof. This theorem is proven as the preceding ane considering the 

operator Fz't= J't + 'to from the space Lp(1l,X) x Lp(IZ'X) into it­
self, where 

't o =(a o (xl) (J 1 J Zf . (xl' g 1 (xl)) 

ao (x Z) (J 1J Zf. (gz (x Z) ,xZ) 

+ y) 

+ y) 

REMARK. 1f in the Cauchy-Goursat problem we let a o= O, ao= O, then 
we cannot weaken the conditions on gi(i= 1,2) as we did in Theorem 
4.2. 

... .• 
THEOREM 4.3. If gi (i=l ,2) are non-deareasing funations. and."f. aZ' 

aZ' y are as in Hypothesis (AS) then the boundary vaZue problem 

u1z = f a.e. in 6. u 1(·,gl(·))= az (') a.e. in I1' uz(gz(·),·)=a z (·) 
a.e. in 1Z' u(O,O)= y. has a unique soZution in the aZass Up ' 

Proof. From the isomorphism of the spaces U_ and W- it follows that 
p p 

the unique solution of our boundary value problem in the class U­
p 

is u= J 1J zf + J 1a Z + Jzaz + y. 

5. CONTINUOUS DEPENDENCE OF THE SOLUTION ON THE INITIAL DATA FOR 

THE CAUCHY-GOURSAT PROBLEM IN THE CLASS U- . 
P 

Throughout this section we assume that the functions gi(i=l ,2) sat­
isfy Hypothesis (A3) and (A4). Let VI be the subset of V such that 
the coordinates al and al satisfy the conditions specified in Hypo­
thesis (A6). 

DEFINITION 5.1. We define the operator S:Vl ... Ui> as foUows: 
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S(Y)= u, y E VI' if and onZy if, U is the unique soZution of the 

Cauchy-Goursat probZem corresponding to the initiaZ data Y. 

Note that S is a well defined operator because of Theorem 4.1. It 
is easy to show that VI is a normed space. In Up consider the norm 
introduced in Corollary 1.1. 

To proye continuous dependence of the solution on the initial data 
for the Cauchy-Goursat problem in the class U- is equiyalent to 

p 
show that the operator S is continuous. 

Take Yn= (f,aon,aln,a2n,aon,aln,a2n'Yn) in VI and 

y= (f,ao,al,a2,ao,al,a2'Y) in VI such that IYn-YI + O as n + ~. Let 

S(Yn)= un' S(Y)= u. We know that there exists (s ,+ ,$ ,y ) E W- , n n n n p 

(s,+,$,y) E W- such that F(u )= (s ,+ ,$ ,y )= (f ,+ ,$ ,y ) , p n n n n n n n n n 
F(u)= (S,+,$,Y)= (f,+,l/J,y). Taking lu -ul= max(lf -fl·, 1+ -+1 , n n ~ n p 

1 l/Jn-l/JI p' IIYn-YII) it is evident that the operator S is continuous if 

1 + - +1 + O, 1 $ -l/J 1 + O as n + ~ • 
n p n p 

For each (fn'+n,l/Jn'Yn)' n= 1,2, .... , we can write an equation of 

the form (4.1). 

Letting Tn , Ton be as in equation (3.1) we haye (5.1): 
. -1 ·-1 Tn= (I-H) JT n + (I-H) Ton' Similarly for (f,+,l/J,y) we haye T and 

. -1 ·-1 TO such that (5.2): T= (I-H) JT + (I-H) TO ' 

LEMMA 5.1. If IT -T 1 + O as n + ~ then IT -TI + O as n + ~ . on o p n p 

. -1 
Proof. From equations (5.1) and (5.2) we obtain Tn-T=(I-H) J(Tn-T)+ 

. -1 
+ (I-H) (Ton-T o)' 

Using the properties of the operators (i-H)-1 and J already establi­
shed the lemma is proYen. 

LEMMA 5.2. IT -T 1 + O as n + ~ • on o p 

Proof. Let 

as n + ~ 

THEOREM 5.1. The operator S is continuous. Moreover for all E > O 
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there e~ists 6 > O such that if u, U are soZutions of the Cauchy-' 

Goursat boundary probZem corresponding to initiaZ datas v, VE V 
respectiveZy, then I u (Xl 'X2)-Ü(X1 ,X 2) I < e for aH (x x) E 1 XII 

l' 2 1 2 
if Iv-vI < 6. 

Proof. The continuity of the operator S follows from the consider­
ations made in this section and Lemmas 5.1 and 5.2. 

Let (s,~ ,1/I,Y)E W-, Cs,l",W,y) E W_ be such that F(u)= (s .... 1. ) 
P P ''f''f'Y = 

= (f,~,1/I,Y); F(u)= (s,l",~,y)= (T,.,~,Y). One can prove that 

(5.3) IU(Xl'X2 )-U(X1 ,X 2)I O;;;; Klu-ul for al1 (x 1 ,X 2)E I 1xI 2 

where K= a1a2 +. al (p-l)/p +. a 2 (p-1)/p +.' 1. 

From (5.3) it fol1ows that l/u-ul/ .. O;;;; Klu-ul. The continuity of the 
operator S implies that given e > O there exists 6 > O such that 
IS(v)-S(vJI= lu-ul < e/K if Iv-vI < 6. Hence I/u-UI/ .. O;;;; Klu-ul < e: 

if Iv-vI < 6. This completes the proof of the theorem. 

B1BL10GRAPHY 

[1] AZ1Z A.K.and BOGDANOW1CZ W., A GeneraZized Goursat probZem for 
non-Zinear hyperboZic equations. (Paper available in preprint 
form, not 'published). 

[2] B1ELECKl A., Une remarque sur z.'appUcation de Zaméthodede 
Banach-CacciopoZi-Tikhonov dans Za théorie 4e Z'équation 
~- f(x,y,z,p,q), Bull. Acad. Polon. Sci. Cl.lll, 4 (1956), 
pp. 265-268. 

[3] B1ELECKl A. and Kl~YNSKl J.,Sur Ze probZ~me de Goursat reZa­
tif a Z'équation oz/oxoy= f(x,y),Ann. M.Curie-Sklodowska, 
Sect. A, 10 (1956), pp. 99-126. 

[4] GOURSAT E., Sur un probZ~me reZatif ~ Za théorie des équations 
au~ derivées partieZZes du second ordre, Ann. Fac. Univ. Tou­
louse, 6 (1904), pp. 117-144. 

[5] GOURSAT E., Cours d'AnaZyse Mathématique,5eme ed. Tome 111, 
Paris (1942), pp. 123-125. 

[6] K1SYNSKl J., Sur Z'e~istence et Z'unicité'des soZutions des 
probZemes cZassiquesreZatifsa Z'équation s= f(x,y,z,p,q),Ann. 
Univ. M.Curie-Sklodowska, Sect. A, 11 (1957), pp. 73-107. 



[ 7] 

194 

KISYNSKI J., SoZutions géneraZisées du probZeme de Cauahy-Dar­
boux pour Z'équation a 2z/axay= f(x,y,z,az/ax, az/ay),Annales 
Universitatis M.Curie-Sklodowska, Seet. A, 14 (1960), pp.87-
109. 

[8] KISYNSKI J., On seaond order hyperboZia equation with two in­
dependent variabZes, Colloquium Mathematieum, 22 (1970), pp. 
135-151. 

[~] SCHAUDER J., Zur Théorie stetiger AbbiZdungen in FunktionaZ­
raumen, Math. Zeitsehrift, 26 (1927), pp. 47-65. 

[10] SZMYDT Z.,Sur une généraZisation des probZemes aZassiques aon­
aernant un systeme d'équations différentieZZes hyperboZiques 
du seaond ordre a deux variabZes indépendentes, Bull. Aead. 
Polon. SeL, Cl. 111, 4, 9 (1956), pp. 579-584. 

[11] SZMYDT Z., Sur Ze probZeme de Goursat aonaernant Zes équations 
différentieZZes hyperboZiques du seaond ordre, Bull. Aead. 
Polon. SeL Cl. IIl, 5,6 (1957), pp. 571-575. 

[12) SZMYDT Z. ,Sur Z'existenae de soZutions de aertains probZemes 
aux Zimites reZatifs a un systeme d'équations différentieZZes 
hyperboZiques,Bull. Acad. Pol.Sc. Cl.lll,6,1 (1958). 

[13] SOBOLEV S. ,AppZiaations of funationaZ anaZysis in mathemat­
iaaZ physias, American Mathematical Society, Providence, 
R.I. (1963). 

[14) SCHWARTZ L., Théorie des distributions, vol. l, Hermann et 
Cie., Paris (1950). 

Recibido en mayo de 1975 

Versión final julio de 1975 

Departamento de Matemática 
Universidad Católica Madre y Maestra 
Santiago de los Caballeros 
República Dominicana 



Revista de la 
Union Matematica Argentina 
Vd1umen 27, 1975. 

CORRIGENDUM: "NORM LIMITS OF NILPOTENT OPERATORS AND WEIGHTED 

SFECTRA IN NON-SEPARABLE HILBERT SPACES" 

Domingo A. Herrero 

There is a mistake in the proof of Theopem 5 and its non-separ­
able a~alog Copollapy 8 of [1]. The author was unable to obtain 
fair proofs of these two results. However, the other results of 
the paper remain true, after a few minor modifications of their 
proofs. 

Ppool 01 CopoUapy 7. Replace the sentence "By ([ 1] ,Theorem 2.2), 

it can be obtained that II~ CT lik ,2)= ACNvk)." by the fóllo­
o wing: 

By ([ 11 ,Theorem 2.2), there exist operators Tvk ' E.fCJevk) such that 

T lik",T'\ík' is a compact operator of norm smaller than e/4 and Jevk 

adiitHs the decompositions Je=Je eJe 'eJe " vk vk,l vk,2 vk f 2 
Je e Je with respect to which vk,l lik,2 

(:'k 
O 

T'k,1 ) 
T '= N T ' . ( :'k >,) vk vk lik,2 

2. :'::} ~" ! 
'j J -: (' O T " vk,2 
hi"i 1', J ¡" 

vk,2 

where Nvk is a normal operator such that ACNvk )= ECNvk)= II~ CT)= 
o 

T vk,2 (
N T ' ) vk vk,2 

O T " vk,2 

wi th respect to the decomposi tion Je Je ' eJe" vk,2 vk,2 vk,2 

Also, replace the last two sentences "Moreover, Theorem 5 
all A." by: 

for 

Moreover, it is clear that, in this case, Tvk ,2 is al so bi-quasi­
triangular and ECTvk ,2)= ECN vk)' Then, our previous arguments show 
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that T' actua11y satisfies the condition (vi) too. In fact, 
ind(A-T 2)- O for a11 A. 

Finally, rep1ace the section "Suffioienoy fozo the oaae (H)" by 
this new one: 

Suffioienoy fozo the oase (ii). In this case the proof fo110ws 
exact1y as in the case (i). We on1y have to observe that if 
ind(A-A)- O for a11 comp1ex A and A(A) and Aa(A), ~o< a < h, are 
connected sets containing the origin, then the A' of (i') satis­
fies the fo110wing property: A(N j ). An(N j ) is connected and cont­
ains the origino Hence, Nj (and a fortiori Nj .81D j ) can be unif­
orm1y approximated by nilpótentoperators in J!(:K'j)' j .. 1,2,3,4, 
whence it fo11ows exact1y as in the pzooof of (i') that A' E 

E~(:K')-. Therefore, A a1so be10ngs to ~(:K')-. 

REFERENCES 

[1] HERRERO n.A., Nozom timits of nitpotent operators and weighted 
speotzoa in non-sepazoqbte Hitbezot spaoes, Rev. Un. Mat. Argen­
tina 27 (1975); p. 83-105. 

Recibido en agosto de 1975 

De'partamento de Matemáticas 
Universidad Nacional de Rto Cuarto 

Rto Cuarto, Córdoba, Argentina 





"-- ---.~ .. -.---._-~------- -----_._--.----. ---.------:--:--~------_.~--- .. _--_. __ ._----



NORMAS PARA LA PRESENTACION DE ARTICULOS 

T.OS artículos que se presenten a esta revista no deben haber sido 
publicados o estar siendo considerados para su publicación en otra re­
vista. 

Cada trabajo deberá ser enviado en su forma definitiva, con todas 
las indicaciones necesarias para su impresión. No se envían pruebas de 
imprenta a los autores. 

Cada artículo debe presentarse por duplicado, mecanografiado a 
doble espacio. Es deseable que comience con un resumen simple de su 
contenido y resultados obtenidos. Debe ponerse especial cuidado en dis­
tinguir índices y exponentes; distinguir entre la letra O y el número 
cero, la letra 1 y el número uno, la letra i y la t (iota), E y E ,etc. 
Los diagramas deben dibujarse en tinta china. Los símbolos manuscri­
tos deben ser claramente legibles. Salvo en la primera página, deben 
evitarse en lo posible notas al pie. 

El artículo deberá acompañarse de una lista completa de los símbo­
los utilizados en el texto. 

La recepción de cada trabaja se comunicará a vuelta de correo y 
en su oportunidad, la aceptación del mismo para su publicación. 

Los trabajos deben enviarse a: 

REVISTA DE LA U .M.A, 
INSTITUTO DE MATEMATICA. 
UNIVERSIDAD NACIONAL DEL SUR. 
BAHIA BLANCA. 

NOTES FOn THE AUTHORS 

Submission of a paper to this journal will be taken to imply that it 
has not be en previously published and that it is not being considered 
t::sewhere for publication. 

Papers when submitted should be in final formo Galley proofs are 
not sent to the authors. 

'Papers should be submitted in duplicate, neatly typewritten, double 
spaced. It is desirable that every paper should begin with a simple but 
explicit summary of its content and results achieved. Special care should 
be taken with subscripts and superscripts; to show the difference bet­
ween the letter O and the number zero, the letter 1 and the number one, 
the letter i and l. (iota), é and f ,etc. Diagrams should be drawn 
with black Indian ink. Symbols which have been inserted by hand should 
be well spaced and clearly written. Footnotes not on the first page should 
be avoided as far as possible. 

A complete list of the symbols used in the paper should be attached 
to the manuscript. 

Reception· of a paper will be acknowledged by return mail and its 
acceptance for publication will be communicated later on. 

Papers should be addressed to: 

REVISTA DE LA U .M.A. 
INSTITUTO MATEMATICA. 
UNIVERSIDAD NACIONAL DEL SUR. 
BAHIA BLANCA. 
ARGENTINA. 



INOICE 

Volumen 27, Número 3, 1975 

Multipliers for (C, K) - Bounded Fourier Expansions in 
Weighted Locally Convex Spaces and Approximation 

J. Junggeburth ................................... 127 

Sobre un Teorema de R. Palais y los Métodos de ProYEcción nt{p } 
Carmen Casas ............................... n 147 

Un ejemplo de Geometrías Métricas Euclidianas en Cualquier Di­
mensión en las que no rige el Axioma de Paralelismo de Euclides 

Heinz-Reiner Friedlein ............................ 162 

A Survey of Modern Applications of the Method of Conformal 
Mapping 

Patricio A. A. Laura ............................. 167 

Existence of Solutions for Generalized Cauchy - Goursat Type 
Problems for Hyperbolic Equa.tions 

Eduardo Luna ........... o o o. o o o o o o o o o o O" 0.0;0 o o o 180 

Corrigendum: "Norm Limits of Nilpoteat Operators and 
Weighted Spectra in Non-separable Hilbdrt Spaces" 

Domingo Ao Herrero o o o o o o o o o o o o' .. o. o. o ... o' o o o o o 195 

Rego Naco de la Propo 
lnto N9 1.292.805 

o 
fi 
s::: 

'" ~ 
--= 

~ o o 

o 
'" 

~g 
... 00 o 
01» 

~ 

¿-¡~ 
l:l--= . 
.!!.~ 
Ill~~ 
eS -.... 
~fl 
Ill~ 

'" o 

TARIFA REDUCIDA 

CONCES. N9 lIDto. 21 

FRANQUEO PAGADO 

CaNCES. N9 25/DtO.21 

AUSTRAL IMPRESOS 
~ILLARINO 739 • B. B. 


