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ABSTRACT. A method is given to construct a strictly cyclic bilateral 
weighted shift on l2 from a strictly cyclic unilateral shift with non­
increasing sequence of weights. It is also shown that a unilateral 
weighted shift in lP whose weights either decrease to O, or decrease 

<lO 

to 1 and satisfy the boundedness condition ~(ala2 ... an)-& < ~ for all 

& > O is not necessarily stricly cyclic for any p, 1 < P < ~. 

1. i NTRODUCT I ON. 

A weighted shift T in the complex Banach space lP (K), 1 ..;; p < 00, is a 
(bounded linear) operator defined by the equations Te = a e n n n+l' 
where {en} is the canonical basis (i.e. , e is the sequence {link}k¡;K' n 
where link denotes the Kronecker's delta function) and tan} is a (nece~ 

sarily bounded) sequence of positive reals. If n runs over the set 
K = N of all non-negative integers (K = Z of all integers), then T is 
called a uniZateraZ (biZateraZ, resp.) weghted shift. 

Given A E L(l2) (= the algebra of all operators acting on l2), let 
A(A) (Aa(A)) and A'(A) denote the weak closure of the polynomials (the 
rational functions with poles off the spectrum A(A) of A, resp.) in A 
and the commutant of A in L(l2), respectively. Assume that there 
exists a vector x in l2 such that A(A)x = {Lx: L E A(A)} (Aa(A)x) 
coincides with l2; then A is said too be a etriatZy 'ayaZia (anaZytiaaZ­
Zy striatZy ayaZia. resp.) operator. It is well known (see [7)) that 
a strictly cyclic unilateral weighted shift (analytically strictly c~ 
clic bilateral weighted shift B) always satisfies the following: 
A(T) = Aa(T) = A.'(T) (B is invertible and A(B) # Aa(B) = A'(B); more2. 
ver, ~'(B) is the norm closure of the polynomials in B and B-1) and 
the Gelfand spectrum of the Banach algebra A(T) (A'(B)) can be natu­
rally identified with 'A(T) (A(B), respectively). 

Strictly cyclic unilateral weighted shifts (SCUWS) have been analyzed 
by several authors (see, e.g., [1):[2]:[4):[7];[8];[9);[10):[11);[12); 

[13)), butvery little is known about analytically strictly cyclic 
bilateral weighted shifts (ASCBWS). In seation 2 a method will be gi­
ven to construct an ASCBWS in l2(Z) by using a SCUWS in l2(N) whose 
weights are bounded below from, zero and satisfy a certain boundedness 
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condition (This resu1t applies, in ¡>articu1ar, if the. weightsof the 
SCUWS form a non-increasing sequence converging to some positive num­
ber). 

In seation 3 a different kind of prob1em is ana1yzed: It is shown that 
there exist UWS in lP(N) whose weights either decrease to O, or de-.. 
crease to 1 and satisfy the condition ¿(aOal ... an)-e:·< 00, which are 

O 
not strict1y cyc1ic for any p, thus answering in the negative a ques-
tion of A.L.Shie1ds (113]). 

2. A CLASS OF SYMMETRIC ASCBWS. 

Let B be a BWS with weight sequence {an}ne:Z and define Wo 1, 
-1 wn = aOal ... an_1 , w_ n = (a_ l a_ 2 .•• a_n) for n> O. For T a UWS, the 

sequence {wn}ne:N is simi1ar1y defined. 

THEOREM 1. Let T be a SCUWS with weights {an}ne:N suah that 

spectra1 radius (T) = 1im (sup wn+k/wk)l/n = 1 (1) 
n+'" k 

and 

(2) 

for some aonstant C ~ 1, and for aZZ n,k E N. 

Define the BWS B by 

n E N 

,if n E Z\N 

Then B is anaZytiaatty striatZy aya tia and A(B) is the boundary aD 
of the unit disa D. 

Proof. C1ear1y, wn(B) = w_n(B) = wnCT) for a11 n E N. Let R be the 

unitary map defined by Re n = el_n; then R = R- l and B- l = RBR; in pa~ 
ticular, B is invertible. 

Let A E A'(B); then A is the strong 1imit of the 
averag.es of a formal Laurent series L c Bn (see 

ne:Z n 

sequence of Cesaro 
[ 51 ;[ 61). B is Ase 

if and only if, given x = L be, there exists an A in A'(B) such 
ne:Z n n x 

that Axeo = x (see [7]). This is equiva1ent to say that the central 
column of the matrix oí Ax (with respect to the canQnica1 basis) coi~ 
cides with the column vectOr x. By using the fact that wn w_n ' the 
matrix of A = (formally) L c Bn is equal to 

ne:Z· n 
(Le., the (j ,k)-entry is equa1 to cj_kw/wk for a11 j ,k E Z). The 
dotted 1ines remark,the central column and the central TOW. 
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I 
C_ 2W3/w1 c_3w3 I C_ 4w3/w1 C_ SW3/W2 

C_ 1w2/W1 c_ 2w2 I C_ 3w2/w1 c_4 .. ". 
l' 

C1w¡/w2 Co c_1w1 I C_ 2 C_ 3w1/W2 
--------

A c 2/w2 c1/w1 Co c_1/w1 c_ 2/w2 (3) 

c 2 c1w1 Co 

c3w2/w1 c 2w2 c1w2/w1 

cSw3/w2 c4w/w1 c3w3 c2w/w1 C1w/w2 

r b e and x = r b e .Then 
n€N n n - n€Z\N n n 

A = (formal1y) A+ + A_ and x = x+ + x_o Assume that A+ and A_ actual1y 

define bounded linear mapsj then it is clear that A+eo E ¿2(N), while 

A_eo E ¿2(Z\N). Thus, ·in order to complete the proof, it suffices to 
show that if c w = b for all n E Z, then A+ is a bounded linear map n n n 
in A(B) and A is a bounded linear map in A(B- 1), whence it readily 
follows that A = A + A and Ae = A e + A e = x + x = x + - O +0 -o + - . 
The matrix of A+ is obtained from (3) by replacing the cn's by O's for 
all negative n. Decompose this matrix according to the heavy lines of 
(3). Then A+= (formally) L - + L + + M- + M-, where L - (L +) is the up­
er left (lo~er right, resp.) quarter of A+ and M-(M+) is the upper 
(lower, resp.) part of the lower left quarter of A+ (and the remai­
ning entries of L-, L+, M- and M+ are O's). 

Schematically, we have 

L+ = A+I.t2 (N) E A'(T) (The vertical bar dent?tes " res triction")· 
+ and therefore, since T is a SCUWS and the first column of L belongs 
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to l2(N), L+ is actually bounded ([91). 

eondition (1) implies that A(T) = D = {z: Izl <; 1} = point spectrum 
of Tic, the adj oint of T (see [31 ;[ 71 ;[ 91). Thus, in particular, 
{l/w} N E l2(N) and Ic I <; HxU/w <; e' for a suitable constant n n& n n 
e' ~ 1 and for all n E Z. eonsider L-;clearly, HL-. o;¡; L IIL-(n)II, 

n&N 
where L-(n) is obtained from L- by replacing cm by O for every m , n, 
n = 0,1,2,... . Hence, by (2), 

IIL-II <; L Ic I max{w./w +.; j E N} <; e L Icnl <; 
n&N n J n J n&N 

Similarly, by considering the formal decomposition M r M-(n), 
n&N\{O} 

where M-(n) is that part of the matrix M corresponding to a fixed 
coefficient en' it is not difficult to conclude that M is also boun­

dedo 

It is easy to see that M+ has the same norm as the operator 
M:l 2 (N) + l2(N) defined by the matrix 

c2 c3w2/w 1 c4w/w1 cSw4/w 1 

O c4 cSw/w2 c6w4/w2 

M O O c 6 c7w4/W3 

O O O ca 

00 

Let y L d e E l2(N); then My 
n&N n n 

L {L ck+n Yk-l wk/wn} en·Hence 
n&N k=n+l 

IIM+1I 2 11M 11 2 sup L I L c k+n Yk_lwk/w.n I2 <; 
Ilyll=l n&N k=n+l 

00 00 

IYkI2} <; sup L {L (Ick+nl wk/wn)2} { L <; 
Ityll=l n&N k=n+l k=n 

The boundedness of A follows by a completely syrnmetric argumento The 
details are left to the reader. 

3. NON-SCUWS WITH NON-INCREASING SEQUENCES OF WEIGHTS. 

In ([ 131, Question 15), A.L.Shields asked the following: If an \, 1 

and L wn -2 < 00, must T be a seuws (in l2 (N))? If an \, O, ml,1st T be 
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. strictly cyclic? It is worth to recall that both questions have an 
affirmative answer in ¿I (N) ([ 3] ;[ 5]; see a1so [ 11). Neverthe1ess, 
the answer is NO in ¿P(N) for 1 < p <~. We sha11 need the fo110wing 
resu1t: 

THEOREM 2. (E.Ker1in and A.L.Lambert, [8], Theorem 3.2). If {an} is 

monotoniaaZly non-inareasing and Ten - ane n+1 ' then T ~8 striatZy 
ayaZia in ¿P(N) if and only if 

n 
sup ¿ (w /wkw k)q < ~ ~ where q - p/(p-1). 
ne:N k-O n n-

COROLLARY. (i) There exists a sequenae a \ 1 suah that ¿ W -e: < = n n 
for every e: > O. but Ten anen+1 does not define a SCUWS in ¿P(N) 
for any p, 1 < p < ~. 

(ii) There exists a sequenae a \ O suah that Te 
n n 

define a SCUWS in ¿P(N) for any p~ 1 < p < ~. 

Proof. (i) Set a O 2, nO - O, ni - 1, nj+l > 3nj (nj to be defined) 

for a11 j - 1,2, ... and an - 1 + 2- j for n j '" n < nj +1 ; then an \ 1. 

If 2n. <n '" nj+l - n. and n. <k <n - nj , we have 
J J J 

n. 
wn/wkwn _k - (1 + 2- j ) ·J/w -c. > O n. J 

J 

so that we can inductive1y define the n.'s in such a way that 
J 

n'+ 1 . f (wn . /wkwn . _k)J ... (n j +1 - 2nj )(C j )j > j for a11 j-1,2 .... 
k-O J+1 J+l 

C1ear1y. tqe aboye inequalities remain true if the n.'s are rep1aced 
J 

by mj's so that mj > n j and mj+l/m j > n j +1 /n j • j= 1,2, .... There-

fore, without 10ss of generality we can assume that the n.'s tend to 
1/2 J 

~ fast enough so that a > [ Cn+2)/(n+l)]n , whence it fo11ows that 
n 

\' w -e: ¿ n < ~ for every e: > O. 

(ii) Take n. as aboye. except that now we take a = 2-1 for n. < n < 
J n -jn. J 

< nj+l; then an \ O. For n and k as aboye, wn/wkwn_k = 2 J/wnj 

= dj > O. so that we can inductive1y define the nj 's in such a way 
that 

nj+l . 
k~O (Wnj+l/wkWnj+l_k)J ... (nj +1-2nj ) (dj)j > j. j = 2.3 ••••• 

The conc1usion is the same in both cases: By THEOREM 2.,r cannot be 
a SCUWS in'LPCN), for 1 < p <~. 

THEOREM 2 and its COROLLARY are actualiy true fol' the space co(N) of 
a11 sequences converging to O. under the maximum norm •. if the expo-
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nent q is replaced by 1. (The details for these changes are left to 

the reader). 
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The fundamental properties of spherical functions have been establis­
hed by R. Godement in a well known paper [11 in 1952. There he defines 
in a general manner the notion of spherical function associated to 
an irreducible .representation of a locally compact unimodular group G. 
Moreover, he gives a characterization of such functions as characters 
of certain subalgebras of the algebra of all continuous functions on 

G with compact support. Por certain purposes it is best not to work 
with the characters of such subalgebras but rather directly with 
their finite dimensional representations. This leads one to consider 
spherical functions with values in the endomorphism ring of a finite 
dimensional vector space and not just complex valued functions. 

Despite the importance of the close connection between the spherical 
functions and the representations of G, and being of interest in their 
own right, it is desirable to have an intrinsic definition for the 
important notion of spherical function. Such definition is given and 
explored in §1. 

In fact, it is possible to start from two different points which leads 
to the ~am& concepto The reason of our choice is the existence of the 
general notion of p-spherical function, where p = (Pl,P2) is a double 
representation of a compact subgroup K of G on a finite dimensional 
vector space E. By this one understands a continuous function ~ from G 
to E such that 

In §2 we establish the close connection between the spherical functions 
and the representations of certain algebras of functions on G, from 
which ~he most important properties of spherical functions follow. 
In §3 we discuss thoroughly the relation between the two different 
yiew points we mentioned aboye. In §4 we study the differential pro­
perties of.spherical functions on Lie groups. 

Since we haye dropped every irreducibility assumption, s?me interesting 
questions naturally arise. For example, we don't know if any spherical 
function is associated to a representation of G. If G is a compact 

* Guggenheim Fe11ow. 
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group, then we know that any spherical function is a direct sum of 
irreducibles, because if t/I: G -+ End (V) is spherical there ~s an inne"r 
product ( , ) on V such that 

In some other place'we shall be concern with local spherical functions 
and complete reducibility of spherical functions on semi-simpleLie 
groups. 

1. Throughout this papel' we shall denote by G a locally compact uni­
modular group and by K a compact subgroup of G. We shali often use 
the following notation: if X denotes a group, then x will denote a 
generic ~lement of X and e will denote the identity element of X. 

Let K denote the set of all equivalence classes of finite dimensional 
irreducible representations of K; for each 6 E K, let ~t'j denote the 
character oí 6, d(6) the degree of 6 and Xt'j = d(6)~t'j' We shall choose 

once and for ali the Haar measure dk on K normalized by J dk = 1. 
, 1< 

We shall denote by V a finite dimensional vector space over the field 
e of all complex numbers and by End(V) the space of all endomorphisms 
of V. Whenever we shall refer to a topology on such vector spaces we 
shall 'be talking about the unique Hausdorff linear topology on them. 

By definition, a zonal. sphezoical. function <p on G is a continuous, 
complex valued function which satisfies <p(e) 1 and 

(1) x,y E G 

A frui tful generalization of the functional equat,ion above is the equ!, 
tion 

( Z) x,y E G 

who~e End(V)-valued solutions will be called spherical functions on G. 

The purpose of this papel', then, is to present in a systematic fashion 
the generalities which lie at the basis of the theory of spherical 
functions Qn those pairs (G,K) where G is a locally compact unimodular 
group, K a compact subgroup of G. 

DEFINITION 1.1. Let 6 E i. A sphezoical. function t/I (on G) of type 6 is 

a continuous function on G with values in End(V) such that: 

(i) He) = 1 

(H) ~ (x)t/I (y) 

(1 = identity) 

fKXt'j (k-1)t/I (xky)dk for all x,y É G 

PROPOSITION 1. Z. If t/I: G -+ End(V) is a sphezoical function of type 6 
then: 
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(i) ~(kgkt) = ~(k)~(g)~(k') lor aZZ k,k'E K, g E G ; 

(H) k -- ~(k) is a repI'esentation 01 K such that any irreducibLe 

subrepresentation betongs to 6. 

Prool. (i) Let k ' E K and g E G. Then we have from the definition 

~(k'g) = ~(e)~(k'g) 

by the symmetry of Xli we can inttlTChange k and k' 

~(k'g) • r Xa(k-1).(klkg)dk = ~(k')~(g) • 
)K 

In a similar way it follows that ~(gk') 
the proof of (i). 

~(g)~(k'), which completes 

(11) Since ~(e) • l. (i) imp11es that ~(kk') = ~(k)~(k'); that ~ is 
contirll11ous 15 obviou~. therefore, k 1-+ f/J (k) is a repre5entat1on of K:; 

Now. 

but, it ls well-known that th" right hand. side is a projection of V 
onto the space of a11 vectors which under k ...... ~(k) transform accor­
ding to 6, This proves (li). 

Concerning the definition let us point out thatthe spherical function 
!fJ determines its type unlvocaly and·let us say that the number of ti­
mes that 6 occurs in the repre5entation k ....... ~(k) i5 called the 
height of ~. 

Whenevér K.ls a central subgroup of G (i.e. K ls contained in the 
centel' of G) and <f¡ is a spherlcal function, we have 

in other words, • is a representation of G. Therefore, if we take K 
reduced to the identity, the spherical functions are precisely the 
finite dimensional representations of G, and if G is abelian.the 
spherical functions are the finite dimensional representations of G 
such that 1.2 (ii) i5 satisfied. 

Anoth~r extreme case occurs when G is compact and K = G. In this case 
the spherical functions are also the finite dimensional representa­
tions of G, with a11 their irreducible subrepresentations equivalent. 

The funct:i:on o: G - End(V) identic:a11y zero satisf1es the functional 
equation 1.1 (H) for any 6 E K. If K = {e} the functional equation 
reduces to'¡p(x,y) '" '(x)_(y) which implies that ~(e) ls a projection 
commuting .with a11 ~(G). Let V1 and V2 be respectively the kernel 

and the image oí _(e). Then V = V1 $ V2 ; if we wJite ~ = ~1 • tP 2 
accordingly, we llave that 1/)2 is spherical while ~l isidentical1y 
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zero. For amoment one may think that something of this sort happens 
in general with the solutions ·of 1.1 (ii). But, the followingexample 
will show that this is not the case. Let G = R* be the multiplicative 
group of all non-zero real numbers and let K = {1,-1}. The two pos­
sible irreducible characters X± of K are given by x±(-l) = ±1. 
Let ~: R* -+ M2 (C) be of the form 

.(g) • [: 

where f: R* -+ C is continuous. Then ~ satisfies the functional equa­
tion with the character X+(resp. X_) if and only if f is an odd Crespo 
even) function. 

Later on we shall prove (see Lemma 4.1) that, when G is aLie group, 
every spherical function is C~ (moreover analytic). Therefore one 
cannot expect to "build up" the solutions of 1.1 Oi) out of spherica: 
functions and "elementary functions". 

Let ~ be a complex valued continuous solution of the equation (1). If 
~ is not identically zero then ~(e) = 1 (cf. Helgason [1,p.399)). 
This result generalizes in the following way: we shall say that a 
function ~: G -+ End(V) is irreducible whenever ~ (G)is a non-trivial 
irreducible family of endomorphisms of V; then, we have 

PROPOSITION 1.3. Let ~ be an End(V)-valued continuous solution of the 

equation (2). If ~ is irreducible then ~(e) = l. 

Proof. Let Wv denote the vector space spanned by·{~(g)v: g E G}. Now 

Hx)~(y)v J/6(k- 1)HXkY)Vdk E Wv 

which shows that Wv is ~(G)-invariant, therefore Wv is either {O} or 
V. We also have 

~ Cx)He)Hy) = J X6 (k-l)Hxk)~ (y)dk 
K 

J JX6(k-l)X6(kl1)~(Xkkly)dkdkl' 
KxK 

J CJ X6(k-l)X6(kl1k)dk)~(Xkly)dkl 
K K 

J X6(kl1)~(xkly)dkl 
K 

~ (x)~ Cy) 

where we have used that X6~X6 = X6 (orthogonality relations). 
From this and what we observed before it follows that ~(g)~(e) 
= ~ (g) ., ~ (e)~ (g), all g E G. Hence, ~ (e) is a proj ection which com­
mutes wi th every ~ (g). therefore ~ (e) = l. 

Spherical functions of type 6 arise in a natural way upon considera­
tion of representations of G. We recall that a continuous representa­
tion of G on a locally convex, Hausdorff, topolo'gicalvector space E 

I 
over C is a homomorphism g ..- U(g) of G into the group of topological 
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automorphisms of E. such that. the map (g.a) ~ U(g)a of G x E into 
,E is continuous. We also want to be able to lift U in the well-known 
way to a homomorphism p. ..-.. U (p.) of the algebra Me (G) of. ~~don measu­
res on G with compact support. into the algebra of continuous lineal' 
operators on E. Thus we want that the integral 

U(p.)a = I U(g)a 'dp.(g) 
, G 

defines an element in E for every a E E. This wil1be the case if we 
assume for example that E is complete. 

LetP(Il) be defined by 

P(Il) U(X~) = I~X~(k)U(k)dk 

P(Il) is a continuous projection of E ontoP(Il)E = E(Il); E(Il) consists 
of those vectors in E. the linear span of whose K-orbit is finite 
dimensional and splits into irreducible K-submodules of type 11. 
Whlmever E(Il) is finite dimensional, the function~: G -+ End(E(Il» 
defined by ~(g)a = P(Il)U(g)a, g E G, a E E(Il) , is sphericalof type 
11. In fact, if a E E(Il) we have 

I[l (x)~ (y)a P(Il)U(x)P(Il)U(y)a = I Xo(k)P(Il)U(x)U(k~U(y)a dk 

(IK Xo (k-1)iJ> (xky);dk)a 

(Xo(k) = X~(k-l) for all k E K). 

In the next paragraph we shall consider the question of seeing when 
a spherical function is obtained in this way. 

There ,is an important class of pairs (G,K), namely those where'K is 
a large cO'mpact subgroup of G, where the aboye construction works. 
A compact subgroup K of G is said to belarge (in G) if for each 
11 E K there exists an integer m(ll) ~ 1 such that dimE(Il) ~ m(ll) in 
every topologically completely irreducible Banach representation 
(E,U) of G. Examples of groups which admit large compact subgroups 
include the connected semisimple Lie groups with finite center and 
the motion groups (cf. Warner [1], §4.5). 

If the representation g ...... U (g) is topologically irreducible (L e. U 
admits no non-trivial closed G-invariant subspace) thenthe associa­
ted spherical function I[l is also irreducible. In fact, let W be a 
non-zero I[l(G)-invariant subspace of E~) and let Q: E(Il) -+ W be a 
projection of E~) onto W. Then 

o = p(a )U(g)QP(Il) - QP(1l )U(g)QP(Il) = (I-Q)P(1l )U(g)QP(Il) 

(1 .. identity transformation of,'E(Il)). Since the vectors U(g)a, g E G, 
a E W, spán a dense subspace of E, it follows thatI =Q which proves 
our assertion. 
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2. THE ALGEBRAS C .. (G) AND THEIR REPRESENTATIONS. 
e,u 

We consi~er the given group G, its compact subgroup K and the function 
x6,ll 'E K, introduced before. 

We shall denote by M (G) (resp. C (G)) the algebra, with respect to e e, 
convolution "*", of Radon measures (resp. continuous functions) on G 

with compact support, and by M~(G) Crespo C~(G)) the space of Radon 
measures (resp. continuous functions) on G with support contained in 
the compact subset ~ of G. We shall equip Me{G) (resp. Ce(G}) with 
the inductive limit of the topologies defined by the normon the spa­
ces M~(G) (resp. C~(G)). We shall always identify a measure a E M(K) 

on K with the measure a E M (G) on G given by f 1--+ f f(k)da(k); in 
e K 

this way we get an isomorphism of the algebra M(K) into the algebra 
Me(G). We shall choose once and for all a left Haar measure on G, 
and we shall always identify every continuous function f(g) with the 
corresponding measure f(g)dg. In the same way, every continuous func­
tion on K will be identified with a measure on K, hence with a measu­
re on G. 

It is well-known that Ce(G) is a two-sided ideal in Me(G), and it is 
clear thilt 

(a * f)(e) = (f * alCe) 

for all a E Me{G) and all fE Ce(G). We shall also use for measures 
the operation a -+ a; a is the transform of a under g ~ g-l. In pa~ 

y -1 y y 

ticular, if f E Ce (G), f(g) = f(g ) and a (f) = a (f) for all 
a E Me{G), fE Ce(G). Of course we have 

(a * p f = p * c'; 

for all a ,(1 E Me (G) • 

Now, we may consider the set Ce, 6 (G) of those f E Ce (G) which satisfy 

X6 * f = f = f * X6 ; since X6 * X6 ,= X6 (orthogonality relations), it 

is clear that Ce ,6(G) is a subalgebra of Ce(G) and,that f 1-+- X 6*f*X6 

is a continuous projection of C (G) onto C .. (G). We shall consider e e,u 

C .. (G) as a topological subspace of C (G). e,u e 

We are in a position to take, up a very important result, which esta~ 
blishes a close connection between spherical functions of type II and 
representations of the algebra C, .. (G). 

e,u 

THEOREM 2.1. II' 'is a sphel'ica~ lunction on G 01 type ll. then the 
/' 

mapping 

,: f 1-+ f
G 

f(g),(g)dg 

is a continuous linite dimensiona~ l'epl'esentation 01 C .. (G) such that 
e,u 

1 E ,(C .. (G)). Convel'se~y. il L is a continuous linite dimensiona~ e,u 

l'epl'esentation '01 Ce, 6 (G) such that 1 E, L {Ce, 6 (G)) the'n L' is l'epl'esen-
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ted ,afJ above by a 8pherioa7, funotion of typ~ '3. 

Needless to,say that if L is an ;irreducible finitedimensional repre­
sentation oí C ~(G)then 1 E L(C ~(G)) (Burnside's theorem). c,Q c,u 

The proof of this theorem requires the following proposition. 

PROPOSITION 2.2. Let .: G -+ End(V) be, a o,ontinuou8 funotion 8uoh that 

Xa ", • = .' =: ; '" Xa' Then • 8ati8fie8 the funotiona7, equation 1. (2) 
if and on7,yif the mapping 

'.: f ~ IGf(g).(g)dg 

i8 a,r-epre8entation of C ~(G) • 
C,u 

Proof. Let'f,h be two functions in Cc(G), then 

.(f) = lGf(g).(g)dg = (. '" i)(e) 

Therefore 

(1) 

, 
we haveused that 

On the other hand, 

. (3) 

v 

(.'" (Xa",f",Xaf) (e) .. (.",Xa",f",X a) (e) 

= (.",i",xa)(e) = (xa",.",i)(e) = (;",i)(e) = .(f) 
v 

Xa = Xa, which is well-known. Now 

'" (Xatih",Xa)) .. ; (f",Xa"h) = I (hXa"'h) (y); (y)dy 
, G 

= IGIG(f"'Xa)(X)h(X-1Y);(Y)d~ dy 

· I 1 J f(Xk-1)Xa(k)h(y)Hxy)dk dx dy 
G G K , 

· 1 1 f(X)h(YHJ Xa (k-1)!/I (xky)dk)dx dy 
G~ K ' 

1 J f(x)h(y).(x).(y)dx dy • 
GxG 

1, 

Proof of TheoremB.l. Let.: G -+ End(V) be a spherical function on G 
of type 3. Then,by Propositions 1.2 and 2.2 the mapping 
.: Cc,a(G) -+ End(V) is a representation of Cc,a(G), which is obvious-

ly continuous. 

In order to prove that 1 E .(Cc,a(G)) we first notice that .(Cc,a(G))= 

= .(Cc(G)). The neighborhoods O of gE G form a directed system under 
inélusion, and if fO E Cc(G) is a nonnegative function with spt fo e O 
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and satisfying fGfo(g)dg = 1, thenfo",f -- 6g",f in Ce(G) (6 g is the 

Dirac measureat g). Then 

(4) (6*~)(e) =I/l(g) 
g 

hence the linear span of {I/l(g): g E G} is contained in I/l(Ce(G)). 
Since the other inclusion is obviou$ we get 

(S) 

Now it is clear that 1 E I/l(Ce,cS{G)). 

Conversely, let L: C cS(G) -- End(V) be a continuous representation e, 

of Ce,cS(G) such that I E L(Ce,cS(G)). The' mapping I/l: f ........ L(Xo",f",Xo) 

defines an End(V)-valued Radon measUre on G. Let h E C cS(G) be an 
e, 

element such that L(h) = 1, then 

I/l(f) = L(Xo",f"'X6)L(h) = L(Xo",f",h) = I/l(f*h) = (I/l",h",f)(e) 
v 

for all fE Ce(G). Therefore I/l = I/l",h is a continuous function on G 
which represents L. But we also have 

y 

(X.s",I/l",x/) (f) = cexcS"'I/l"'Xo)",f) (e) 

if fE Ce(G), which implies that </J = Xo"'l/l"'x o ' Hence by Proposition 
2.2 

In particular 

(6) I/l( e) I/l(g) 

hence </J(e) is an identity of L(C cS(G)) and therefore I/l(e) 
c. 

l. This 

completes the proof of Theorem 2.1. 

REMARK 2.3. Under the hypothesis of Proposition 2.2 the function I/l 
is spherical of type 6 if and only if the representation I/l of the 
algebra C ~(G) cannot be decomposed as a direct sum of two represen-e,u 

tations, one of which is the trivial zero representation. This follows 
at once from (6). 

Let </J: G -- End(V) be a spherical function of type 6. Then a direct 
consequence of (S) is that a subspace W of V is I/l(G)-invariant if 
and only if it is I/l(C ~(G))-invariant. In particular we have the fol-

e, o , 
lowing corollary: 

COROLLARY 2.4. A spherical funetion I/l: G -+ End(V) is irreducible 

if and only if the linear span of I/l(G) coincides with End(V). 

We shall say that the spherical functions </J: G __ End(V) and 
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~l: G -+ End(V1) are equivaZent if there exists a linear isomorphism 
T of V onto VI such that ~1(G) = T~(g)T-I for all g E G. It is clear 
that this equivalence relation preserves the type and the height of 
the spherical functions. Moreover we have 

PROPOSITION 2.5. The spheriaaZ funations ~: G -+ End(V) and 

~l: G -+ End(V 1) of type 6 are equivaZent, if and onZy if the aorres­

ponding representations ~: Cc ,5(G) -+ End(V) and ~1:Cc,5(G)-+End(Vl) 
are equivaZent. 

Proof. Let T be an isomorphism of V onto VI such that 

~l(f) = T~(f)T-I for all f E Cc ,5(G). Then 

~l (f) = ~l (X5*f*x5) = T~ (X5*üX5)T- 1 = T~ (f)T- 1 

for any fE Cc(G). Therefore ~l(g) = T~(g)T-I, all g E G. 

The other assertion isobvious. 

As a corollary of Theorern 2.' and Proposition 2.5 we obtain the fol­
lowing result 

THEOREM 2.6. The irreduaibZe spheriaaZ funations ~ and ~l are equi­

vaZent if and onZy if tr ~(g) = tr ~l(g) for aZZ g E G. 

Proof. It is obvious that if ~ and ~l are equivalent they have the 

same trace. Conversely, tr ~(g) = tr ~l(g), all g E G, implies 

tr ~(f) = tr ~l(f) for all fE Cc ,5(G). Since ~ and ~l are two irre­
ducible finite dimensional representations of an associative algebra 

over C with the same trace, they are equivalent. Hence, ~ and ~l 
are equivalent. 

REMAR K 2.7. Theorem 2.6 does not hold in general if we drop the 

irreducibility hypothesis, because, it is not even true for finite 

dimensional represent~tions. For example, the functions 

~'~l: R -+ M2 (C) defined by 

~l (x) = [o' X,) x E R 

are two spherical functions of the pair (R,fO}) with the same trace 
which are not equivalent. But, as one can expect, when G is compact 
it is not necessary to assume that the spherical functions are irre­
ducible for Theorem 2.6 to be true. 

The possible heights of the various irreducible spherical functions 

~ on (G,K) are not entirely arbitrary. In order to clarify this, it 
is convenient to recall the following algebraic fact due to 

Kaplansky: let A be an associative algebra over C, and let n be a 
fixed integer; if there are enough representations of A of dimen­
sions < n to separate the points of A, ·then, every irreducible fini­
te dimensional representation of A has dimension < n (cf. Godement 
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(1), p.503). Some interesting examples of pairs (G,K) which have the 

property that C ~(G) has a separating family of representations of e,u 

dimensions ~ n are: 

(1) G is a motion group, i.e. G is the semi-direct product of a closed 

normal abelian subgroup H and a compact subgroup K; 

(2) G is a connected semi-simple Lie group which admits a faithful fi 

nite d~mensional representation and K i5 a maximal compact subgroup. 
In both cases it can be proved (cf. Godement [1], §1) that the inte­

ger n can be taken equal to d(6). Therefore, the height of an irredu­
cible spherical function • on (G,K) ((G,K) as in (1) or (2)) of type 

6 is ~d(6). 

Let us turn now to consider when a spherical function on (G,K) is ob­

tained from a representation of G as described in §1. To avoid sorne 
technical troubles we shall now assume that our locally compact group 

Gis, furthermore, countable at infinity. We shall also presuppose 

that the reader is familiar wi th inductive limi ts and strict inducti­
ve limits. A good reference is Horváth [1]. A space (E,T) is called a 

strict LF-space if (E,T) is the strict inductive limit of Fréchet sp~ 
ces (T being the topology on E); for example Cw(G) (w a compact sub­

set of G) is a Fréchet space, while Ce(G) is a strictLF-space. Thus, 
a strict LF-space is a locally convex, complete, Hausdorff, topolo­
gical vector space. We shall be concerned with continuous represent~ 
tions of G on a strict LF-space E, and with the corresponding quo­

tient representations of G on E/J, J being a closed G-stable sub­
space of E. Even if E/J is not complete, we can lift by integration 

the representation of G on E/J to a representation of MeCG). 

Let .: G -+ End(V) be an irreducible spherical function of type 6, 
and let L be a maximal left ideal in End(V). If 1 is the set of all 

f E C ~(G) such that .(f) E L, then 1 is a closed regular maximal 
e,u 

left ideal in e ~(G). Now let J be the set of all fE C (G) such 
c,u e 

that 

for every h E Ce(G) 

then J is a closed regular maximal left ideal in Ce(G), 1 = Jn Ce,tS(G), 

and we have f*X tS - f (mod J) for all f E Cc(G) (for the proof see 
Godement [1], p.513). 

Since J is a closed left ideal in Cc(G) it is invariant under left 
translation by elements of G, otherwise said there is induced on the 
space C (G)/J a natural representation U of G. The corresponding lift . e 
of U to M (G) associates with each p E M (G) the operator which 

e e 
transforms the class of f E C (G) (mod J) into the class of p*f 

e 
(mod J); thus, its restriction to the ideal C (G) is an algebraically 

e 
irreducible (J is maximal) representation of Ce(G). That is to say 
that U is an algebraically irreducible representation of G. 
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The projection operator P(6) U(Xo) is given by P(6)(f + J) = 

= Xo * f + J; on the other hand f * Xo = f (rnod J) for all fE Cc(G), 
hence f ........ f + J is a rnapping of C ,(G) onto-E(6) (the range of e,u 

P(6)). Since I = J n C ,(G) it is clear that dirn E(6) 
e, u 

= dim C ,(G)/I = dim End(V)/L = dim V. The associated spherical func e,u 

tion ~l: G -+ End(E(6)) is equivalent to ~. To see this it is suffi­
cient to show that the representations ~: C ,(G) -+ End(V) and 

e, u 

~l: Ce,o(G) -+ End(E(6)) of Ce,o(G) are equivalent (Proposition 2.5). 

If f E C ,(G) is such that ~(f) = O then ~(f*h) O for all e,u 

hE Ce,o(G), and ~l(f)(h+J) = f*h + J = O (f*h E 1 e J); therefore 

~l (f) = O. ConsequenUy, since it is a question of finite dimensional 
irreducible representations of an associative algebra, it follows 
that _~ and ~l are equivalent. 

The preceding discussion serves to prove that any irreducible spheri­
cal function on G can be obtained from an algebraically irreducible 
representation U of G, U being a quotient of a representation of G on 
a strict LF-space. To complete this circle of ideas, it remains to 
show that if the irreducible spherical function ~, comes from a repre­
sentation U of G as aboye, the construction of the representation U~ 
of G out of ~, gets us back to U. 

Let E and E~ be the representation spaces of U and U~ respectively, 
let E(6) and E~(6) be the corresponding K-isotypic subspaces, P(6) 
and P~(6) the corresponding projections. If ~l is the spherical func­
tion of type 6 associated to U~, there exist non-zero vectors 

v E E(6), vI E E~(6) such that ~(f)v = O if and only if ~1(f)vl = O, 
f E C (G) (~ and ~1 are equivalent). Let S: C (G) -+ E and e e 
SI.Ce(G) -+ E~ be the linear maps defined by S(f) = U(f)v, SI(f) 
= U~(f)vl. Then Ker(S) = Ker(Sl). In fact, if f E Ker(S) we have 
~(h*f)v = U(Xo)U(h)U(f)v = O therefore O = ~1(h*f)vl = 
= U~(Xo)U~(h)U~(f)vl' hE Cc(G), which implies that f E Ker(Sl) (alg~ 

braic irreducibility). In the same way one proves that Ker(SI) e 
e Ker(S), and therefore they are equal. The maps S and SI are clearly 
continuous surjective linear maps,hence they are strict morphisms 
(cf. Horváth [ 1], Prop. 11, p. 306). From this i t follows that the con­
tinuous representations U and U~ of G are equivalent, i.e. there 
exists a linear bicontinuous bijection Q: E -+ E~ such that QU(g) 
= U~(g)Q for all g,E G. 

Dne can play exactly tbe same game as before, but with Fréchet repre­
sentations of G, and prove that any irreducible spherical function 
~: G -+ End(V) can be obtained from a topologically irreducible re­
presentation of G on a Fréchet space E. For this, one writes G = UKn 
as a countable union of an increasing sequence of compact subsets Kn 
of G, and such that every compact subset of G is contained in sorne 
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f 11/> (xy)f (y) Idy 
G ' 

n = 1.2 ••.•• 

(11 11 a norm on End (V)) are semi-norms on C (G). and Ifll = O for eve e n -
ry n isequivalent to f=O. Then the Fréchet space L(G) which is the 
completion of Ce(G) by these semi-norms. plays the role of Ce(G) in 
the construction of the representation of G (for the details see 
Shin'ya [1]). 

If a spherical function 1/> is associated to a Banach representation U 
oí G then 

l4>(g) 11 .;;; HU (g)l fo.r all g E G 

(1 11 is the usual operator norm). The function 

p (g) = 11 U (g) U 

is a positive real valued lower semi-continuous function which is 
bounded on compact subsets of G and satisfies 

p (xy) .;;; p (x)p (y) 

for all x,y E G; such a function is called a semi-norm on G. 

A Banach space valued function f on G is said to be quasi-bounded if 
there exists a semi-norm p on G such that sup Ilf (gH /p (g) < oo. 

gEG 
Thus, if a spherical function comes from a Banach representation of 
G it is quasi-bounded. Conversely. if 1/> is an irreducible quasi­
bounded spherical function on G. then it is associated to an alge­
braically irreducible Bana,ch representation of G. Let p be a semi­
notm on G such that sup RI/> (g) 11 /p (g) < oo. One constructs the Banach 

gEG 
representation as before. but replacing the space Ce(G) by the Banach 
algebra obtained by completing Ce(G). with respect to the p-norm 

IIfU = J If(g)lp(g)dg ef E CeeG)) 
P G 

(cf. Godement [1]). 

3. THE ALGEBRAS I ~(G) AND THEIR REPRESENTATIONS. e,u 

In what follows we shall denote by Ie(G) the set of functions 
f E CceG) which are K-central. i.e. invariant under g ~ kgk- 1 ; thus 
1 (G) is a subalgebra of C (G) and the operator 

e e 

is a continuous projection (in the inductive limit topology) of CeeG) 
onto 1 (G). We shall pQt 1 ~eG) = 1 (G) n C ~eG), this is also a e e,u e e,u 
subalgebra of CeeG) and f ....... fO maps C ~(G) onto 1 .(G): If . e, u e ,u 

f E IeeG) and if X6Af = f, then al so f = f AX6; this means that the 

map f ....... X~Af is a continuous projection of 1 (G) onto 1 ~eG). 
u e e, u 
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The topology induced by ee(G) is the one we shall consider on I e ,6(G). 

If a is a Radon measure on G then a b can be defined by the following 

"weak" integral: a O = IK(lik*a*I\_l)dk (li x denotes the Dirac measure 

at x). Observe that 

( 1 ) 

whenever a or ~ has compact support. 

Let ~: G -+ End(V) be a spherical function of type Ii and height p. 
Then V is a K-module under~: k ~ ~(k). Let EndK(V) be the commuta­

tor of the representation~. Now, since the representation ~ decom­

poses into p equivalent irreducible representations, it is clear that 

its commutator is isomorphic with the algebra M (e) of all p x p ma-
p 

trices, and such isomorphism is unique up to an inner automorphism 

of M ce). If f E I (G) then 
p e 

in fact 

~ (k)~ (f) 

= IGfCg)~Cgk)dg = ~(f)~(k). 

Therefore, we may view~: I e ,6(G) -+ EndK(V) as p-dimensional repre­

sentation of I ,(G). Also note that if ~(f) = I then ~(fO) = 1 
e, u 

(f E Ce(G)). Hence, we have proved the first part of the following 

theorem: 

THEOREM 3.1. If ~: G -+ End(V) is a spherical function of type Ii 

then ~: I e ,6 (G) -+ EndK(V)gives a continuous representati~n of 

I e ,6(G) such that I E ~(Ie,6(G)). Conversely, any continuous finite 

dimensionaZ representation L of I e ,6(G). suah that I E L(I e ,6(G)) is 

equivaZent to one given by a spheriaaZ funation ~ of type Ii. 

We shall prove the second part of this theorem in several steps. 

PROPOSITION 3.2. Let ~: G -+ End(V) be a K-aentral aontinuous funa­

tion suah that Xo*~ = ~.Then ~ satisfies the funational equation 

~(x)~(y) = IK~(k x k-1y)dk 

if and onZy if the mapping ~: f ~ JGf(g)~(g)dg is a representation 

of 1 .(G). e,o 

Proof. In view of 2.(2) and 2.(3) we have 
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H(X6:1e f °:leX.s) :le (Xéh°:leX6)) = ,J J f°(:~)hO(y) (J/.s(k-i)HXkY)dk)dXdy= 
GxG 

J f fO (x)hO (y).p(xY),dxdy 
GxG 

J 'J f(x)hO(y) (J/(k ~ k-1y)dk)dxdy 
GxG 

J J f(x)h(y) eJ
K 

.p(k x k-1y)dk)dxdy 
GxG 

and 

.p(X.s:lef°:leX.s).p(X.s:leh°:leX.s) = J J fO(x)hO(y).p(x).p(y)dxdy 
GxG 

J J f(x)h(y).p(x).p(y)dxdy 
GxG 

fOT all f,h E Cc(G). Now, the proposition follows immediately. 

Let (V,w) be a finite dimensional K-module such that any irreducible 
submodule belongs to 6. 

Let A denote the vector space of all continuous functions 

~: G ~~ End(V) such that ~(klgk2) = w(kl)~(g)W(k2) for all k1 ,k2 E K, 

and let B denote the vector space of all continuous functions 
~: G -~ EndK(V) such that .p is K-central and X.s:le.p = .p. 

PROPOSITION 3.3. Let A and B be the ~inear mappings defined by 

(M) (g) r 11' ek)~ (g)1I' (k-1)dk for ~ E A 
J K 

for .p E B • 

Then A is an isomorphism of A onto B and B is the inverse of A. 

Prooj'. It is clear that (M) (g) E EndK(V) , g E G, arid that M is 
K-central. Let us check that Xó~A~ = A~: 

eX/):leM)(g) = JK JK X6(k)1I'(kl)Hk-lg)1I'(k~1)dkldk 

JK J
K 

X6(k)1I'(kl)1I'(k-l)Hg)1I'(k~1)dkdkl 

since IK X.s (k)1I' (k-1)dk l. 

(M) (g) 

An obvious computation shows that B maps B into A. For .p E B we have, 

CA (B.p)) (g) 



89 

= d(6)2f f W(kklk-l)~(kllg)d~dkl ~(g) 
K K 

since d(6)2 f W(kk1k-1)dk = X6(k1)I. 
K 

In a similar way one proves that B is a left inverse of A, and this 
completes the proof ofProposition 3.3. 

COROLLARY 3.4. Let ~ E B; if ~(e) = I then ~(k) 

aH k E K. 

Prooof. If t/J E A then t/J (e) E EndK(V), since W (k)t/J (e) = t/J (k) = t/J (e)1I" (k) 
Therefore (At/J)(e) = t/J(e). 

Now let t/J = B~, then t/J(e) = ~(e) = 1 and t/J(k) 1I"(k) for all k E K. 
From this we get 

Itomay be worthwhile to point out also the following corollary: 

COROLLARY 3.5. Foro any t/J E A we have trAt/J = trt/J and foro any ~ E B we 

have trB~ = tr~ . 

Prooof. The first assertion is obvious and to prove the second let 
t/J = B~ , then 

PROPOSITION 3.6. Let ~ = At/J, t/J E A. Th~n t/J satisfies 

(2) 

if and onZy if ~ satisfies 

(3) 

Prooof. If we assume (3) we have 

t/J(x)t/J(y) = (B~)(x)(B~)(y) • d~)4f f w(kl)~(kllx)w(k2)~(k;ly)dkldk2= 
KxK 

d(6)4f f JW(klk2)~ekkll x k- 1k;ly)dkdk1dk2 
KxKxK 

d(6)4J J J 1f(klk2)~ek21kkll x k- 1y)dkdk1dk2 = 
KxKxK 

• d(6)2J J 1f(kl)t/Jekkil x k- 1y)dkdk1 = JKX6ek)t/Jexk-1Y)dk . 
KXK 
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eonverse1y, if we assume (2) we have 

1/1 (x)1/I(y) (M) (x) (Af[l ley) 

J J 71' (k l )Hx)7I' (kl l )7I' (k2 )Hy)7I' (ki l ) dk l dk2 
KxK 

J.J 71'(k2kl )'(x)7I' (kll)f[l (y)7I' (k;l)dk1dkz 
KxK 

J J J 
KxKxK 

J J J 71' (k 2)X Ó (k- 1)f[l (kk1 x k11y)7I' (k;l)dkdk1 dkz 
KxKxK 

PROPOSITION 3.7. Let f[l: G -+ End(V) be a aontinuous funation suah 

that f[l(k1gk z) = 71'(k 1)'(g)7I'(kz)' aZZ kl,kz E K. Then f[l satisfies the 

funationaZ equation 

(4) • (x)f[l (y) J -1 
X o (k )f[l (xky) dk 

K 

if and onZy if the mapping f[l: f r-+- JG f(g)f[l(g)dg is a representa­

tion of 1 .(G). e, u 

Proof. That f[l gives a representation of 1 .(G) whenever • satisfies 
e,u 

(4), it fo11ows at once from Proposition 2.2. 

To prove the converse 1et 1/1 = Af[l and observe that 

(S) .(f) = J J f(g)'(kgk~l)dkdg = J f(g)1/I(g)dg 1/I(f) 
GxK , G 

for a11 fE Ie(G). Therefore by proposition 3.2 1/1 satisfies (3) which 
in turn imp1ies that f[l satisfies (4). 

Proof of Theorem 5.1. The first partwas a1teady proved. Now 1et 
L: 1 .(G) -+ M (e) be a continuous representation such that L(h) = 1 

e, u . p 

for some hE 1 .(G). The composite map 1/1: e (G) -+ M (e) defined by 
e,u e p 

1/I(f) = L(Xo*fO) is a Mp (e)-va1ued Radon measure on G. We have 

1/I(f) = L(~o*fO) = L(~o*fO*h) L(Xo*(f*h)O) = 1/I(f*h) = (1/I*h)(f) 
v 

for a11 f E ee(G). Therefore 1/1 1/I*h is a continuous function on G 
which represents L. Using once more (1) we get 
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for any f E ec(G), which shows that ~ is K-central. In a similar way 
one also establishes that Xo*~ = ~. 

Let (V,~) be a K-module which is the direct sum of p irreducible mo­
dules belonglng to 6. lf we identify M (e) with EndK(V) the function 

, p 
~ E B. Let ~ = B~ (see Proposition 3.3). Now, L(f) = ~(f) = ~(f) for 
every fE 1 ~(G) (cL (S)). Therefore, by Proposition 3.7, ~ satis-

c,o 

fies the functional equation (4). To finish the proof we have to 
show that ~(e) = l. From the fact that ~ satisfies (3) we obtain 
~(e)~(g) = ~(g) = ~(g)~(e), g E G. Since ~(l ~(G)) coincides with e, u 

the linear span of {~(g): g E G} it follows that ~(e) = 1, which im­
plies ~(e) = 1 (see eorollary 3.4). 

REMARK 3.8. lf V = Vo$ ... $V o (p-times) is a K-module as above, it is 

easy to verify that there is an algebra isomorphism 
L: End(V o) ® EndK(V) -+ End(V) such that L (T ® S) = (T$ ... $T)S. Let 

1(6) = e(K)*Xo ; of course 1(6) is a *-algebra isomorphic to End(V 6), 

more precisely, if we make use of the natural identification 
End(V o) ~ V~ ® v~ then an isomorphism l can be described by 

l(v ® A)(k) = d(6)A(k- 1.v) for all v E Vo' A E v~, k E K. Now the re­

lation between the linear maps ~: e ~(G) -+ End(V) and 
e, u 

~: Ic,o(G) -+ EndK(V) , defined by ~ E A and ~ = A~, can be explained 

appealing to the following structural fact due to Dieudonné, (cf. 
Dieudonné [1], p. 237): the bilinear map (a,f) -+ a*f of 
1(6) ® 1 ~(G) into e (G), establishes a *-algebra isomorphism of the 

C,u e 

tensor product *-algebra 1(6) ® 1 ~(G) with e ~(G). Then c,u c,u 

1 (6) ® 1 6 (G) "" e o (G) -e, e, 

l ® ~ j j ; 
End(V 6) ® EndK(V) --+o End(V) 

commutes. A simple and important consequence of this is the following: 
there exists a natural one-to-one correspondence between the equiva­
lence classes of finite dimensional irreducible¡ representations of 
1 ~(G) and those of e ~(G). 

C,U c,u 

REMARK 3.9. Let ~: G -+ End(V) be an irreducible spherical function 
of height p. Let ~(g) = tr~(g), g e G, and put ~o • d(6)-1~. Then 
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le,oCG) 
¡Ji 

, M (e) 
p 

~o~ / tr 

e 

is commutative, where ~o(f) = JG f (g)~o(g)dg and 

¡Ji(f) = J f(g)(A~)(g)dg E EndK(V) ~ M (e), f E 1 ,(G). According 
G pe, u 

to Proposition 3.2 ~o satisfies (3) 

a homomorphism which corresponds to 

that ~ satisfies 

if and only if tr: M (e) ~ e is p , 

p=l. Therefore we have proved 

~(x)~(y)·= d(&) JK ~(k x ky-l)dk 

for arbitrary x,y E G, if and only if p=l (cf. Godement [11, p. 524). 

For completeness we shall point out the following. Suppose that eve­

ry topological1y completely irreducible Banach representation of 
e ,(G) is fini te dimensional (see Warner [11, p. 228). Then the set 

c,u 

of all irreducible spherical functions of type & separates the 

points of e .(G). lnfact, in virtue of the Gelfand-Raikov Theorem 
e • u 

the set of all topologically irreducible unita~y representations of 

G separates the points of e (G). Let f E e ,,(G), f~O and let U be 
e . c,u 

a topologically irreducible unitary representation of G such that 

U(f) ~ O. But U(f) = U(X8 *f*X6 ) = U(Xo)U(f)U(X8), which says 

~(f) f O, ~ being the spherical function of type 8 associated to U. 
As a consequence of this we have: 

PROPOSITlON 3.10. The folZowing properties are equivaZent: 

(i) 

(ii) 

(iii) 

1 .(G) is commutative. 
e,u 

Every irreducibZe sphericaZ function o/ type 8 is of 

height one. 

I .(G) is the aenter of e ,(G). 
C,U c,u 

Proof. If (ii) hOlds, then le,.s (G) admi ts sufficient1y many one di­

mensional representations, hence (i). eonversely, if 1 ,(G) is com-
e,u 

mutative, then every finite dimensional irreducible representation 

o.f Ie,.s(G) is one dimensional so that every irreducible spherical 

function of type 8 is of height one.lt is clear that (iii) implies 

(i). To complete the proof it suffices to show that (ii) implies 

(iii). Let f El, (G), then for any h E e ,(G) and any irreducible 
C,u C,u 

spherical function ~ of type 6 we have ~(f*h) = ~(f)~(h) = ~(h)~(f) 
= ~(h*f) since ~(f) is a scalar for every fE 1 ,(G). Therefore 

e,o 
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1 ~(G) is contained in the center of C. ~(G). Furthermore, if f be-
c,u c,u 

longs to the center of C ~(G) then ~(f) is a scalar in every irredu-
e,u 

cible spherical function of type 6, hence ~(fO) = ~(f), which proves 
that fO = f. 

If ~: G -- End(V) is a spherical function of type 6 and height p, the 

function A~ = ~: G -- EndK(V) ~ Mp(C) should be considered as the 
other face of the same coin. Thus a spherical function ~(on (G,K)) 
of type 6 is also a continuous function on G with values in End(W) 
(W a finite dimensional vector space) such that: 

(i) ~(e) I. 

"" (i i) Xo*~ ~. 

(iii) ~(xH(y) J/(k x k-1y)dk for al! x,y E G. 

The dimension of W is the height of ~. 

PROPOSITION 3.11. Let ~: G -- End(W) be a continuous K-central func­

tion which satisfies (iii). Then ~ can be decomposed in a unique way 

as the direct sum ~ = O + L~o of a zero function and of spherical 

functions ~ eS of type 6. eS 

Proof. Note that for any g E G, 

Because ~ is K-central, XeS*~ = ~(XeS*~)(e) follows as before. Conse­

quentIy, (Xo*~) (eH = xo*~ ~(xeS*~) (e). 
A 

Given 6,6' E K we have 

(x o * ~) (e) (X o ' * ~) (e) = (X o ' * (X o * ~) (e H) (e) = (X o ' *x o * ~) (e) 
A 

showing that (Xo*~)(e), 6 E K, are orthogonal projections, and there-
A 

fore they are .zero for almost al! g E K. Hence, ~(k) 

all k E K, and in particular ~(e) = L(Xo*~)(e). 
o 

We also have ~(e)~(x) = ~(x) = ~(x)~(e) for all x E G. 

Therefore ~ = (I-~(e))~ + L(Xo*~)(e)~ = (I-~(e))~ + LX *~ 
o eS o 

which clearly completes the proof of the proposition. 

The K-central functions ~: G __ .End(W) which satisfies (iii) are pre­

cisely those which give a representation of Ie(G) on W. 
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4. DIFFERENTIAL PROPERTIES OF SPHERICAL FUNCTIONS. THE ALGEBRA 

DO(G) AND THEIR REPRESENTATIONS. 

In this section, we assume that G is a connected Lie group. 

LEMMA 4.1.If ~:G,-+ End(V) is a spheriaal funation. then ~ is dif­

ferentiable (C oo
). 

Proof. Let 11 11 be a norm on End(V) such that IITSII .;;;;; IITII 11 Sil for a11 
T ,S E End(V). Now, it is we11-known that if IIT-ll1 < 1, T E End(V) , 
then T is invertible. Since ~ is continuous we can choose a neigh­

borhood U of the identity in G such that 111 - ~(g)1I < 1 for all 
g E U. 

Let f be a COO real valued function with compact support contained in 

U such that f > O and JGf(g)dg = 1. Then JGf(g)~(g)dg is an automor-

phism of V. In fact 

Ii 1 - J G f (g) r/J (g) dg 11 11 J G f (g) (1 - <P (g) ) dg 11 .;;;;; J G f (g) 11 1 - <P (g) 11 dg < 1 . 

Final1y, 

r/J(X)fGf(y)r/J(Y)dY fGf(y) JKXo(k-l)r/J(XkY)dkdY 

which shows that r/J is COO
• 

Let D(G) denote the algebra of all left invariant differential ope­
rators on G and let Do(G) denote the set of operators in D(G) which 

are invariant under all right translations from K. Of course Do(G) 
is a subalgebra of D(G). 

LEM~ 4.2. Let <P be a spheriaal funation of type ~. Then 

[ D<P J (g) = Hg)[ D<P I (e) 

foI' all D E Do(G), g E G. 

Proof. For each DE D(G) we get from 1. (2) 

Hx)[ Dr/JI (y) 

Putting y=e we obtain 

<P (x)[ DI/Il (e) 
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If DE DO(G), then 

[ D4I] (gk) [D4I] (g)4I (k) 

for all g E G. Therefore, 

which proves the lemma. 

PROPOSITION 4.3. Any spheriaa~ funation on G is ana~ytia. 

Proof. Suppose f: G -+ V is a C~ function such that [Df] (g) Tf (g) , 

all g E G, for sorne TE End(V) and sorne DE D(G). We can find a ba­
sis {e i } of V so that T is given by a rnatrix of the forrn 

o 
" * " " 

" " '-

A 
n 

Let S E End(V) be the linear rnap defined by Se. = A.e" i=1,2, ... ,n. 
~ ~ ~ 

Then (D-S)nf = (T-S)nf = O. Hence, if f. denotes the ith-cornponent 
~ 

of f with respect to {e;} we have (D-A.)nf. = O. If D is elliptic, 
~ ~ ~ 

by a theorern of S. Bernstein and induction on n, it follows that 

every solution of an equation (D-A)nh = O is analytic. Therefore, in 
this case our function f is analytic. 

It is well-known that Do(G) contains elliptic operators (cf.Godernent 
[1], p. 539) thus, the proposition follows now directly frorn Lernrna 
4.2. 

We shall frequently use the following basic property: 

LEMMA 4.4. Let f be a K-aentra~ ana~ytia funation on G; then f=O 
is equivaZent to 

[Df] (e) = O for every D E Do(G). 

Proof. Since f is analytic and since G is connected, it is clear that 

f=O is equivalent to [Df] (e) O for all D ED(G). Let DL(g), DR(g) 

denote respectively the left and right translation by g of DE Do(G). 
We can forrn the integrai 

Do = fK DR(k) dk 

which is an operator in DoCG). Since f is K-central we have 

[DR(k)f] (e) = [DL(k)f] (e) = 1 Df] (e) so 
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[Df] (e) 

This proves the lemma. 

PROPOSITION 4.5. Let ~: G -+ End(V) be a K-centraZ anaZytic function. 

Then ~ satisfies the functionaZ equation 3.(3) if and onZy if the 

mapping ~: D -+ [D~l (e) is a representation of DO (G) . 

Proof. Frem 3.(3) one gets, in a completely similar way as we proved 

Lemma 4.2, [D~](g) = Hg)[D~I(e) fer every DE Do(G). Conversely, itis 
also clear in virtue of Lemma 4.4', that this implies 3. (3). Invoking 

once more Lemma 4.4 one sees that 

[D~J (g) = ~(g)[ D¡J¡] (e) for every D E DoeG) 

is equivalent to require that ¡f¡: Do(G) -~ End(V) is a representatien. 

In the following proposition (V,-) will be a K-module as in Section 3. 

PROPOSITION 4.6. Let tf¡: G -+ End(V) be an anaZytic function such 

that tf¡ (kgk1) = - (k1).p (g)- (k 2 ) (aZZ k,k 1 E K). Then .p satisfies the 

fune,tional equation 1. (2) if and onZy 1:f the mapping .p: D -+ [D.p] (e) 

is a representation of DOCG). 

Proof. First of a11 let us observe that [D.p] (e) E EndK (V) fer all 

DE DoCG). In fact, ií D E Do(G) we have 

-1 
[D.p] (e)7I" (k) = [D(,bR(k )] (e) [DL (k)rp] (k) 

-1 
[DrpL(k. )] (e) = 71" (k)[ Drp] (e). 

Let ~ Arp (see Proposition 3.3), then 

for every DE DoCG). Therefore, the proposition follows at once from 

Propositions3.6 and 4.5. 

REMARK 4.7. Of course, combining Proposition 3.3 and Lernma 4.4 one 
gets the following analogue of Lernma 4.4 for analytic functions 

rp: G -+ End(V) which satisfies <l>(kgk1) = 71" (k)rp(g)7I"(k 1), fol' a11 

k,k 1 E K, namely: rp = O if and only if [Drpl (e) = O for all D E DoCG). 

We shall consider a topology on Do(G), introduced by Godement (cf. 

Godement [1], p. 538). We say that a variable D E Do(G) converges to 

a given Do E Do (G) if [Df] (e) converges to [Dof] (e) for every analy-

tic K- central function f. This topology is precisely the weak topo­

logy defined on Do(G) by the natural pairing of Do(G) and the vec-

tor space of all K-central analytic functions on G. 
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We are now in a position toprove the main result of this section' 
which is an infinitesimal counterpart to Theorem 3.1. 

We recall that if (V,w) is a finite dimensional K-module which is the 
direct sum of p irreducible equivalent submodules, we can identify 
Mp(e) with EndK(V). 

THEOREM 4.8. If 1/>: G --+- End(V) is a sphel'ical funation then 

1/>: D -+ [DI/>l (e) maps DO(G) into EndK(V) , giving a aontinuous l'epl'ese~ 

tation of Do(G). Convel'sely. any continuous finite dimensional l'epl'e­

sentation of Do(G) is the dil'ect sum of a zel'ol'epl'esentation and 

ones given by sp.hel'ical funations. 

Proof. That [DI/>l (e) E EndK(V) for every D E Do(G) was observed du­
ring the proof of Proposition 4.6. If we put ~ = Al/> (see Proposi­
tion 3.3) we have [DI/>l (e) = [D~l (e), which shows that 
1/>: Do(G) -+ EndK(V) is continuous, by the very definition of the 
topo logy in Do (G). From Propos ition 4.,6 we get tha t 1/> defines a re­
presentation of Do(G). 

To prove the second part, let us assume that L: Do(G) --+­

continuous representation. By weak duality such a linear 
fined by a K-central analytic function ~: G -+ M (e); 

p 

M (e) is a 
p 

map is de-

LeD) = [D~l (e). Now by Proposition 4.5 we know that ~ satisfies 

all x,y E G , 

which in turn implies our contention (cf. Proposition 3.11). 

Naturally, a subspace W e e P is ~(G)-invariant if and only if it is 
~(Do(G))-invariant (HD) = [D~l (e), D E Do(G)). This follows at once 
from Lemma 4.4. Thus, in particular, Theorem 4.8 establishes a one­
to-one correspondence between the equivalence classes of continuous 
finite dimensional irreducible representations of Do(G) and the equi 
valence classes of irreducible spherical functions on G. 

The relation between the spherical function 1/>: G -+ End(V) and its 
asso~iated representation of Do(G), is the exact generalization of 
the correspondence between,a finite dimensional representation of G 
and the derived representation of the Lie algebra of G. In fact, if 
we take K = {e} then Do(G) becomes thealgebra D(G) of all left in­
variant differential operatorson G, which is isomorphic to ~he uni­
versal enveloping algebra of the cdmplexification of the Lie algebra 
of G. Since in this case the spherical functions are precisely the 
finite dimensional representations and moreover, there is a natural 
one-to-one correspondence between the set of all representations of 
a Lie algebra a on V and the set of i all representations of the uni­
versal enveloping algebra of a on V, our assertion is clear. 
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ON SMALL SUBMODULES IN THE TOTAL QUOTIENT RING 

OF A COMMUTATIVE RING 

Manabu Harada* 
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As a genera1ization of Nakayama's 1emma, we know the concept of sma11 
submodu1es and many authors have studied those submodu1es in projec­
tives [1), [3] , [7J and [8). In [2J and [4) , we have some applica­
tions of sma11 submodu1es to ho110w modules. In this short note, we 
shall study small submodu1es from a li tt1e different point of view. 

Let R be a commutative ring with identity and Q the total quotient 
ring of R. In the first section, we sha11 show that R is a sma11 sub­
module in Q as an R-modu1e if and on1y if every maxima1 ideal in R 
contains a non zero-divisor. In the second section, we assume R is a 
Dedekind domain. Then we sha11 determine a11 sma11 submodu1es in any 
direct sums of copies of Q as R-modu1es. 

1. COMMUTATIVE RINGS. 

Throughout this note we a1ways assume that a ring R is commutative 
and has the identity. By Q and D(R) (or brief1y D) we sha11 denote 
the total quotient ring of R and the set of zero-divisors, respecti­
ve1y. We ca11 an e1ement in R-D reguZar. 

LEMMA 1. Let T be an R-submoduZe in Q such that Q 
contains a reguZar eZement x. Then T = Q. 

R + T and R n T 

Proof. Let x- 1 = r + t; r E R, t E T. Then 
T ;;¿ R and T = Q. 

rx + tx E T and so 

THEOREM 2. Let R be a commutative ring and Q its totaZ quotient ringo 
Then R is smaZZ in Q as an R-moduZe if and onZy if every ma~imaZ 

ideaZ in R contains a reguZar eZement. 

Proof. We assume R is n<¡>t small in Q as an R-module. Then Q = R + T 
for some R-modu1e T (~ Q). Since T n R is an ideal contained in D(R) 
by Lemma 1, TQ = Q. Hence, we may assume that T is an ideal in Q. 
Let T' be a maximal ideal in Q containing T and put M = T' n R. 

* This work was partially supported br the multinational project on 

mathematics of O.E.A. in 1976. 
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Sinee TI, = MQ, M is a prime ideal in R whieh is eontained in D. If 

there exists an ideal MI in R sueh tha~ D ~ MI ~ M. Q ~ MIQ ~ MQ = TI. 
Henee M = MI. Next, we shall show that M 'is a maximal ideal in R. 
Let N be an ideal in R, which eontains properly M. Then N eontains a 

regular,element x from the above observation. Let x- 1 = r + p(b/a); 
b,r E R, a E R-D ~nd p E M, sinee Q = R + TI. Then (l-rx)a = pbx E M 
and a ~ M. Henee, (l-rx) E M ~ N, whieh implies N = R. Therefore, D 
eontains the maximal ideal M. Conversely, we assume that D eontains 
a maximal ideal B. Let a be any regular elemento Then R = (a) + B 

and so 1 = ra + b; rE R, bE B. Henee, a- 1 = r + ba- 1 E,R + BQ. 
Therefore, Q = R + BQ and Q ~ BQ sinee B ~ D. 

COROLLARY 3. Let R be a noethe~ian ~ing with Q the total. quotient 

~ing. Let {Pi} be the set of assoaiated p~ime ideal.s of (O) (see [9], 

p. 211). Then R is an R-smaZZ submodule in Q if and onl.y if eve~y 

Pi is not ma':x:imaL 

COROLLARY 4. Let R be a semi-Zoaal. ~ing. Then R is smaZZ in Q if and 

onl.y if J(R) aontains a regul.a~ el.ement. whe~e J(R) is the Jaaobson 

~adiaal. . 

The following proposition is a direet eonsequenee from Theorem 2, 
however we shall give a proof, whieh is interesting itself. 

PROPOSITION S •. R is sman in Q if one of the foZZowing aonditions is 

satisfied: 

1) The~e exists an ideal. aontaining p~ope~Zy D. 

2) Q ~ R and J(R) 2 D. 

3) J(R) !t D. 

P~oof. We assume Q R + T for some R-submodule T. Let a be regular 

and a-1 = r + t; r E R, t E T. Then 1 = ra + ta an~ ta 1-ra E R n T. 

1) Let a be in A-D, where A is an ideal eontaining D. If ta is in D, 
1 = ra + ta E A, whieh is a eontradietion. Therefore, ta is regular 
and Q = T from Lemma 1. 

2) Sinee Q ~ R, there exists a regular element a sueh that a-1 ~ R. 
If ta is in D, ra =l-ta has the inverse in R from the assumption. 
Henee, so does a, which is a eontradietion. Therefore. Q = T from 
Lemma' 1. 

3) Let a be in J(R)-D. Then ta = 1-ra is an unit in R. Henee. Q T. 

COROLLARY 6. If Q ~ R and R is one of the fol.l.owings 

1) R is domain. 2) R is Zooal. and 3) (O) is p~ima~y. then R is smaZZ 
in Q. 

P~oof. It is elear from the above. 
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We note that all conditions in Proposition 5 are independent each 

other and if R is artinian, then Q = R. 

PROPOSITION 7. We assume R is smal.l. in Q and B is an ideal. CJontaining 

a regul.ar el.ement. Then B-n = {x E Q I Bnx ~ R} is smal.l. in Q. 

Proof. Let Q = B- n + T for sorne R-module T. Since QB = Q, 

Q = BnB- n + BnT ~ R + T ~ Q. Hence, Q = T. 

Z. DEDEKIND DOMAINS. 

In this section, we assume R is a Dedekind domain. 

LEMMA 8. Let R be a Dedekind domain. Then every R-smal.l. submodul.e in 
-n. 

Q is CJontained in a smal.l. submodul.e of a form ¿ P. 1,where P. runa 
1 1 

through aZl. maximaZ ideal.s and the ni is a natural. number for al.l. i. 

Proof. Let S be an R-small submodule in Q. Then so is R + S by Corol­

lary 6. Hence, we may assume S ¿ R. Now Q/R = ¿ e ¿ P-n/R by [5]. 
P n 

Since the ¿ P-n/R is an uni-serial module, every proper submodule is 
n 

small in it. Hence, SIR = ¿ e 
Pi 

is small in Q from the above. 

-n. -n. 
P. 1/R. Since R is small in Q, ¿ P. 1 

1 1 

THEOREM 9. Let R be a Dedekind domain. with Q the quotient fiel.d. We 

put Q(I) = ¿ e Q . Q = Q and 1 is any index seto Then every R-smal.l. 
1 a' a 

submodul.e in Q(I) is CJontained in ¿ e SNi' where the S is a smal.l. 
~~ ai 

submoduZe given in Lemma 8 and the CJonverse (cf. [3], Proposition 1 

and Remark 3). 

Proof. We assume S ~ ¿ e Q for any finite subset J of 1 and show 
J ai 

'" a contradiction. We put Q(I) = ¿ e Q. e ¿ e QS' When we consider the 
i=l 1 '" 

projection of Q(I) ,to ¿ e Q., we may assume Q(I) = ¿ e Q .. Let p. 
1 i=l 1 1 

be the projection of Q(I) to ith component, we may assume S ~ ¿ e Ri 

and PieS) ~ O for all i. First, we consider SI = {SI E R I there 

exists S e S such that s 

S = s (l)R + s (Z)R + 
1 1 1 

sl+sZ+"'}' Since SI is an ideal in R, 

+ SI (tl)R, (SI (i)~O). Let s(l,i) 

= s (i) + s ' + + 1 Z· •• 

take mZ such that mI ' 

sn(l,i)' be in S. Put mI' = max{n(1,i)} and 

< m2 . Let S = {s E R I there exists s E S 
m2 mZ 

such that s = o + s2 + ... 

s ~O. Let S 
m2 m2 

s (l)R + 
m.2 

+ ..• }. Since ml ' < m2 and Pm2(S)~O, 

+ ••• + s (t2)R and 
m2 
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+ + s (i) + + s , (s (i) 
~ O) • Put m2 

, 
= o ... ... ' n(2,i) 

, 
m2 m2 

max {n(2,i)} and take m3 such that m3 > m2 
, Let 8 

m3 
{s 

m3 
E R I 

there exists s E 8 such that s = o + s2 
I + ••• + S + ••• + S + ••• }. 

m2 m3 

Repeating those arguments, we obtain a seqlfencem1 1, m2 , m3 , 

such that peS) ¿ L $8 2 L $ s (l)R where p = L p . Then 
i-l mi i-l mi' . mi 

L $ S R must be small in peQ(l») = I $ Q . Now, we define 
i-l mi i=1 mi 

f: L $ n . -+ Q by settins f(q ) = x~i(s(I»)-lq where x E A-A2 
~l. mi mi mi' 

for a fixed prime A. Then f( I $ s (1)R) is not small in Q by Lemma 
i=1 mi 

8, which contradicts the assumption that S is small. Therefore, 

8 h L $ Qa' for some finite subset J of l. The remaining parts are 
J 

clear from Lemma 8. 

We note that if R is a noetherian U.F.D., then we can obtain a similar 

results to the aboye. 
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ABSTRACT. Meromorphic differential operators on a reduced locally 
irreducible complex analytic space are studied in this paper~ Con­

ditions are established far regularity of such operators. 

1. I NTRODUCT I ON. 

This section contains some basic definitions and facts about mero­

morphic functions on complex analytic spaces. 

Let X be a connected complex analytic space and 0x be the sheaf 
of germs of analytic functions on X. It will be assumed that X 

is reduced and locally irreducible. This means that each x E X 
has arbitrarily small neighborhoods U such that (U,OxIU) is iso­

morphic as a ringed space to (V,Ow1dv) where W is the unit poly­
disc in CN for sorne N, V is a closed irreducible subvariety of W, 

and dv is the sheaf of ideals of analytic functions vanishing on 

V. In this case the stalks ° are integral domains and M , the x,x X 

sheaf of quotients of ex, is a sheaf of fields. Mx is the sheaf 

of germs of meromol"phic funations on X. ° can be considered a 
X 

subsheaf of Mx' 

The results in this paper are of a local nature and the proofs 
are most convenientIy carried out for germs. If X is an analytic 

space or a subvariety of an analytic space and x E X, then Xx 
denotes the germ oí X at x. For fEO ,let f(x) denote the x,x 
value of f at x, that is, the 'residue class modulo the maximal 

ideal. For a function m E r(U,Mx) and a point x E U, let mx 
denote the germ of m at x. 

Let U be an open subset of X and m E reU,Mx)' The singuZar set of 
m, sing(ml, is defined to be {x E U: m ~ ° }. Since m E M x x,x x X,x 
can be represented (not necessarily uniquely) by m = f/g where 

x 
f ,g E 0x • x will be in sing(m) if and only if g (x) = O for ,x 

all possible representations m f/g. Because of this, sing(m) 
x 

is an analytic subvariety of U. A germ m E Mx can always be 
x ,x 

represented by a function m in a neighborhood of x, so sing(m ) 
x 
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can be defined as (sing(m)) . , x 

A more thorough discussion of, meromorphic functions can be found 

in Narasimhan [2], p. 8~. 

Certain facts about extensions and'restrictions of holomorphic dif­
ferential operators will be assumed; these can be found in [ 1] . 

2. MEROHORPHIC DIFFERENTIAL OPERATORS. 

Let Diff~ be the sheaf of germs of holomorphic differential ope­
rators of order n on X. Diff~ is a coherent sheaf of 0x-modules. 
A holomorphic differential operator D E r(X,Diff~) can be con­

sidered to be a C-homomorphism D: r (X,Ox) - r(X,Ox) or a 
C-linear sheaf homomorphism D: 0x - 0x' A germ of a differential 
operator, Dx E Diffnx • defines a C-homomorphism D : 0x - 0x . ,x x ,x ,x 

The sheaf of germs of n th order meromorphia differentiaZ opera­

tors on X is defined to be Mx 00 Diff~. An n th order meromorphic 
X . n 

differential operator on X is a section D E r(X,Mx 00xDiffx) 
andcan be considered to be a C-homomorphism 

D: f(X.Ox ) --+ r(X,Mx) or a e-linear sheaf homomorphism 

D: 0x --+ Mx' A germ Dx E (M x 00xDiff~)x defines a C-homomorphi'sm 

D : 0l' -¡.. Mx . 
X ",X ,x 

Diff~ can be considered a subsheaf of Mx 00X Diff~. 

A meromorphic differential operator D on X is singuZar at x E X 
if its germ at x is not ift Diffxn . We denote the set of such 

.x 
singular points by sing(D). The set sing(D) is a subvariety of X. 

Por a germ D E (Mx 0 ° Diffxn) , sing (Dx ) can be defined as was x X x 
done for meromorphic functions. 

PROPOSITION 2.1. Let X be an anaZytia spaae and D be a meromorphia 

different-iaZ, oRel'ator on X. If D(Ox) e 0x then D is hoZomorphia. 

Proof. Let n be the order of D. 1t suffices to prove this propo­
sition locally, so it can assumed that X e CN as a closed analy­
tic subvariety. For x E X, Diffxn is finitely generated as an 

,x 
0x.x-module since Diff~ is coherent. 

Let D denote the germ of D at x. Then 

D mID I + ; •• + mkDk 

where D1, ...• Dk E Diffn are the generators at x and X.x 
ml.~··,mk E Mx x' Each m. can be represented by m. = f./g. with 

• 1 111 

f.,g. E 0x . Let g = gl ... gk E 0x • Then the operator 
1. 1. ,x ,x 

D' = gD = f¡DI + ••• + fkDk E Diff~.x 
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and D = l/g D'. Let m = l/g E Mx . ,x 

g can be extended to g E O N and thus m can be extended te 
e ,x 

l/g E M N Furthermore D' can be extended te 
e ,x 

and the operator o = ID O' E (M N 00 Diffn N). 
e eN e x 

It is clear that sing(O) e sing(m) and since ID is an extension 
of m E Mx ,sing(m) ~X . • x x 

Leti E O N and let ~ = ~Ix E 0x . ,x e ,x 
By hypothesis D(~) = m D'(~) E 0x o Furthermore O(~) E M N 

, x ",C ,x 
and D(~)IX E Mx.x because sing(O(~)) e sing(D) and sing(D) ~ Xx 

Now, D(~) Ix =< [m D' (~)J Ix = mIX.O' (;p) Ix = m D' (~) =< D(~) so if 

~ E O N then D(;P) Ix E 0x . _ e ,x ,x 
D' can be expressed in terms of the generators of Diffn N as 

e 
i 1 + ... + iN 

D' L a a. iN i 1 iN 1 1 
a z 1 il ZN 

with • E o N ,so 
1 N e ,x 

i l + ... + iN 
il a. i iN 1 N a Z 1 ilzN 1 

jI jN . 
The functions zl zN are all in O N so 

" e ,x 
.,. J l. 1N . _ 
D(zl o" zN )Ix E 0x . S1nce all the m a. . are linear ,x 1. 1 1 N. 

- jI jN-
combinations of the Dezl zN ), m a. . Ix E 0x 

1 1 1 N ,x 

Let b. 
iN = 

1 1 

Let b. 
iN 

be 
1 1 

Let 

(m a. ... iN ) Ix 
1 1 

an extension of 

E 0x ,x 

b. 
1 1 iN 

i 
a Z N 

N 

to ° 

The operators D and ñ agree on xx' so for W E o N 
e ,x 

D(W) Ix 

If W E dx then wlx = O E 0x so D(w)IX o. ,x ,x 

eN,x 
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Thus D(1/I) Ix = O and since D is a holomorphic operator, 
D(dx ) e dx and D induces a holomorphic differential operator ,x ,x 

on Xx' Since D and ñ agree on Xx' the induced operator must coin­
cide with D and thus D is holomorphic. 

3. MEROMORPHIC OPERATORS WITH STABLE IDEALS. 

Let D be a differential operator on an analytic space X and let 

V be an analytic subvariety of X with associated sheaf of ideals 

dv ' 

DEFINITION 3.1. dv is stabLe under D if for aZZ x E V, 
D(dv ) e dv . ,x ,x 

Let V and W be analytic subvarieties of X. 

DEFINITION 3.2. V is transversaL to W if there is an x E V n W 
suah that Vx t Wx and Wx t Vx (in whiah case V is transversaZ to 

W at x). 

The pfoposition and corollary that follow deal with varieties 
transversal to sing(D). 

PROPOSITION 3.3. Let D be a meromorphia differentiaZ operator 

of order n on X. Let x E X. Suppose that there is a germ f E 0x 
f ; O, suah that for aZZ g E 0x ' D(gf) E 0x . Then for aZZ ,x ,x 

g E 0x there is a representation D(g) = ---~- where ~ E 0x . 
,x f~+l ,x 

Proof. The proof is by induction on n, the order of D. 
For n=l, D = D' + h where D' is a meromorphic derivation and 

h E Mx . For g E O ,x X,x 

But g D' (f) + hfg 

and D'(g) = k/f. 

Now 

But 2f D' (f) E O 

Therefore D (g) 

D(fg) D' (fg) + hfg E 0x ,x 

f D' (g) + g D' (f) + hfg 

g D(f) E ° so f D'(g) = k E O X,x x,x 

2f D' (f) + hf2 E 0x . ,x 

x,x 
2 k ' as above, so hf = k 'EO and h = --

X,X f2 

D' (g) + hg where ~ E 0x . ,x 

Now suppose that order D = n and that the proposition is proved 
for differential operators of order ~ n-l. 

,x 



107 

Let g E 0X,X' The operator Df defined by 

Df(g) = D(fg) - f D(g) 

has order "n-l and satisfies the hypothesis Df(gf) E 0x,x for 
all g E 0x x. Therefore , 

witli '" E Óx • ,x 

Now Df(g) = D(fg) - f D(g) with D(fg) k E 0x ,x so 

f D(g) = k - .i!. 
fn 

Thus D(g) _<p_ wh.ere <p kfn 
- '" E 0x • fn+! ,x 

COROLLARY 3.4. Let D be a meromorphio di!!erentiat operator on X. 
Let V be an ánatytio Bubvariety with Bhea! o! ideats dV ' I! dv 
iB stabte under D then sing(D) iB not tranBversat to V. 

Proo!. By hypothesis, for all x E V, D(dv ) e dv . Then for ,x ,x 

f E dv and g E 0x ,D(gf) E 0x so by Proposition 3.3 D(g) ,x ,x ,x 

-= <prNwith <p E 0x . Thus dv e d. ·(D) so Vx ::> sing (Dx)' . ,x ,x s1ng ,x 

Therefore sing(D) is not transversal to V at x, and this holds 
for all x E V. 
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ABSTRACT. Suppose that A is a ring with 
clic if' all modules M with a generating 

ti = t i +1x i , Xi E A, are in fact cyclic 

identity. Then A is cy­

set {l.1 i E w} such that 
]. 

modules. Perfect rings 

are cyclic rings. All our examples of cyclic ri ngs areperfect. 
Several properties of cyclic rings are established including 
other ways of characterizing cyclic rings. We believe that cyclic 
rings if not. identical to the class of rings whose modules have 
minimal generating sets are very closely related to this class. 

CYCLIC RINGS. 

In the discussion below, all rings A have an identity and all 
modules are right unitary. A Steinitz ring is a local ring A who­
se Jacobson radical is T-nilpotent, i.e., given any sequence of 
elements {x. li E w}, where x. E R, the Jacobson radical of A, 

]. ]. 

there is sorne integer n such that xn ..• x 1 = O. A perfect ring is 
a ring A such that the Jacobson radical R of A is T-nilpotent 
and such that A/R is a semi-simple Artinian ringo For more infor­
mation concerning these rings, see [21, [31, [41 . 

For a ring A, if {x.1 i E w} is any sequence of elements of A, 
]. 

then we define F ({x.1 i E w }) to be the quotient of the free mo­
]. 

dule generated by the countable set {u.1 i E w} modulo the fr·ee 
]. 

module generated by the countable set {v. li E w}, where 
]. 

v. = u. - u.+ 1x .• A sequence {x.li E w} is T-nilpotent provided 
]. ]. ]. ]. ]. 

the module F({x.li E w}) = O. A subset of A is seen to be T-nil­
]. 

potent if and only if every sequence {xiii E w} with xi E A for 
all i E w¡ is T-nilpotent. 

Thus one can certainly describe sorne properties 
ving properties of sorne (or all) of the modules. 

of rings by gi­
F({x·liEW}) 

]. 

where {xiii E w} is a sequence in A. If F({xili E w}) is always 
a cyclic module, then we shall call A a cyclic ring. It is the 
purpose of this paper to establish sorne properties of cyclic 
rings. We note that as we are actually talking about right 
Steinitz rings, right perfect rings so we are talking about right 
cyclic rings. With the modules taken to be right unitary we shall • 
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suppress the terminology right cyclic ring and use the terminology 
cyclic ring instead. 

Our main classification is contained in the following theorem 

THEOREM 1. A ring A is ayalia if and only if for any sequenae 

{xiii E w} of elements of A there is an index io' suah that for 

alt i ~ io there is an'index n ~ i+l and an element mi of A for 

whiah xn ... x i +1 = xn ... xi+lximi. 

From this it follows almost immediately that the epimorphic image 
of a cyclic ring is a cyclic ring and a direct sum of two cyclic 
rings is a cyclic ringo All Steinitz rings are cyclic rings. To 
enlarge the class of examples further one shows that 

THEOREM 2. If A is a ring for whiah -there exists an integer k such 

that every properly asaending ahain of principal right ideals con­

tains at most k terms, then A is cyalia. 

From this we see that if A is any algebra over a divlsion ring D 

such that A is finite dimensional as a right vector space over D, 
then A is a cyclic ring since right ideals are subspaces. 

From this we find that any semi-simple Artinian ring is a cyclic 
ringo We show that over a perfect ring A, a module M has m gene­
rators if and only if M/MR has m generators, where R is the 
Jacobson radical of A, and so perfect rings are cyclic as well. 
One also shows without much difficulty that 

THEOREM 3. If A is a ayatia ring. then the Jacobson radiaal R of 

A is T-niZpotent, and A satisfies the asaending ahain acndition 

on right prinaipal ideals. If xy = O implies y = O. then x is a 

unit. Also. if xy = 1, then yx = 1. 

Another way of identifying perfect rings is by stating that A is 
perfect provided the descending chain condition on left principal 
ideals holds. Thus rings of the type described in theorem 2 are 
not only cyclic but also left perfecto If D is a division ring 
and if G is a finite group, then D G = A is an algebra over D 
which is finite dimensional as a right and left vector space and 
hence the descending chain condition on right and left principal 
ideals holds with an upper bound k = IGI. This way we can cons­
truct perfect (cyclic) rings which are neither semi-simple 
Artinian nor Steinitz. Indeed, let D = GF(p), the field with p 
elements and let G be a finite group whose ~rder IGI is divisible 

by p and a prime q with (p,q) = 1. Since G is not a p-group D G 
is not a Steinitz ring [1] and since G contains elements of order 
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p, D G is ilOt a semi-simple Artinian ring by Maschke's theorem. 
If A = B G is the group ring of the group G with coefficients in 
the ring'B, then if A is a cyclic ring, B is also cyclic since it 
is an epimorphic image of A by the norm homomorphism (For relevant 
information see [5], pp. 86-87). 

A local cyclic ring is a Steinitz ringo Steinitz rings are those 
local rings whose modules have minimal generating sets. It is a 
question of some in~erest to give conditions identifying those 
rings whose modules have minimal generating sets. A necessary con­
dition is that the Jacobson radical be T-nilpotent. If we require 
that every generating set of a,module M over A contain a minimal 
gene'ratingset, then the ring A is in fact cyclic, since a module 
F({x.li E w}) contains aminimal generating set which is a subset 

1 

of {h.li E w} with h. = u. + V, V generated by {v. li E w}, if and 
111 1 

only if it is cyclic. This suggests that possibly cyclic rings are 
those rings for which modules have minimal generating sets. This 
last property would make cyclic rings a very interesting class of 
rings indeed. 

If we let E(A) be the collection of idempotents of the.ring A, and 
if e ~ f provided ef = fe = e, then it follows easily from theorem 
3 that 

THEOREM 4. If A is a cycZic ringo then E(A) equipped with the par­

tiaZ order ~ satisfies both the ascending chain condit1:on an'd the 

descending chain condition. 

From this we find that every cyclic ring A is in fact a unique di­
rect sum A = A1+ ..• +A ofcyclic rings A., where A. contains only . n 1 . 1 

central idempotents O and 1. Furthermore it follows that a commu-
tative ring is cyclic if and only if it is a finite direct sum of 
Steinitz rings which is so if and only if the ring is in fact per­
fect. One al so shows that cyclic regular rings satisfy the des~en­
ding chain condition on leftprincipal ideals and are thus perfecto 
Finally, we have no examples of cyclic rings which are not also 
perfecto 

Proof of theorem 1 and consequences. Suppose that the conditions 
stated in theorem 1 hold, and that {Xiii E w} is any sequence of 
A. Let F{Xili E w} be th~ corresponding module and suppose i ~ io' 
Let h i be the image of u i in F({Xili E W}), as aboYe. Then 

hn+1xn · . ,x i +1 = hn+lxn ..• ximi implies hi+l = himi and since 

h i = hi+lx i , it follows that hi+lA = hiA, whence, since this is so 

for all i ~ io' F({xili E w}) is generated by {hl, ... ,h. } and thus 
10 

. by {hio}, Hence A is cyclic. 
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On the other hand, if A is cyclic, then F({xili E w}) = gA, and 
since g = h. a for some io' we may take g = h .. Then, if we use 

~O ~O 

the fact that F({x; li E w}) h. A = h.A for i ~ io' letting 
~ ~O ~ 

hi+l = him i , we have h i +1 (1 - Xi~!i) = O. If hja = O, then uja is 
n 

an element of V, whence ~.a L v.a., i.e., al = •.• = aJ'_ l = O, 
J i=I~' ~ 

a j = a, X n " .xja = O. Applying this to a = (1 - xim i ) with j = i+l, 

we obtain the statement xn",x i +1 (1 - ximi ) = n, which is preei­

sely the condition given in the theorem. 

Since the conditions of theo.rem 1 are preserved un!ier homomorphism. 
it follows that the epimorphic image of a cyelic ring is also ey­
clic. Similarly. if A and B are cyclic rings, and if 
{(xi'Yi)li Ew} is a sequence inA + B, then if X s ",x i +1(l-x imi )=O 

and Yt"' Yj+l(l - yjn j ) = O for all i ~ io' j ~ jo and for suita­

ble s ~ i+l, t ~ j+l, selecting ko = max (i O' jo), i.j ~ ko and 

T = max(s,t), we have 

(xr'YrJ",(Xi+l'Yi+l) (1·· (xi.yi)(mi,n i )) 

cyclie. 

O and A+B is also 

lf A is a Steinitz ringo then A is a local ring with a T-nilpotent 

Jacobson radical R. Thus, if {xiii E w} is any sequenee of elements 
of A, then either thare is an index io such that i ~ io implies 
Xi is a unit, or the sequence and all segments are themselves T-

nilpotent. In the first case take m. = x.- l for i ~ io' in the 
~ ~ 

second case seleet n such that xn ... x i +l = O. It follows that A 
is a cyclic ringo 

Proof 

re is 
there 

of theorem 2. Suppose that A is not a cyelic ringo Then the­
a sequence {x. li E w} of elements of A. such that for all i 

~ 

is a j(i) ~ i with xn ... x j (i)+I(l - xj(i)m) # U for all 

m E A and all n ~ j(i) + 1. This means that x ... x.(.) ~ 
n J ~ 

x ",x'(')+lx.(.)A. and thus x ... x.(.) lA e x ... x.(.)A (proper 
n J ~ J ~ n J ~ + n J ~ 

containment). 

Suppose now we select i l = 1, i 2 = j(i1), ...• i.e = j(i.e_l)' and 

n ~ i.e + 1. Then let Ys = x ... X. . It follows 
,n ~s+1 

have a proper ascending sequence x ... X. A e Y2A 
n ~2 

readily that we 

e ... e Y.eA eon-
taining .e elements. 

Hence if we let l ~ k + 1, we obtain a contradiction. From this 
the claims made above, following the statement of theorem 2, are 
virtually immediate. 



112 

PERFECT RINGS ARE CVCLIC. 

Suppose now that M is a right A-module with R a T-nilpotent.ideal. 
Then if M/MR has generators gl+MR •••.• gk+MR (as an A-module or an 
A/R module). it follows that if mO E M. then some linear combina­

tion gl+aIO+ ..• +gkakO is congruent to mO module MR. Thus 

mO-(glaIO+ ... +gkskO) =mlr¡. Repeating this process with respect 

to mI' we find mO-(gl(aIO+all)+ .•. +gk(~O+akl)) = m2r 2r l . It is 

easy to see thst we may in this way generate sequences {ri} 

(r i E R) {mi} and {b li •...• bki } such that mO-(glb1i+·· .+gkbki) 

= miri •.. r 1 . Since R is T-nilpotent. taking i such that ri •.. r l = O. 

it follows that M is generated by {gl •...• gk}. Clearly if 

{gl •...• gk} generates M. then {gl+MR •...• gk+MR1 generates M/MR. 

Now if A is perfect and if R is its Jacobson radical. then R is 
T-nilpotent and A/R is a semi-simple Artininian ring, i.e .• A/R 
is a cyclic ringo If we consider the module 
F({xili E w})/F({xili E w})R, then it is an A/R-module, and as an 
A/R-module it is isomorphic to the cyclic module F({x.+Rli E w}). 

~ 

Since this latter module is cyclic. it follows that F({x. li E w}) 
~ 

is a cyclic module and thus A is also a cyclic ringo 

P~oof of theo~em 3. An A-module M is quasi-cyclic if and only if 
it has a generating.set {l.li E w} with t.= t. IX' for sorne x. EA. 

~ ~ ~+ ~ L 

It follows that there is a canonical epimorphism F({x.}) -+ M 
~ 

given by h i -+ ti for each quasi-cyclic module M. Hence A is cy-
clic if and only if a11 quas i - cycl fc modules are cyclic o 

Now suppose tIA e t 2A e o •• e tiA e ti+IA o •• is an ascending 

chain of principal right ideals. Then ti = ti+1x i • i.e., the 

right ideal Ui..A generated by {t.li E w} is a quasi-'cyclic module 
~ ~ 

snd hence cyclic with generator t. A. Hence A satisfied the ascen-
~O 

ding chain condition on principal right ideals. 

Next, if X is not a left zero-divisor of A. then x t (l - mx) = O 

and xt (l - xm) = O implies xm = mx = 1. Also, if xi. = xi.+lm, then 

Xi.+l = xt+1mx h h f' d'" f h , so t at t e 1rst con 1tlon 15 a consequence o t e 
second, for suitable t. Mence if X has a left inverse it is a unit. 
Thus if X has a right inverse Xl then X' is a unit and X is a unit. 
If we let U = {X I 1 - mx and 1 - xm is a non-unit for sorne m} • 
then x ~ U provided for each m E A, 1 - mx or 1 - xm is a unit. 
Thus the Jacobson radical of A is precisely the complement of U. 

Now. if {x.li E w} is any sequence of elements of R. then 
~ 
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x' .•. x'+l(l - x,m) = O for,i ~ io' implies x ... x'+l = O and n 1 1 n 1 , 

{x,li E w} is a T-nilpotent sequence. But then R is aT-nilpotent 
1 

set as aS5erted. 

P~oof of theo~em 4. If e < f. then ef = fe = e, and thus eA 
= 'feA-< fA, while if eA = fA, then f = ex; whence ef' = ex ,= e = f. 
Hence' a properly ascending ch¡lin :of idempotent5 e l < e 2 < .. '. ,< ek 
implies a properly ascending chain of right principal ideals 

elA < e~A < ... < ekA. SinceA satisfies the ascending ch~i~ c~~­
dition for right principal ,ideals, E(A) satisfies the ascending, 
chain ¿ondition as a partially ordered 5e~. 

Also, if e < f, then (1 - e)(l - f) = 1 - e - f +ef = 1 - f = 
= (1 - f) (1 - e), so that (1 - f) < (1 - e). Since an ascending 
chain el < ... < e k gives rise to a descending chain (1 - el) > 
> (1 - e 2) > .' .. > (1 - ek) and conversely. i t follow5 that E (A) 
also satisfies the de5cending ch~in condition. 

If we have an infinite orthogonal set of central idempotents. say 

{eili E w}. let f i = el + .•• + ei' Then fifi+l = fi+lfi = f i , 

and f 1 < f 2 < ... is an infini te ascending chain in: E (A), an impo~ 
5ibili ty if A i5 cyclic. Thus there exist min;imal centra'l idempo­

tent5, and these form a finite orthogonal set,say {el, ... ,enJ. 
It follows that A = Al + ... + An' where Ai = Ae i , and that Ai 
is a cyclic ring wi th no central idempotents other than O 'or 1. 
The uniqueness of the decomposition follows from the uniquenes5 
of the minimal central idempotents. 

If A is a commutative cyclic ring, then A= Al + ... ' + An' where 
Ai is a commutative, cyclic and has no idempotents other than O 

L' l or 1. Suppose A = Al'. If x (1 - mx) = O, then (xCl - mx)) = O, 
i.e., x(l - mx) i5 nilpotent. In particular xCl - mx) is an ele­
ment of the prime radical R of A, and thu5 every prime ideal i5 

maximal, while A/R is a regular ringo Hence, since A = Al' it fol 
lows that A/R is a field and that R is the Jacobson radical of A. 
Hence A = Al is a Steinitz ringo Thus commutative cyclic rings 
are perfecto 

If A is a regular cyclic ring, then given any element x of A, 
there is an element x' such ihat xx'x = x. From this, one conclu­
des that xx' = e is idempotellt, and that xA = eA. Similarly, 
Ax = Ae where x'x = e is an idempotent. Thus. suppose eA < fA, 
where e and f are idempotents. For the idempotents 1 - e and 
1 - f we have a relation (1 - f)(l - e) = 1 - e - f + fe = 1 - f 
since e = fx implies fe = e, and thus A(l - e) ~ A(l - f). In 
particular, if A does not satisfy the ascendi-ngchain condition 
on right principal ideals, then A is not cyclic. Henceif A is 
cyclic it satisfies the descending chain condition on left prin­
cipal i~eals. But thismeans that A is perfecto More directly, if 
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A is a regula:r cyclic ringo then if x E R, (x'x)n = O for some n. 
whence x = x(x'x)n = O as well, i.e., A is semi-simple and petfect, 
i.e.~ .A is semi-simple Artinian. 

Thus it seems not at a11 impossible that a11 cyclic rings are per­
fect. On the other hand cyclic rings, as we mentioned above, may 
well be those rings whose modules have minimal generating sets. 
So, in conclusion, we conjecture that the class of rings whose 
modules have mínimal generating sets is the class of cyclic rings 
and that this class of rings is precisely the class of perfect 
rings. 

REFERENCES 

[1] P.J. ALLEN and J. NEGGERS, A Chall.ac.teJr.'¿zat'¿on 06 Ste-in.(.tz 
GII.OUp R,(.ng~. Proc. American Math. Soc., 49(1975), 39-42. 

(2) H. BASS. Fi..n'¿,tü,t,¿c. d.únen~'¿on and an homologú.al genell.al'¿za­
t'¿on 06 ~emi..-pll.i..mall.y lI.i..ng~, Trans. Amer. Math. Soco 95(1960), 
466-488. 

[31 B.S. CHWE and J. NEGGERS, On ,the exten~i..on 06 li..neall.ly i..nde­
pendent 4ub~et~ 06 611.ee module4 to a ba4i..4, Proc. Amer. Math. 
Soco 24(1970), 466-470. 

(4) B.S. CHWE and J. NEGGERS, Loc.al R,¿ng4 w,¿th Le6t Vanúh.¿ng 
Ra.di..cal, J. London Math. Soco (2),4(1971), 374-378. 

(S) D.S. PASSMAN. ln6.¿n,¿te G.I(.OUP Ri..ng-ll, Marcel Dekker Inc., New 
York 1971. 

Recibido en noviembre de 1976. 
Versi6n final marzo de 1977. 

Department of Mathematics 
The University of Alabama 
University, Alabama 35486 
U .S.A. 



Revista de la. 
Uni6n Matemática Argentina 
Volumen 28, ·1977. 

EVOLUCION DEL CtiNCEPTO DE DIFERENCIAL* 
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El concepto de diferencial se remonta, como es sabido, a la época 
en que nació el cálculo infinitesimal; para las funciones reales 
de una variable real el uso de la notación dy/dx fue de gran uti­
lidad pero enmascaró la esencia del concepto de diferencial. ·No 
hace demasiado tiempo era corriente el siguiente lenguaje: dx, 
cuando x es la variable, representa el incremento infinitamente 
pequeño dado a la variable, y cuando x es una función, es el tér­
mino de primer orden de su incremento; puede admitirse que 10 
esencial está, pero desde luego que no está bien explicitado. En 
10 que respecta a las diferenciales de orden superior la explica­
ción era, en casi todos los textos y hasta hace re1atiyamente po­
cos años, bastante confusa. 

En 10 que respecta a las funciones reales de varias variables rea­
les era corriente, en los buenos textos de comienzos del siglo, 
y aún hasta 1940, decir que una función f era diferenciab1e en 
(a,b) si existlan las derivadas parciales en ese punto y se decla 
después que la diferencial era: 

df = f'xCa,b)dx + f'y(a,b)dy 

en donde dx y dy representaban los incrementos infinitamente pequ~ 
ños de las variables. , 

Desde luego que esta definición es inadecuada, y no pone de mani­
fiesto la propiedad de mejor aproximación de la diferencial. Por 
otr~ parte, como era de esperar, con la sola hipótesis de existen~ 
cia de las .dos derivadas primeras no se obtenía ningún resultado. 
¿Qué hacían entonces los tratadistas para obtener los teoremas 
esenciales? Tomemos por ej emp10 uno de los mej ores tratados de 
análisis que se han escrito. el libro de Goursat en su primera 
edición; para obtener los resultados fundamentales, por ejemplo: 
continuidad de la función diferenciab1e, diferenciaci6n de. funcio­
nes compuestas, condiciones de monogeneidad de las ·funciones com­
plejas de variable compleja, seafi,adían hipótesis suplementarias, 
la más empleada era: las derivadas parciales existen en un entor-

*Conferencia "Julio Rey Pastor" de la XXVI Reuni6n de la Uni6n Ma­
temática Argentina, Universidad de San Luis (1976). 
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no del punto y son continuas en él. 

La primera definición correcta de la diferencial para funciones de 
varias variables es la de Stolz dada en su libro: "Grundzüge der 
Differential und Integral Rechnung" aparecido en 1893:" la función 
f es diferenciable en el punto (a,b) si existen; en dicho punto, 
las dos derivadas primeras y si adem"ás: 

f(a+h,b+k) - f(a,b) = (fl (a,b) + e:)h + (fl (a,b) + p)k x y 

en donde e: y P son funciones de h y de k que tienden a cero cuan­
do h y k tienden a cero. La extensión a n variables es inmediata. 

Stolz prueba que con su definición se pueden obtener los resultados 
del cálculo diferencial de varias variables que se obtenían con 
la hipótésis de existencia de derivadas parciales en un entorno 
y continuidad de las mismas en el punto, probó además que esta 
última hipótesis implicaba la diferenciabilidad, pero dió un con­
traejemplo para probar que la recíproca no era cierta; dicho con­
traejemplo es la función 

f(O,O) = O 

que es diferenciable en (0,0) sin que haya continuidad de las de-
rivadas parciales en ese punto. 

Otro contraejemplo es la función: 

F(x,y)= (x2 + y2) g«x2 + y2)1/2) 

en donde g es una función continua sin derivada en ningún punto. 
La función F es diferenciable en (0,0) pero no hay derivadas par­
ciales en el entorno de (0,0). 

En 10 que respecta a las condiciones de monogeneidad el primero 
que demostró que se necesitaban solamente las condi~iones de 
Cauchy Riemann y la hipótesis de diferenciabilidad de u y v fue 
Fréchet en 1919. 
Stolz observó que la hipótesis de existencia de las derivadas par­
ciales era superflua, pero no insisti6 sobre este punto que tiene 
importancia en las extensiones de la teoría de la diferencial. 

La definici6n de Stolz tardó mucho en llegar a los textos de "ense~ 
fianza y pasó aún bastant~ más tiempo antes de que se le diera a 
la definición una forma intrínseca: 

Si n es un abierto de Rn , f una aplicación de n en R y P un punto 
de n, la diferencial de f en P es un vector df(P) con la propieda~: 

f(P + H) - f(P) = (df(P),H) + IHlr(H); lim r(H) = O 
H+O 
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Para las aplicaciones de R en Rn no se presentaron dificultades, 
ya que una tal ap1icaci6n es diferenciab1e si, y s610 si, 10 son 
sus ,componentes. 

En 10 que respecta a las aplicaciones de Rn en Rm se hizo durante 
mucho tiempo su estudio mediante un análisis complicado de matri­

ces j acobianas s in poner de manifies,to que, el problema era de la 
misma naturaleza que el de la diferenC,iaci6n de una funci6nrea1 
de variabl-eS" reales, es decir que la diferencial en P es una apli­
caci6n lineal, df (P) de Rn en Rm, que se po.drá representar, dada 

una base, como una matriz jacobiana 

'(ilf ) df(P) = ax! 
y tal que: 

f(P + H) - f(P) = df(P)[HI + IIHRr(H); lim r(fl) = O 
H+O 

en donde el primer sumando del s.egundo miembro es el vector de Rm 

que se obtierte al aplicar la diferencial al vector H de Rn . (Usa­
remos siempre la notaci6n [ I en ese sentido). 

Naturalmente ,si m=1, la diferencial es un vector del espacio dual 
y df(P)lHl es el producto escalar (df(P),H), si es n=l, la dife­
rencial es un vector y df(P)[HI es el producto del escalar H por 
el vector df(P). 

Es importante señalar que, para el caso de funciones reales de va­
rias variables reales, Hadamard di6, en 1923, una nueva defini­
ci6n de la diferencial basada en el teorema de diferenciaci6n de 
funciones compues tas. L'a memoria se titula: "La notion de di f­
férentielle dans l'enseignement" 10 que muestra que el autor pen­
saba que el interés era s610 didáctico pero posteriores desarro­
llos probaron que esta definici6n era también interesante en otros 
aspectos. Severi di6 también una nueva definici6n de la diferen­
cial que no tuvo mayor repercusi6n. 

Vamos a ver ahora cómo se produjo la extensi6n de la diferencia­
ci6n a las aplicaciones entre espacios de dimensi6n infinita cu­
yo estudio empez6 bastante antes de quedar bien establecida la 
definici6n para espacios de dimensi6n finita. 

El precursor de la teoría fue Vo1terra, que ya en 1887 introdujo 
el concepto de funci6n de linea, siguieron los trabajos de varios 
matemáticos entre los cuales el más importante, antes de la pri­
mera guerra mundial, fue el de Gateaux; posteriormente Pau1 ~evy 

obtuvo resultados de interés, pero puede considerarse como el crea­
dor de la teoría moderna a Fréchet; su memoria: "Sur la notion 
de différentielle dans l'ana1yse généra1e" (Ann. Ec. Normale Sup., 
1925) es la primera exposici6n de conjunto de la .teoría en forma 
clara y con la mayor parte de los resultados básicos. 'Este trabajo 
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fue completado por dos importantes memorias, una de Graves: 
"Riemann Integration and Taylor's Theorems in General Analysis"y 
otra de Hildebrandt y Graves: "Implici t Functions and their Dif­
ferentials in Gener,al Analysis'¡, ambas publicadas en 1929 en las 

"Transactions of the A.M.S.". 

La teoría de la diferencial para aplicaciones entre espacios nor­
mados, iniciada con la memoria de Fréchet que acabam:os de'lnencio­
nar, es hoy día una teoría clásica que se enseña sistemáticamente 
en muchas universidades y son numerosos los textos en los que es­
táexpuesta. Uno de los primeros autores que incluy6 esta teoría 
en Un texto relativamente elemental fue Dieudonné en su libro 
Fundamentos del Análisis Moderno, aparecido en 1960. 

Recordemos brevemente la formulación de esta teoría. Sean X e Y 
dos espacios normados reales • L(X,Y) el espacio de las aplicacio­
nes lineales y continuas de X en Y, O un abierto de X, XO un punto 
de O y f una aplicación de O en Y. Se dice que f es diferenaiabZe 

Fr'ahet en Xo si existe un elemento de L(X,Y), que se dice que es 
la diferencial de f en Xo y se representa con la notación df(xo )' 

tal que: 

lim r(h) = O 
h+O 

Se obtienen así todos los resultados clásicos: unicidad, lineali­
dad, continuidad, diferenciación de productos (que se definen co­
mo aplicaciones bilineales continuas), el teorema básico de dife­
renciación de funciones compuestas, la fórmula del incremento fi­
nito, la determinación de máximos y mínimos cuando Y = R (con la 
que se obtiene una deducción elegante de las ecuaciones de Euler 
del Cálculo de Variaciones), los teoremas de diferenciación de 
sucesiones así como los teoremas de función inversa y de funciones 
implídtas. 

También se pueden extender los teoremas sobre diferenciales exac­
tas en la forma siguiente, que esbozaremos, por ser menos frecuen­
te su inclusión en los textos: sean X e Y dos espacios de Banach 
reales, r una curva orientada simple en X, a una aplicación de r 
en L(X,Y). Se define la integral curvilínea en la forma habitual: 

Jra(X)[dX) = lim l a(ti)[x i - xi_1J. 

y se demuestra que el límite existe cuando a es continua y r rec­
tificable, hipótesis que mantendremos en lo que sigue. Se tienen 
los siguientes resultados sobre integración de diferenciales exac­
tas: 

Si O es un abierto conexo de X, r una curva orientada simple, con­
tenida en O, de extremos a y b Y si f es una aplicaci6n de n en Y 
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continuamente diferenciable en n, se tiene: 

J r df (x)! dxl f(b) - fea) 

Si O es un abierto conexo en X, a es una aplicación continua de 
O en L(X,Y), tal que las integrales de a sobre dos poligonales 

con los mismos orígenes y extremos sean iguales, entonces es po­
sible definir: 

f(x) = JXa(U)[dul 
a 

y esta función es diferenciable en O y df(xl = a(x). 

Hay también otro enfoque posible para definir la diferencial de 
una aplicación entre dos espacios normados el cual está basado 

en la memoria antes mencionada de Hadamard, cuya idea esencial es 
primero la de definir, en la forma habitual, la derivada de una 

aplicación de R en un normado y definir después la diferencial 
usando la regla de diferenciación de funciones compuestas. Preci­
samio: 

Sean X e Y dos espacios normados reales, n un abierto de X, XO un 
punto de n y f una aplicación de n en Y. Se dice que f es diferen­

ciable Hadamard en Xo si existe un elemento de L(X,Y), que se di­
ce que es la diferencial de f en x , y que representaremos con la 

o 
notación df(x o)' con la siguiente propiedad: 

Cualquiera que sea la aplicación g de un intervalo real en n, de­

rivable en Ao con g(A o) = xo ' entonces la aplicación compuesta 
G(A) = f(g(A)) es derivable en Ao y se tiene: 

G I (A ) 
o 

df (x )[ g' CA ) 1 • 
o o 

Hadamard probó que si X = R e Y = Rm, la definición de Stolz )' la 

suya coincidían y es fácil ver que lo mismo ocurre s.i se hace 

X = Rn • 

Para el caso de dimensión cualquiera, finita o infinita, es claro 

que una aplicación diferenciable en el sentido de Fréchet lo es en 
el de Hadamard y esta implicación subsistirá con cualquier defini­

ción de la diferencial que cumpla la ley de diferenciación de fun­
ciones compuestas y que se reduzca a la derivada ordinaria para 

X = R. 

En cambio con dimensión infinita existen aplicaciones diferencia­
bIes Hadamard que no son diferenciables Fréchet. Esbozaremos el 
contraejemplo; sea X el espacio de las funciones continuas en un 
intervalo con la norma del supremo y M la aplicación de X en R de­
finida por M(f) = max{f(x)}. Sea f un vector de X; es necesario 

o 
para que M sea diferenciable en fo que esta función alcance su 
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máximo en :un solo punto, ya que se prueba facilmente que si M es 
diferenciable en fo y si c es un punto en el cual fo alcanza su 
máximo, entonces la diferencial, que suponíamos existente, tiene 
que ser la delta de Dirac en c, luego por la unicidad de la dife­
rencial, c tiene que ser el único punto de máximo de fo' 

Ahora bien puede probarse que si fo ·alcanza su máximo en un solo 
punto, M es diferenciable Hadamard en'el punto pero no es nunca 
diferenciable Fréchet. 

Otra forma de encarar la extensión de la diferencial fue iniciada 
por Gateaux en 1913 y desarrollada en su memoria póstuma: "Fonc­
tions d'une infinité de variables indépendantes" publicada en el 
Bull. de la Soco Math. de ,France en 1919. La teoría de Gateaux 
presenta interés y tiene importantes aplicaciones. La diferencial 
se define de la siguiente manera: 

Sean X e Y dos espacios normados, (1 un abierto de X, Xo un punto 
de g y f una aplicación de (1 en Y. Tomemos h perteneciente a X y 
distinto ~el cero, definimos: 

F(t) = f(x o + th) 

y supongamos que existe el límite: 

con x + th E (1 
o 

F' (O) = lim F (t) - F ( O ) 
t 

t ... O 

entonces se dice que F'CO) es la variación de Gateaux de f en Xo 
respecto del incremento, que se designa con la notaci6n Vf(x ;h); 

o 
se ve que esta definición es la extensión natural del concepto 
de derivada en una direcci6n. 

Si Vf(xo;h) exi.ste para to~o h y si considerada como función de 
h es lineal y continua se dice que V es la diferencial de Gateaux, 
o diferencial débil de f en x . 

o 

La definición de Gateaux es muy general ya que se pueden dar ejem­
plos de aplicaciones de R2 en R que son diferenciables en el sen­
tido de Gateaux y no 10 son en el de Stolz. 

Desarrollada la teoría de la di~erencial dentro del dominio de los 
espacios notmados se planteó la posibilidad de extenderla a un cua­
dro m€sgeneral. Fréchet,en su memoria de 1937, fue el primero que 
planteó la necesidad de ir mas allá del cuadro de los espacios nor 
mados y sugirió que la definici6n de Hadamard sería la más adecua 
da para hacer esta generalización. 

Naturalmente la extensión a un dominio más amplio que el de los es­
pacios normados necesitaba una buena definición de ese dominio, 
que en 1937 no existía aún. Cuando la teoría de espacios vectoria­
les topológicos tomó forma definitiva fue posible desarrollar el 
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cálculo diferencial en dichos espacios. 

Comenzaremos por un caso simple; sea Y un espacio vectorial topo­

lógico y f una aplicación de un intervalo real en Y. Para que una 
definición de la diferencial sea de interés debe conducir en este 

caso a definir la diferencial en Xo por la f6rmula: df(xo)[tl = 
= t.f'(xo)' en donde t es escalar real y f'(xo) es el vector deri­

vada: 

h+O h 

y parece conveniente que se deba cumplir el teorema siguiente: si 

f'(x) es nula en todo el intervalo entonces f es una constante. 

Ahora bien, esta propiedad puede no cumplirse para el caso en que 
y sea un espacio no localmente convexo; en efecto sea Y el espa­
cio de las funciones reales medibles en (0,1) con la convergencia 

en medida, es decir que una base de entornos del cero está forma­
da por la familia V(e,6) definida por la propiedad f pertenece a 
V(e,6) si la medida del conjunto de puntos en los cuales es 

If(x)l> e es menor que 6. Es conocido que así se obtiene un espa­
cio vectorial topológico metrizable y no localmente convexo. 

Consideremos la aplicación F de (0,1) en Y definida así: 

F(t) = Ht en donde la función Ht se define por Ht(x) = ° para 
x ~ t Y Ht(x) = 1 para x > t. El cociente de incrementos, 

F (t+h) - F (t) 
h 

es una función que es nula salvo en un intervalo de longitud h, 

luego dado V(e,6), basta tomar h < 6 para que el cociente de incre 

mento s esté en el entorno, 10 que implica F'(t) = ° y sin embargo 
F no es constante. 

Este resultado parece indicar que el dominio indicado para una 
buena teoría debe ser el de los espacios localment~ convexos al 

menos si se buscan propiedades de tipo global; las propiedades de 
tipo local, que sólo dependen de la diferenciabilidad en un punto, 

son válidas aún cuando no se haga la hip6tesis de convexidad local. 

Las formas de extensión a los espacios localmente convexos del con­

cepto de diferencial presentan características diferentes según 
que se quiera generalizar la definición de Hadamard (o la de 
Gateaux) o la definición 'de Fréchet. 

En el primer caso la definición dada para los espacios normados se 
extiende en forma inmediata, no así las demostraciones que exigen 

técnicas y razonamientos diferentes. La teoría fue desarrollada 
por Balanzat (Revista de la U.M.A., 1962, Anais da Academia Bra­
sileira de Ciencias, 1962 y Mathematicae Notae, 1964). 
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La extensi,6n para la diferencial de Fr6chet implica obtener una 
condici6n equivalente a la 

f(xo+h) - f(xo) - df(xo)[h] 

Iha 
-o 
h .... O 

en la que interviene de manera esencial la norma. 

Para obtener esta generalizaci6n se han elaborado numerosas teo-' 
rías, en su mayoría a partir de 1960, citaremos entre los princi­
pales autores: Michal, Hyers, Lamadrid, Sebastiao e Silva, 
Marinescu, Vainberg, Engel, Bastiani, Keller y otros. No es posi­
ble, por razones de tiempo en esta conferencia hacer un estudio 
detallado y comparativo de las diferentes definiciones, nos remi­
timos a la excelente exposici6n sobre el tema: Averbukh and 
Smoiyanov, "The various definitions of the derivative in linear 
topological s'paces", Russian Mathematical Surveys, vol. 23, 1968, 
pgs. 67-113. La tabla de las distintas definiciones ocupa tres 
piginas y hay ademis dos diagramas sobre sus relaciones. mutuas. 

Parece indicado señalar la existencia de otras dos publicaciones 
,en donde se hace una exposici6n al día de la teoría y se da ade­
m&s una extensa bibliografía, que recomendamos a los que quieran 
ampliar los resultados, forzosamente someros, de esta conferencia. 
Las dos publicaciones son: la de Averbukh and Smolyanov, "The 
theory of differentiation in linear topological spaces", Russian 
Mathematical Surveys!'. vol. 22, 1967, pgs. 201-258, y el artículo 
de M. Z. Nashed·: "Differentiabili ty and Related Properties of Non­
linear Operators; some Aspects of the Role of Differential~ in Non­
linear Functional Analysis" publicado en el libro "Non Linear Funf. 
tional Analysis and Applications", Academic Press,1971,pgs.103-310. 

Daremos ahora una definici6n de la diferenciabilidad Fréchet que, 
abarca, haciendo modificaciones de detalle y particularizaciones, 
una gran parte de las definiciones dadas por los distintos autores. 

Sean X e Y dos espacios vectoriales topo16gicos, a una familia de 
subconjuntos de X que debe cumplir un cierto n6mero de condicio­
nes, an&logas pero no idénticas, a las empleadas para definir las 
a-topologías en L(X,Y). 

Sea O un abierto de X, x un punto de g y f una aplicaci6n de O 
o 

en Y. Se dice que f es a-diferenciable en x si existe . o 
cif(x ) 

o E L(X,Y), que es la diferencial, tal que para S E a y 
hES. se tenga: 

f(xo+th) - f(xo ) 
lim ---=----------=-
e .... O h 

con convergencia uniforme en S. 

df(x )[ h] , 
o 
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En particular si u es la familia de los finitos se dice que se tie­
ne la diferencial débil (ligada con la de Gateaux), si es la fami­
lia de los compactos se dice que se tiene la diferencial compacta, 
(ligada con la de Hadamard) y finalmente si se toma la familia de 
los acotados se habla de la diferencial acotada. 

Las distintas teorías de la diferenciación permiten obtener bastan 
tes propiedades de la teoría para los normados, aún cuando algunas 
de ellas tienen una forma algo diferente. Hay, por ej emplo, varias 
formas dé extender el teorema de los incrementos finitos para es­
pacios localmemte convexos de las cuales mencionaremos la siguien­
te: Sea f una aplicación diferenciable Hadamard en un abierto con­
vexo y supongamos que el conjunto de las diferenciales en los pun­

tos de dicho conjunto sea equicontinuo; entonces dado un entorno 
V de cero en Y que sea cerrado y absolutamente convexo, existe un 
entorno U de cero en X. tal que: si a y b estAn en el abierto y 
(b-a) E tU, entonces f(b) - fea) E tV. 

La definición de las integrales curvilíneas se hace como para el 
caso de los espacios normados y siguen valiendo los teoremas sobre 
diferenciales exactas. 

Puede igualmente hacerse un eitudio de las diferenciales de orden 
superior, que aquí nos limitaremos a mencionar. 

Por otra parte si bien algunas propiedades se generalizan, hay 
otras que no se pueden extender, lo que marca diferencias impor­
tantes entre la teoría para espacios normados y para espacios vec­
toriales topológicos, por ejemplo en este último dominio la dife­
renciabilidad en un punto no implica la continuidad en dicho pun­
to y hay incluso resultados que prueban que esto no es demasiado 
excepcion~l, aclaremos este punto. 

Recordemos que un espacio vectorial topológico es sucesional, 
cuando x E A, implica la existencia de una sucesión (x ) de ele-. . n 
mentos de A tales que x = lim xn ' Naturalmente todos los espacios 
metrizables son sucesionales pero se puede dar ejemplos de espa­
cios vectoriales topo16gicos sucesionales y no metrizables. Se 
obtienen los resultados siguientes: 

Sea X un espacio sucesional e Y un espacio vectorial topológico, 
cualquier aplicación de ~ en Y diferenciable Hadamard en un pun­
to es continua en dicho punto. 

Sea X un espacio no sucesional e Y un espacio vectorial topológi­
co, siempre se puede definir una aplicación de X en Y diferencia­
ble Hadamard y discontinua en un punto. 

Sean X e Y dos espacios vectoriales topológicos y f una aplica­
ción de X en Y; suponemos que se toma una definición de o-diferen­
ciabilidad tal que la familia u contenga todas las sucesiones con-
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vergentes. Entonces la condición necesaria y soficiente para que 
cada aplicación de X en Y que sea a-diferenciab1e en Xo sea tam­
bién continua en xo ' es que X sea sucesiona1. 

Cuando se considera la diferenciabi.lidad en un abierto el problema 
cambia y hay distintos resultados de los que citaremos el siguiente: 

Si f esdiferenciab1e Hadamard en un'entorno de Xo y si el conjun­

to de las diferenciales en ese entorno es equicontinuo, entonces f 
es continua en x • o 

Otra diferencia de interés con el caso de los normados es que no 
se conocen teoremas buenos de existencia para las funci.ones implí­

citas. El enunciado del teorema de existencia y diferenciabi1idad 
es faci1mente traducible al caso de los espacios vectoriales topo­

lógicos, pero no así la demostración, es más,la traducción lite­
ral lleva a un resultado falso, aún en el caso de los espacios me­
trizab1es. 

Queda la posibilidad de obtener algunos resultados con traduccio­
nes menos literales o con nuevas definiciones de la diferencial, 

hay algunos resultados parciales de los cuales nos limitaremos a 
señalar el de ver Eecck "Sur le ca1cul différentie1 dans les es­

paces vectorie1s topo10giques", Cahiers de Topologie et Géométrie 
Différentielle, 19'74, en donde con, una nueva forma de definir la 

diferencial, obtiene la diferenciabilidad cuando se admite la exis­
tencia de la función implícita. 

Para terminar mencionaremos la existencia de otros trabajos en los 

que se estudia la diferenciación con estructuras algo distintas 
de las de los espacios vectoriales topológicos, este aspecto no 1L 

podemos desarrollar por falta de tiempo, nos limitaremos a señalar 
para estructuras pseudo-topo1ógicasel texto de Frolicher and 

Bucher: "Calculus in Vector Spaces without Norm", Lectures Notes 
n° 30 y para las estructuras bornológicas los trabajos de 

COlombeau, en particular la memoria: "Sur quelques particularités 
du calcu1 différentie1 dans les espaces bornologiques ou topolo­
giques", Revue Roumaine de Mathématiques Pures et Appliquées, vol. 
17, 1973. 

Universidad Nacional de Buenos Aires. 
Argentina. 



el 

Revista de la 
Unión Matematica Argentina 
Volumen 28, 1977. 

XXVI REUNION ANUAL DE LA U.M.A. 

125 

Auspiciada por la Universidad Nacional de San Luis, entre los días 16 
y 17 de setiembre de 1976 se realizó la XXVI Reunión Anual de la 
Unión Matemática Argentina. La sesión inaugural tuvo lugar el día 16 
a las 17 hs. con la alocución del señor rector de la Universidad Na­
cional de San Luis, Dr. Genaro Neme. A continuación usaron de la pa­
labra el Prof. Modesto González y el Dr. Luis A. Santaló. El mismo 
día se dictó la conferencia "Julio Rey Pastor", que en esta oportuni­
dad estuvo a cargo del Dr. M.A. Balanzat quien disertó sobre el tema 
"Evolución del concepto de diferencial". El día 17, en horas de la 
mañana expuso el Dr. Eduardo Zarantonello sobre el tema "Contraccio­
nes extremales en el espacio de Hilbert", mientras que en horas de la 
tarde le correspondió al Prof. Raymon Gerard dictar una conferencia 
sobre el tema "Convergencia de soluciones formales de ecuaciones di­
ferenciales". Las sesiones de comunicaciones tuvieron lugar en horas 
de la mañana y tarde. El día 17, a las 11 hs. se reali~ó un concier­
to a cargo del Coro Universitario. 

Como culminación de la XXVI Reunión Anual de la U.M.A., el día sába­
do serealizó la Asamblea General Ordinaria, con elección de autori­
dades y aprobación de memoria y balance. A propuesta del Prof.Gaspar 
se decidió nombrar Miembro Honorario al Dr. Alberto González Domín­
guez, moción que se recibió con gran entusiasmo y fue aprobada por 
unanimidad. Asimismo se realizó la exposición del balance, decidién­
dose aumentar las cuotas, fijándose en $ 600 la cuota social para los 
socios titulares y $ 300 para los socios adherentes. A continuación 
se efectuó la elección de la nueva Junta Directiva de acuerdo con lo 
dispuesto por el Art. 11 del Estatuto. De acuerdo con los cómputos, 
la nueva junta directiva quedó constituída de la siguiente manera: 
Presidente: Orlando E. Villamayor; Vicepresidente 1°: Luis A. Santaló; 
Vicepresidente 2°: E. Gaspar; Secretario: Carlos Germán D. Gregorio; 
Prosecretario: Nicolás D. Patetta; Tesorero: Adrián Paenza; Proteso­
rero: Ricardo Noriega; Director de publicaciones: Darío Juan Picco. 

Posteriormente a la asamblea se recibieron los votos para vocales re­
gionales, obteniéndose los siguientes resultados: Buenos Aires: 
Juan J. Martínez; Centro:, Humberto Alagia; Cuyo: María R. Berraondo; 
Litoral: Carlos Meritano; Nordeste: Héctor Tamburini; Noroeste: 
Raúl Lucioni; Sur: María L. Gurmendi. 

Se agradeció a la Universidad Nacional de San Luis por haber auspi­
ciado esta reunión y especialmente a la Lic. María Rosa Berraondo por 
su colaboración en la organización de la misma. 

Las comunicaciones presentadas fueron las siguientes: 
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ALAGIA, H. R. Y SANCHEZ, C. U. (I.M.A.F.): Estructuras spin en varie­

dades pseudorieman.nian.as. 

La noción de estructura spin para variedades Riemannianas se genera­
liza a variedades M con una m€trica indefinida de signatura (p,q). 
Para tales variedades se define el concepto de (p,q)-orientabilidad 

y se introduce el grupo Spin (p,q). Una estructura Spin (p,q) sobre 
M es un fibrado principal sobre M, con grupo de estructura Spin(p,q) 
que satisface ciertas condiciones. El principal resultado que se de­
muestra, es que la existencia de tal estructura equivale a la anula­

ción de las segundas clases de Stieffel-Whitney de dos subfibrados 
complementarios del fibrado tangente. Una clase de ejemplos se obtie­

ne considerando variedades de la forma G/T, G grupo de Lie compacto, 
T un toro maximal. Esta comunicaciÓn completa y amplía el informe 

preliminar presentado en la reunión de la U.M.A. en 1975. 

ALVAREZ ALONSO, J. (U.N.B.A.): Existencia de un. cáZculo funcional 

sobre ciertas álgebras de operadores seudodiferenciaZes. 

Sea A un operador lineal, acotado y autoadjunto, definido sobre un 

espacio de Hilbert H; si P es el llgebra de los polinomios en una va-
riable con la aplicación coeficientes reales, se sabe que 

F ---+ L(H,H) 
P --+ peA) 

es continua, cuando se da a P la topología de la convergencia unifor­
me sobre los compactos de R. Esto permite definir feA), para una fun­

ciónf: R --->- R continua. Queda así determinado lo que suele llamar­
se un cálculo funcional sobre la subálgebia real de L(H,H), formada 

por los operadores autoadjuntos. Partiendo de esta observación, se 
intenta aquí. en primer lugar, definir con precisión el concepto de 
cálculo funcioDal sobre. un álgebra de operadores, poniendo énfasis 
en el espacio de funciones que aetaan. Luego se introducen ciertas 
álgebras de clases de operadores seudodiferenciales y se analiza la 
existencia de un cllculo funcional en ellas. 

BORGHI, O. S. P. (U. N. San LUis): Extenslón de una función aditiva 

deflnida sobl'e una semi-álgebra difusa. 

PROPOSICI8N. Sea X un conjunto habitual. Sea J una semi-álgebra di­
fusa de partes difusas de X. Para toda función aditiva P: --+ (0,11 

tal que P(X) = 1, entonces P'(A) g IrP(Si) define sin ambigüedad la 
dnica prolongaci6n P' de P que sea aditiva sobre a = (J], (álgebra 
difusa generada por la semi álgebra difusa). Si P es a-aditiva sobre 
J, entonces P' es a-aditiva sobre a. 

BOUILLET, J. (U.N. Salta): Un teorema de comparación para ciertas 

eeuaaiones diferenaiales de tipo parabóliao. 

Sea la ecuación (D(u) ux)x - (a(u))t = O. donde Des) , O es local­
mente integrable y a(s) es estrictamente creciente. Se supone que las 
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funciones admisibles u, v a comparar son continuas en un dominio aco­
tado G cuya proyección sobre el eje t es el intervalo (O,T), tienen 
flujo D(u)ux absolutamente continuo hasta la frontera parabólica 

ilpG en la variable x, tal que (D(U)ux)x sea integrable donde u < v, 
y que a(u) es absolutamente continua en la variable t y (a(u))t sea 
integrable donde u < v. Finalmente, se supone que las funciones u, v 
satisfacen la ecuación en casi todo punto de G. Entonces si u > v en 
casi todo punto de il G, es u > v en G. La demostración se basa en la 

p 
positividad del funcional 

g --+ JJQr{(g(D(U)Ux - D(v)vx))x - (g(a(u) - a(v)))t} dx dt 

donde Qr = {(t,x)/t < r y u < v}. Se trata de una versión parabólica 
de una técnica usada por Douglas, Du Pont & Serrin (Arch. Rat. Mech. 
Anal., V.42 n 0 3, 1971) para el caso elíptico. Es posible generalizar 
el resultado anterior en varias direcciones, por ejemplo aplicarlo 
a condiciones de contorno de segunda especie. Bajo hipótesis conve­
nientes es también aplicable al caso de dominios no acotados. 

CORACH, G. Y LAROTONDA. A. (U.N.B.A.):Sobre eZ álgebra de funciones 

de una variedad ~iferenciable. 

En la presente nota se establecen condiciones necesarias y suficien­
tes para que un álgebra topológica A sea isomorfa al álgebra de apli­
caciones de clase COO de una variedad diferenciable X, de dimensión 
finita. Se establece de esta forma una correspondencia funtorial en­
tre la categoría de variedades diferenciables y una categoría de ál­
gebras topológica.s. correspondencia que deviene una equivalencia ca­
tegorística. Esta equivalencia tiene como fundamento una "algebri­
zación" de la geometría diferencial (o al menos, de parte de ella), 
de modo análogo al caso de "variedades algebraicas afines" y "álge­
bras afines", o bien "espacios compactos" y "C*-álgebras conmutati­
vas"; en tal sentido hay puntos de contacto con la teoría de álge­
bras de funciones holomorfas en variedades de Stein. 

DAMKOHLER, W. (San Luis): Ampliación convexa de cuerpos convexos. 

Primero se bosqueja la demostración del teorema siguiente: 
TEOREMA. Sea en el espacio {;a/a = 1,2, ... ,m}, de m dimensiones, 
F(x ) la "función soporte" (Stützfunktion) de un convexo completa-a 
mente redondo y dos veces continuamente diferenciable 

f F : ~a = Fi (xa) (a,a = 1,2,3, ... ,m) 
a 

en el cual los x designan las componentes del vector normal exte-
a 

rior de f F; y sea eF: xm+1 = -Fp(xa ) (a l,2, •.. ,m) una cinta 

cualquiera torcida a través de f F con la única restricci6n de ser 2 
veces continuamente diferenciable y tocar en ningún punto rozando 
el espacio portador je f F , sino penetrar en todos sus puntos al espa­
cio circundante de (m+l) dimensiones. Entonces existe siempre un cuer-
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po convexo, completamente redondo y dos veces ,continuamente diferen­
ciable' r + Em ese espacio circundante de (m+1) d.imensione,s, que pasa 
por r F y toca allí rozando la cinta torcida CF • 

DAMKOHLER, W. (San Luis): Ap¡icación de¡ teopema anteriop a¡ cá¡cu¡o 

de vapiaciones. 

Este teorema es útil en la construcci6n de un método para tratar "di­
rectamente" extremales estac,ionarias de un problema variacional F sin 
la necesidad de recurrir a la teoría de M. '1IiIorse: Se acopla para tal 
fin a F(x , x ), que opera en un espacio de los· {x la = 1,2, ••• ,m} 

a a a 
de m dimensiones, otro +(x , x.) en un espacio de i = 1,2,3, ... ,n>m a l. 

dimensiones, tal que todas las extremales F resultan proyecciones de 
extremales +. Por adecuada elecci6n de +(x , x.), es posible conse-a l. 

guir que el número de puntos conjugados a 10 largo de un arco de la 
extremal + sea menor que a 10 largo de su proyecci6n F. Y se aproxi­
ma así más a una extremal minimizante, que es caracterizada por la 
ausencia total de puntos conjugados. 

D'ATTELIS, C.E. (C.N.E.A.): Una dilatación J-isométpica y causal papa 

ciepta clase de opepadopes. 

Las dilataciones de operadores definidos en espacios de Hilbert tie­
nenaplicaci6n en problemas de síntesis de circuitos. En este traba­
jo se construye una dilataci6n para operadores lineales pertenecien­
tes a una clase que contiene a todos los operadores contractivos 
(sistemas pasivos) y a los operadores simplemente activos (o expan­
sivos) que verifican cierta acotaci6n. La dilataci6n se construye ,de 
tal manera que resulta J-isométrica, es decir isométrica en un espa­
cio de Krein, y también causal, 10 que es esencial para considerar 
las aplicaciones físicas mencionadas. 

FERRO FONTAN, C., GRATTON, J. Y GRATTON, R. (U.N.B.A.): Solución au­

+'osimiZap papa eZ coZapso de una cáscapa gaseosa. 

Las ecuaciones en derivadas parciales que describen el flujo de un 
gas ideal.poseen soluciones'invariantes ante el grupo de los cam­
bios de escala. Es' sabido que ellas son válidas físicamente en cier­
tos limites asint6ticos. En esta comunicaci6n se presenta una, fami­
lia de soluciones de este tipo que describe la compresi6n 6ptima 
(isoentr6pica) de una cáscara fina y esférica de gas ideal. Las so­
luciones son analíticas durante todo el proceso salvo una onda de 
choque generada al tiempo de colapso, y el grado de compresi6n final 
es arbitrario. También se discute el espectro de autovalores del gru­
po dimensional que corresponde a estas soluciones. 

GNAVI, G. (U.N.B.A.): Factorización de operadores J-bicontpactivos 

reaZes mepomopfos en eZ semipZano de Za depecha. 
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Sea H un.espacio·de Hilbert separable en el cual estádefinicla una 
operaci6n de. conjugación. Si A e.s un operador lineal acotado defini-:­
do en H, A- denota el operador adjunto y A el operador conjugado de 
A. Sea P+ un ortoproyector y P_ s l - P+. El operador J sP+ - P_' 
satisface a las relaciones J- == J Y J~ = l. Un operador A se denomina 
J-contractivo si A-JA .-; J. Es J-bicontractivo si A y A- son J-con­
tractivos. Si A-JA = J se denomina J -unitario .. Diremos que el opera­
dor S(p) perten~ce a la clase M~, con J = r. si satisface. las .si­
guientes condiciones: i) S(p) y S-1(p) son operadores meromorfos en 
Re p > O; ii) S(p), en cada punto de hOlomorfismo, es igual a un ope­
radorJ-bicontractivo; iii) S(p) = STPT. 
TEOREMA .. l. Si S(!?) E M~ tiene un polo de orden So en Po' vale la f6r­
mula S(p) = S2(P) .51 (p) donde S2(P) E M~ tiene en Po un polo deor­
den so-l y Si(p) E M~ es un operador J-uni:tario en Re p = O, cuyas 
1inicas singUlaridades son polos simples en Po y Po' 

TEOREMA 2. Sea S(p) E M~ holomorfo y J- unitario en un segmento 1: 

del eje imaginario con excepci6n del punto Po' interior a I:, en el 
cual Sen) tHne un polo de. orden so' Bajo tales condiciones vale una 
f6rm~~a de factorización similar a la del Teorema 1. 

El operador A 'es nuclear si-i IAA s tr(A-A) < oo. Hemos demostrado an­
teriorm~nte (cf. comunicaci6n a la Reuni6n Anual de la U.M.A., Sal­
ta, 1975)" que baj"o ciertas .condiciones el pr9ducto infinito corres­
pondiente a la extracci6n de todos los polos del operador S(p) que 
pertenecen al semiplano de la derecha converge uniformemente en la 
norma nuclear. El Teorema 1 conjuntamente con este resultado da res­
puesta a un problema de la teoría cuántica de campos no relativista 
planteado porJ.S. To11 (cL "Two, three and four point functions 
in quantum'field theoi'y",'Seminar on high-energy physics and elemen:' 
tary particles, Trieste, 1965, 5-6). El Teorema 1 generaliza, a una 
clase más amplia de operadores reales, resultados obtenidos anterior­
mente (cf •. G.Gnavi, Trabajos de Matemática, LA.M., S, 21). El segun­
do. teorema muestra la existencia de factori-zaciones .reales para po­
los ubicados en el contorno (Re p = O), caso que no había sido estu­
diado. Estos. resultados tienen aplicaci6n a la síntesis por factori­
zaci6n de puertos de Hilbert de operador característico prefijado. 

GONZALEZ, R. L._ (U.N .R.): Sobre la e:z:istenoia de una soluoiónmá:z:ima 

de. la ~ouao.ión de Hami lton-Jaoobi. 

En este trabajo se. caracteriza 11 la función "c.osto óptimo" de un pro­
blema de. control como el elemento máximo. de Un conjunto apropiada~ 
mente definido. Este conjunto contiene todas las soluciones de la 
ecua~ión de Hamilton-Jacobi. En una segunda etapa se extiende este 
.r,esultado a· diversos casos no contempladós en el' primer anUisis. 

GONZALEZ DOMlNGUEZ, A. Y TRIONE,- S.E. (U.N.B.A.): Sobre la transfor­

mada'de Laplaoe de funoiones l'etardadas. 
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Notaciones: Con t designamos un punto de Rn de coordenadas tO.t l •... , 

t n_ l ; dt= dtodt1 ... dtn_l ; Zv = Xv + iyv' Xv e Rn • Yv e'Itn ; zes,un 
'n n . 2 2 2 

punto de C • de componentes zv; (t.z) = l t z ;S =·to - ti - ••• -
v-O v v 

~ t 2 . Y+' es el volumen cónico de ecuaciones t o ~ O • S2 ~. O; W+ es n-l' : 
2 2 2 ' el volumen cónico de ecuaciones YO> O. YO - YI - .•• - Yn- 1 > O; T 

es el tubo Rn + iW+; Kp(A) es la función modificada de Besse1 de ter­
cera especie. 

. =+ I 
Sea F(t) una función retardada (o sea tal que sup F e V ). que sea 
además función de la distancia hiperbólica: F (t) = p(S2). tal que 

e-( t.y )F(t) e L(Rn) si, Y e w+. Sea f(y) la transformada de Lap1ace 

de F(t): 

fez) = l.{F(t)} = 

TEOREMA 1. Si z e T vale la fórmula 

fez) (271') 

.. 1 
1 J () "2 (n-2) ( I ( 2 2 2 2») "2 (n-2) p A A K 1/2 (n-2) o/A zl+ z2+" .+zn_l-Z0 _ 

-----;:~~~=::::;:=~--""-"'--"-- dA. 

O IA(z~+z~+ •.. +z!_I-z~ 

El teorema 1 es un análogo hiperbólico del clásico teorema de 
Bochnei que expresa.1a transformada de Fourier n-dimensional de una 
función radial por medio de una integral unidimensional de Hanke1. 
El teorema 1 tiene muchas aplicaciones. En esta comunicación nos re-

I 

ferimos a dos de ellas: a) obtención de la solución elemental retar-
dada del operador de K1ein-Gordon iterado k veces; b)obtención de 
una fórmula de representación de V.V1adimirov (trans1ations de la 
A.M.S .• serie 2.48 (1965) fórmula (4.7), p. 24). 

GRATTON. F. Y VARGAS, M. (U.N.B.A., M. de Defensa): Sotuoiones auto­

simitares de segunda espeoie de una eouaoi6n en derivadas paroiates 

de ta teor~a det ptasma foaus. 

La evolución temporal de la lámina de corriente en una descarga del 
tipo "p1asmafocus" puede ser descripta por la ecuación no lineal 

4 2 j2 = 1 + J2 - F X J (1 +J2)-1/2 
X T x xx x 

donde J es una función de X.T Y F es un parámetro real constante [11 . 
La ecuación admite soluciones del tipo J = CT + a(x) que representan 
láminas que viajan sin deformarse con velocidad incógnita c. Este ti­
po de soluciones están íntimamente ligadas con la existencia de solu­
ciones autosimi1ares de segunda especie como ha sido sefia1ado en [21. 
La determinación de e depende de la solución de un problema de auto­
valores con condiciones de contorno para p = da/dx. En nuestro caso: 
p = O para x = O. P + - .. para x + ... 

Las siguientes transformaciones de variables 

z = 4 c 2x2/F • p(1+p)-1/2 = -(1 + 2 d 1n v/dz) 
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reducen el problema a una ecuación hipergeométrica confluentépara v. 
Un análisis de pequeñas perturbaciones muestra tlue las soluciones con 
F > O son inestables. Para h = -1/4F entero positivo, las soluciones 
son 

h-1 
v = L 

r=O 
(h-1) zh-r 

r (h-r)! 

Se obtienen luego las posibles formas. y velocidades de la lámina de 
corriente, en función de F. 

[1] Gratton, F. y Vargas, M. - Magnetic tension and thickness in the 
current sheath - Proc. VI Int. Conf. on Controlled Fusion and 
Plasma Physics, IAEA, Berchtesgaden, 1$76. En prensa. 

[21 Baremblatt, G. 1. Y Zeldovich, .Ya. B. - Self-similar solutions 
as intermediate asymptoti'cs- Ann. Rev. Fluid Mech. 4 (1972), 
285. 

HERRERA, M. (U.N.B.A.): Cá7..au7..o de 7..a traza mediante aorrientes resi­

dua7..es. 

Sea X una variedad analítica compleja de dimensi6n n, compacta, y Y 
una intersecci6n completa en X. El objeto de la exposici6n es des­
cribir una construcción explícita del diagrama 

H;n(X;C) ---+ H2n (X;C) 

t~ 
n 

C 
/J 

de cohomología local mediante corrientes residuales. 

MARCHI, E. Y MILLAN, L. (U.N. San Luis): So7..uaiones de eauaaiones 

diferenaia7..es del. tipo desaripto en el. model.o de axon de Hodgkin­

Hux7..ey, usando desarro7..z.os en serie. 

Se reduce el problelna del sistema de ecuaciones diferenciales a de­
rivadas parciales a un sistema de ecuaciones diferenciales ordina­
rias, haciendo V (x, t) = V (x - at) donde. a es la velocidad de con­
ducci6n; obteniendo así un sistema de tres ecuaciones de 1er. orden 
para n, m, h y de 2do. orden para V(x - et). Este es el caso de una 
onda unif~rme que se propaga a velocidad constante y que fue resuel­
to en forma numérica por Hodgkin-Huxley en 1952. Linealizando los 
coeficientes que aparecen en las ecuaciones diferenciales de n, m, h 
se ensayan soluciones del tipoV(~) = LV.~j n(~) = L n.f;J, etc. 

. J' . J 

siendo f; = x - at. Se obt'ienen expresi~nes para n(f;) ,Jm(~), h(~) en 

funci6n de nO' mO' ho y los coeficientes Vj ' Se hace una simplifica­
ci6n adicional en la corriente i6nica, al linealizarla; eliminándo­
se por 10 tanto el h. Se .obtiene una relaci6n de recürrencia para 
los Vk ' en funci6n de los Vj para j < k y se ensaya una soluci6n del 
tipo k-l 

-2-

L 
i 

k--(2i+l) 
L S~~) Vj Vi 
j 1J O 1 
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obtenilSndose una nueva relaci6n ,de recurrencia, muy complicada. para 
los S~~). Actualmente se'busca resolver esa relaci6n para ciertas 1J ' 
condiciones iniciales. 

MARCHI., E. Y TARAZAGA, P. (U. N. San L\,lis): The minimaa: theozoem fozo 
continuous games using an elimination pzooceduzoe. 

Tiempo atr§.s fue introducido un proceso de eliminaci6n de estrate­
gias superfluas el cual ha sido usado en forma elemental para probar 
el teorema del minimax para la extensi6n mixta de un juego finito de 
dos pers(;mas a suma cero. Posteriormente, uno de los autores de este 
trabajo extendi6 el mlStodo para algunas clases de juegos infinitos. 
En este trabajo se generaliza un proceso de eliminaci6n de estrate­
gias superfluas aplicándolo a juegos continuos, y se demuestra d~ 
esta manera el teorema de Bohnenblust-Karlin y Shapley. 

MIGUEL, O. (U.N. San Luis): La pal'tición de un g1'áfico de oonooimien­

tos en unidades pedagógioas. 

Basándose en las estructuras del proceso interactivo de ensefiar­
aprender desarrolladas previamente (Marchi - Miguel, 1974) se estu­
dia en este artículo la partici6n de un curso o grifico de conoci­
mientos e'n celdas que son llamadas unidades pedag6gicas. Se describe 
un algoritmo para realizar dicha partici6n y se estudia la relaci6n 

'temporal para el dictado consecutivo de las unidades; esta relaci6n 
está determinada por las relaciones de prerequisitos entre 'los pun­
tos pertenecientes a celdas distintas. Para las interac¿iones entre 
los profesores que dictan cUrsos simultáneos se describe un juego en 
el que las estrategias consisten principalmente en el orden de dic-

, tad~ de las unidades pedag6gicas. Este juego tiene una estrategia 
conjunta 6ptima o punto de equilibrio. Por 6ltimo, se estudia el pro­
ceso interactivo de ensefiar-aprender en sus dos aspectos: el de las 
trayectorias posibles dentro de una unidad pedag6gica y el del orden 
secuencial de dictado de las mismas. Se estuaia la existencia de un 
punto de equilibrio para este proceso. 

[1] Marchi, E. y Miguel, O. - On the atructure of the teaching-lear­
ning interactive procesa - Int, Jour. of Game Theory, 3,2 '(1974), 
83. 

PATETTA, N. (U.N. MarI del Plata): Estudio cualitativo del movimien­
to en el p1'oblema plano de t1'es cuerpos. 

El objeto de este trabajo es determinar los intervalos devariaci6n 
admisibles para las distancias mutuas entre tres cuerpos, cuando es­
tos evolucionan a lo largo de una soluci6n plana. Se determinan cin­
co comportiunientos en base a las constantes cl y c2 de energía y can­
tidad de movimiento respectivamente, establecilSndose una, condici6n 
necesaria para la existencia de soluciones estacionarias. Para el caso 
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de soluciones estacionarias equiláteras esta condición necesaria se 
reduce a que las constantes c1 y c2 verifiquen la condición 

9 M2 [m- 1 + m- 1 + m -l]3 c-1 c-2 h- 2 g-2 = 1 
O 1 212 

donde mo' m1 y m2 son las masas de los cuerpos, y M 
-1 -1 h = (mO+m1)mOm1, g = Mm 2 (mO+m1) . 

PEJSACHOWICZ, J. (U.N. San Luis): Homolog!a y homotop!a de p-aplioa­

oionea. 

Se determina en esta nota. la categoría de homotopía de aplicaciones 
multivaluadas con pesos en un anillo A (p-aplicaciones), introduci­
da por G. Darbo en Teoria dell'omologia in una categoria de mappe 
plurivalente ponderate, Rend. Sem. Mat., Padova XXVIII, 1959. Este 
tipo de aplicaciones fue recientemente redescubierto por R.Jerrard, 
Homology with multivalued functions applied to fixed points, Trans. 
of the Am. Math. Soc., 213, 1975; aunque Su definición difiere lige­
ramente de la de Darbo esta diferencia desaparece ainivel de homo­
topía y, por lo 'tanto, lo, dicho aquí vale para las m-aplicaciones de 
su trabajo. 

ROFMAN, 'E ~ (I.M. "Beppo Levi "): Métodos oonat:rouotivoa en oont:roo l. 

óptimo. 

Se presentan algor~tmos de optimización tales de poder ser utiliza­
dos en computadoras de memoria reducida. Tras caracterizar a los o­
peradores integrales para los cuales el m6todo tiene validez se es­
tudia la convergencia para el problema libre, el problema con res­
tricciones como también la extensión al caso en que el conjunto de 
controles admisibles es no convexo. Se presentan, finalmente, pro­
blemas resueltos con est,os nuevos métodos. 

MENALDI, J. L. Y ROFMAN, E. (I.M. "Beppo Levi "): Regu la:roisaoión y 

penal.isaoión en p:roobl.emaa el.!ptioos no ooe:rooi~ivoa. 

Para el siguiente problema: "Sean V e H dos espacios de Bana:ch con­
vexos con ~nyección continua e imagen densa. Sea K un convexo cerra­
do de V y sea A: K - H' un operador acotado, monótono y hemiconti­
nuo. Hallar ~':e K tal que (Au, v-u };;. O V v E K"; presentamos en 
esta comunicJd'ión una combinación de las t6cnicas de aproximación'de 
es,pacios. regularización y penalización de la que demostramos su con­
vergencia a la solución, supuesta existente •. Agregamos, además, dis­
tintas acotaciones para el error del método. 

SANCHEZ, C. (U.N. San Lui:s}: Ope:roado:roea de Di:ro.ao pa:roa va:roiedadea 

Spin(p~q). 

Se han definido en [2] las variedades Spin(p,q) y establecidó~algunas 
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Sea k un cuerpo de característica cero. R una k-álgebra local con ta­
dical M tal que R/M ~ k e R. Sup6ngase que el m6dulo diferencial 
D(R/k) es de tipo finito. como' R-m6dulo. Entonces R es regular si y 
s6lo si D(lVk} es libre. Este resultado se debe a NakaL La nueva de­
mostraci6n 'se basa en conectar la condici6n de regularidad de R (com­
pletado deR) con las extensíones jacobianas del ideal 1 definido por 
la ·sucesi6n exacta O -+- 1 -+- .k{[xi." .• xn]] ~ R-+-O • Asimismo. ta­
les extensiones resultan ser imágenes inversas por A de invariantes 
de Fitting del m6dulo diferencial M-!idico D (Íl/k). Finalmente se usa e , 
una caracterizaci6n de los m6dulos libres' finamente generados sobre 
un anillo local. en t~tminode los invariantes de Fitting asociados 
al m6dulo. 

VILLAMAYOR. O. E. (LA.M.): GeometP!aaZgebpaioa en oapaotep!stioa 

p .¡, O. 

Sobre una definici6n de morfismos de pre-esquemas de k-álgebras en 
caracte~ística p .¡, O. de sus singularidades y de la construcci6n de 
un espacio de Jets en analogía con la construcci6n de Boardman Thom 
en el caso de variedades diferenciables. Finalmente desearía nombrar 
algunos resultados y problemas propios de la característica p > O. 

VILLAMAYOR. O. E. (l.A.M.): PoZapizaoión de poZinomios homogéneos. 

Se extiende a cuerpos de característica p .¡, O la construcci6n de la 
matriz depo1arizaci6n para un polinomio homog~neo y se determina. 
usando una sucesi6n de invariantes que resultan de dicha mat~iz. Un 
sistema de coordenadas donde el polinomio resulta escrito en forma 
minimal. Los nGc1eos de la matriz de polarizaci6n definen. además. 
los v~rtices del cono determinado por dicho polinomio homog~neo. 

YOHAl. V. J. (U.N.B.A.) y MARONNA, R. A. (Fundaci6n Bari10che): Com­

poptamiento asintótioo de M-estimadores papa eZ model.o "Lineal. 

Este trabajo trata. con M-estimado.res para- el modelo lineal 

Y = x' e+ u i = 1 ••••• n. donde los x. son vectores p~dimensiona-i "'-i N . i ""1 

les fijos .y los u i variables ~leatoiias LLd con funci6n de distri-
buci6n F. Los estimadores considerados son soluciones de la ecuaci6n 

n 
r '(t(y. - x:- ~) x. = O. Sea X la matriz cuya i-ésima fila es xi. 

i-l 1'" 1'" .. 1'" .., 

luego se prueba que (8 - ~)' XIX C9 - e) es acotado en probabilidad, 
,.. 1M ,.,,. ,. ,., 

suponiendo que 'lit satisface un conjunto de condiciones que incluyen 
monotonicidad. Esto implica que una condici6n suficiente para la 
consistencia de 9 es que el menor autova10r de XIX tienda a infinito. 

N ~-

>-1 Para el caso en que p = Pn __ ID, se prueba que p (~ - §)' .: '! (~ - §) 
está acotada en probabilidad. suponiendo que p& -- O donde 
& .. max x~ XIX ~1" 

1$i$n"'1 ..,. ... 
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ZUPPA, e. (U.N. San Luis): Campo8vectorial.e8 de An080V. 

Sea +t: M --+' M (t E R) un flujo de Anosov de clase er (r :> 1) sobre 
una variedad compacta M. Esto quiere decir que existe una descomposi­
ción +t-in~ariante TM = EU $ ES + ET , donde ET es el fibrado lineal 
tangente al flujo no singular +t" y el flujo T+ t es expansivo en EU 

y contractivo en ES. Es ya bien conocida la conjetura siguiente: 
e. El ~onjunto de puntos no errantes'(nonwandering) de +t' Il(+t)' 
es M. 
Si el fibrado EU $ ES es integrable, entonces +t es topo1ógicamente 
equivalente a la suspensión .de un difeomorfismo de Anosov 
(J.F. Plante). En este caso (e) se reduce a una conjetura similar pa­
ra difeomorfismos. En esta nota nos ocupamos 'de estudiar (e) cuando 
EU $ES no es integrable y, bajo esta hipótesis, se obtiene el resul­
tado parcial: 
TEOREMA. Si r:> 2 y EU e ES es de clase el, entonces Il(+t) = M. 

J.F. Plante ha obtenido este resultado cuando dim M = 3 (Amer. Jour­
na1 of Math., 1972). 
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