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~MPLICIT PREOICTOR CORRECTOR METHODS 

FOR POE'S WITH CONVECTION ANO DIFFUSION 

Diego A. M·ur.io 
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A modified diagonally implicit Runge-Kutta method for solving PDE's 
with convection, diffusion and chemical ki"netíc interaction terms 
is presented. We obtain stability and second order accuracy in both 
space and time: An application to the numerical solution of a non
linear system of equations is also illustrated. 

1. INTRODUCTION. 

In this paper we do a Fourier stability analysis on a hybrid scheme 
based upon Miller's second order diagonally implicit Runge-Kutta m~ 
thod DIRK2 (see [1], [2]), for solving certain PDE's with convection, 
diffusion and chemical kinetic interaction·terms. 

In this scheme, we treat implicitly only the "stiff" terms in the e
quations. We obtain stability and second order accuracy in both sp~ 
ce and time by means of a first order "upwind" predictor followed 
by a second order centered corrector . 

. A typical equation, written for brevity in its one-dimensional form 
is 

(1 . 1 ) 
2 

av = w av + ~ + f(v) 
at ax· e: ax2 

where v = (v1 ,v2 , •.• ,vn )T describes the n chemical concentrations 

convec.ted with velocity w and diffusing according to the "diffusion 
. coefficient" e:. The nonlinear term f(v) models the .chemical reactions. 

The spatially semi-discretized approximation to equation (1.1) is 
of the form 

(1 .2) 
. du:'c.¡¡ .. 
(ff = Au + B(u) 

where Au involves the first two terms of (1.1) 'and has long time 
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constants since the grid spacing in the x direction is long, and 

B(u) is stiff due to the presence of the chemica1 kinetics. 

In §2, the modified 2nd order DIRK method is presented and discus
sed. 

In §3, using von Neumann's metliod (see e.g. [3]), a region of stabi 
lit Y is obtained for a certain simplified mode1 of (1.1) with coef
ficients frozen constant and with the non1inear operator B(u) rep1~ 
ced by a linear operator with 1arge negative eigenva1ues which com
mutes with A. We a1so do not bother about boundary conditions, ima
gining the equation to ho1d on the entire real 1ine. 

In §4 we discuss the error ana1ysis assuming that the non1inear 0-

perator B has an appropriate Lipschitz constant on the order of uni 
ty. 

Fina11y, in section 5 we present sorne numerica1 resu1ts of interest. 

2. NUMERICAL METHOO. 

The modified 2nd order DIRK method when app1ied to (1.2) is given 

by 

Predictor 

(2.1 a) 

Extrapo1ation 

(2. lb) 

Corrector 

(2.1c) 

+ ~t Au(n+l)* + ~t Bun+1 
4 4 

The finite difference operator A indicates the 2nd order eentered 

approximations to the convection and diffusion terms in the PDE. 

However, for the sake of stabi1ity we have had to rep1are A by A* 
in the exp1icit A*un term of the predictor formula (2.1a); this in 
dicates that the wVx convection term has been approximatedby the 
1st order noncentered upwind difference approximation. The predic
tor-corrector resu1t however, is 2nd order correct in both space 
and time. 
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2.1. PRELIMINARtES. 

Given the function f k = f(kh) , k integer, defined at the points 
x = kh on the whole discrete line, we will use the operators 

(S+f)k fk+l (forward shift) 

(D+f)k 
1 

(fk+l f k) (forward difference) 11 -

(DJ)k 
1 (fk - f k_1) (backward difference) 11 

and 
1 2h (fk+l - fk_1) (¿en tered di fference) 

If we let u = {uk} and assume that u k = e ikhe ; i = 1="1' , setting 

a = he , we can define the discrete Fourfer transform of u, U, by 

o .¡;; a .¡;; 27T • 

It follows that 

If we have a difference operator L, linear with constant coeffi

cients, 

n+l 
U 

after applying Fourier transform, we get 

A A 
un+1(a) = pea) un(a) 

If pea), the amplification factor, satisfies the vo~ Neumann condi

tion 

Ip(a) I .¡;; 1 + C~t, e constant , 

then 

and we have stability [4]. 

3. STABILITY ANALYSIS. 

We consider first the equation 
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(3.1) e: constant. 

Using the modified DIRK method (Z.1), we obtain 

(3. Z) 
2 

un+1 = (1 + ~t A + ~~ AA*) un 

where A* = D+ + e: D+D_ and A = DO +e:D+D_. The method is explicit, 

and we use D+ as an approximation for Vx in the predictor and Do in 

the corrector. We use the second difference D+D_ approximation for 
vxx in both predictor and corrector. 

Setting k ~t, h = ~x , A = k/u , y 

transform in (3:Z), we get 
k/h 2 and taking Fourier 

(3.3) 1. 2 2 pea) = 1 - 2 sin a + (cosa - 1)ey (Z + (cosa - 1)(A + Zey)) + 

+ i A sina ((cosa - 1)(~ + Zey) + 1) 

The are a in the (e:y,A) plane in which ¡pea) ¡ < 1, the region of sta 

bility (RS), has been determined experimentally and it is shown in 

Figure 1. In the purely convective case e:=0, we have stability if 

A < Z. 

lf we plot pea) for a typical value of A, for example A = 0.5 and 

several values of e:y we can see how increasing the diffusion affects 

the amplification factor. We notice that small diffusion helps pea) 

to remain inside the uni~ circle (Figures Z and 3). If we increase 

the diffusion term, the second loop approaches the boundary again 

for a = ~ (Figure 4) and finally, if we still increase the diffusion 

term, the inner loop crosses the boundary and we reach the region 

of instability (Figure S). 

3.1. THE GENERAL CASE. 

We study now the equation 

(3.4) 

This is of the form au = Au + B(u) after space discretization. at 
The st:r:ucture of the nO,nlinear B(u) is well set up for the Newton's 

method type of solution of our implicit part of the DIRK method. 

The Jacobian matrix for the nonlinear term is negative definite and 

with low profile since the chemical kinetic interaction is sparse. 
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Region of Stapility in the (ey,A) plane 
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Magnification factor for A = 0.5 and ey 0.0 
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Magnification factor for ~ = 0.5 and Ey 0.3 

In what follows we will instead assume (for the purposes of stabili 
ty analysis only) that B is linear, commutes with A and A* and has 
ful1 real negative eigenvalues b, 'some of which might be expected 
to be quite large since the chemical kinetic terms may be quite 
stiff. We want to show that we have stability for all. negative b. 

Using the modified DIRK method (2.1), we obtain 

(3. S) un+1 = (I - ~B)-l [(I - ~A) + (t kA + i kB). 

( 1 - k B)-l (I + k A*)] un 
3 3 

Using the fact that B has negative eigenvalues b and that it commu

tes with A and A* and assuming that (Ey,A) belongsto the region of 
stability (RS) , after taking Fourier transform in (3.S) we get 

1 + kb Is + (cosa.- 1)(3A + 10q) + iSA sina. 
1 p (a.) 1 .;; _---'-1.=..2 ----------------(3.6) 

For (Ey,A) in the region of stability 

o .;; 3A + 10EY .;; S 

and if 
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(3.7) A ..; (24/25)1/2 , 

it follows that 

(3.8) 115 + (cosa - 1)(31.. + 10ey) + i 51.. sinal..; 7 

Using (3.6) and (3.8) we obtain stability for all b ..; O if A satis
fies (3.7) and (Ey,A) belongs to the' region of stability. 

4. ERROR ANALYSIS. 

In this section we perform the error analysis wr the equation 

(4.1) 
2 

~~ + E O",} + f(v) 
OX 

where we assume that the solution v is sufficiently smooth in both 
space and time ~nd also that the nonlinear term f has an appropria
te Lipschitz constant on the order of unity. 

The modified DIRK method is given by 

Predictor 

(4.2a) ~3 (D +E D D )un + ~3 Bun+1/3 
+ + -

Extrapolation 

(4.2b) 

Corrector 

(4.2c) 

+ ~ (D +' D D )u(n+1)* + ~ B n+1 . 4 O E + _ 4 u 

The restriction of the smooth true solution v(x,t) to the grid do

main will be noted by v~ = .v(nk,jh). We now try to write v itself as 
J 

a solution of the difference equations plus a uniformly small local 

truncation error.' 

Predictor 

(4.3) 

Since 

v n = D vn + ü(u) x + 

ana 
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After replacing these terms in (4.3) we get 

(4.4) vn + ~3 (D+ + e D D )vn + k Bvn+1 / 3 + 
+ - "3 

From (4.4) and (4.2a) we have 

(4.5) 

Extrapolation: 

(4.6) 3vn + 1 / 3 

From (4.2b) and (4.6), we have 

(4.7) vCn+l) * = u Cn+1)* + O(k2 + kh + kh 2 ). 

Corrector: 

(4.8) vn+1 vn + 1 k(vn+1/ 3 
4 x 

+ e vn+1 / 3 + Bvn+1 /3) + 
xx 

+ k (vCn+1)* + e v Cn+1)*) + ~ Bvn+1 
4 x xx 4 

Using the smoothness of the solution, (4.5) and the fact that B has 

a Lipschitz constant on the order of unity, the second term in (4.8) 
can be replaced by 

(4.9) i k(Do + e D+D_)un+1/ 3 + i kBun+1/ 3 + 

Analogously, using (4.7), the third term in (4.8) can be replaced 
by 

(4.10) 

From (4.2c), (4.9) and (4.10), assuming k/h bounded, we ha ve 

(4.11) 

In this equation, un+1 denotes the approximate value that we would 

compute in one step of our method. We see that the method has local 

truncation error which is uniformly bounded by k times O(k2 + h2) . 
The method is 2nd order correct both in spaceand time. 
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5. A NUMERICAL EXAMPLE. 

A díffusíon-conyectíon reactíon process ínyolvíng three substances 

of concehtratíons v 1 ' v 2 and Y3 respectívely, leadíng to the system 

aYl aYl a 2y 
4 1 

at - ax + e: --2 + V 3 - 10 V1Y2 
ax 

aV2 aV2 
2 a v 2 4 

at - ax + e: --2 + v 3 10 V1Y2 
ax 

aY3 aV3 
2 a v 3 4 

at - ax + e: --2 - Y3 + 10 v 1v2 
ax 

ís íntegrated usíng the followíng boundary and ínítíal condítíons 

O, t>O , í=1,2,3 o , t>O. , í=1,2,3 

rx , o <x .;;; o . 1 

-:ox + 4 o . 1 <x .;;; 0.2 

0.2 <x < 

rx , o <x .;;; o . 1 

- ~ Ox + 2 o . 1 <x .;;; 0.2 

0.2 <x < 1 

o < x < 1 

and wíth the physícal parameter e: = 10-2 . We notíce that the fírst 

order spatíal derívatíves are large ín relatíon to the second order 

ones and, consequently, we expect the solutíon to behave líke the 

solutíon of the límítíng purely convectíve case. 

We use the modífíed DIRK method wíth fíxed 6x = 1/20 and varíable 

step síze 6t. Because of the chemícal kínetícs and ín order to save 

computer tíme, the ínítíal step síze ís chosen faírly small (10- 6). 

We ímpose a rather conservatíve upper bound (2x10- 2) for the maxí

mum síze to whích the step would be íncreased, satísfyíng the stabí 

líty condítíons of sectíon 3. To automatícally adjust the step síze, 

the dífference between the solutíon after one step of síze ~t and 

two steps of síze 6t/2 ís taken as an estímate of the local trunca

tíon error. If thís dífference ís wíthin the prescribed tolerance 

6, the step size is doubled. Otherwíse the step size is halved. We 

use Newton's method for the solution of our implicit part of the mQ 

difíed DIRK method, and a solution ís accepted when two successive iterations 
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satisfy IIVk+1-vkIl2';;; oxl0- i . Several runs, with different tole-
rances, show only the predictable changes in accuracy. However, for 

o = 10-4 , the average step size is about 4xl0- 3 while for o = 10-2 , 

the average step size coincides with the maximum step size 2xl0-2. 

The initiaí data and the solution at different times are shown in 
Figures 6 to 10. We notice the sharp,transition from the initial 

concentrations (Figure 6) to the state at time ~ 0.20 (Figure 8), 
due to the chemical reactions. In al1 the plots, the' solution for 
vi is represented by a solid curve, for v2 by a dashed curve and 

for v3 by a solid curve with a symbol. Figures 9 and 10 show the 

outgoing waves travelling with speed less than 1, as expected, due 

to the presence of diffusion. 
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Chemical concentrations at time 0.000 



96 

er, 
uo 
ci 

¡11 
N' 

'" 
ci 

cr> 

'" 
.0 .... 

Z 
W 
U<D 
Z'" 
O 
UO 

:>: 
W 
I~ 
U 

ci 

O 
O 

ci 

~0~.-0-0------OT.-2-5------0'.-5-0------0r.7-5------~1.00 
X Vril..UES 

Figure 7 

Chemical conceritrations at time 0.053 
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ABSTRACTo In this paper we introduce the definition of removable 

discontinuity ofmappings in a bitopological space and enquire when 
such mappings are continuouso 

INTRODUCTIONo 

In this paper, we introdUce the definition ofremova,ble discontinui 
ty of mappings from one bitopological space (X,P,Q) (2) into ano
ther such space and find out conditions when a mapping having at 
worst a removable discontinuity at a point becomes continuous at 
that pointo A continuous mapping has clearly at worst a removable 
discontinuity at each point, but we show by an example that the co~ 
veise is not t~ueo We inttoduce the defiriition oí removable discon
tinuity in (X,P,Q) in such a way that when the two topologies P and 
Q coincide, our deíinition becomes the same as that oí Halfer (1) 
who establishes various results on discontinuity of mappings in a 
single topological space. For our investigations in (X,~,Q) we re
quire the concepts oí local connectedness and connected mappings in 
8 bitopological space, which also we introduce hereo Connectedness 
in a bitopological space has been widely investigated by Pervin (4)0 

lo KNOWN DEFINITIONSo 

DEFINITION 101 (2) o A space X where two (arbitrary) topologies P and 
Q are deíined is called a bitopological space and is denoted ~~ 
(X,P,Q)o 

DEFINITION 102 (4) o A bitopological space (X,P,Q) is called ao~n.a~ 
ted ií and only if X cannot be expressed as the union oí two non
empty disjoint sets A and B suchthat 

[Anc1 p c,B)1 n [clQ(A) nB] =0 

where cl p and cl Q denote the closures wi th respect 'to P and Q topo

logies respectively and 0 denotes the empty seto If :x can beso ex-
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pressed, then-A and B are called separa~ed sets. 

NOTE 1.1. If X can be so expressed,we say that A and B are (P,Q)
separated. Throughout the paper we shall follow this convention. 

DEFINITION 1.3 [4]. A subset E of (X,P,Q) is called connected if 
and only if the space (E,P/E,Q/E) i& connected. 

DEFINITION 1.4 [4]. A fun~tion f mapping a bitopological space 
(X,P,Q) into a bitopological space (X*,P*,Q*) is said to be con ti

nuous if and only if the induced mappings f I : (X,P) --+ (X*,P*) and 

f 2 : (X,Q) --+ (X*,Q*) are continuous." 

DEFINITION 1.5 [2]. In a bitopological space (X,P,Q), P is said 
to be regular with respect to Q if, for each point x E X and each 
P-closed set e such that x f/; e , there i"s a P-open set U and 
a Q-open set V such that x E U, e e V and U n V = 0. (X,P,Q) is, or 
P and "Q are, pairwise regular if P is regular with respect to Q and 
vice-versa. 

DEFINITION 1.6 [2] . A bitopological space (X,P,Q) is said to be 

pairw.ise Hausdorff if, for each two distinct points x and y of X, 
there are a P-open neighbouthood U of x and a Q-open neighbourhood V 
of Y such that U n V = 0. 

2. NEW DEFINITIONS. 

DEFINITION 2.1. A bitopological space (X,P,Q) is said to be locally 

connected at a point x E X if and only if for every pair of P-open 
set U and Q-open set V each containing x, there exist connected Q
open set e and connected P-open set D such that x E e e U and 
x E D e V. (X,P,Q) is said to be locally connected if and only if 
it is locally connected at every point of X. 

DEFINITION 2.2~ A function f mapping a bitopological space (X,P,Q) 
into a bitopological space (X*,P*,Q*) is said to be connected if 
and only if the image of every connected subset of (X,P,Q) is a con 

nected subset of (X*,P*,Q*). 

DEFINITION 2.3. A function f mapping a bitopological space (X,P,Q) 

into a bitopological space (X*,P*,Q*) is said to be (P --+ Q*) 
[resp. (Q --+ P*)] - closed if and only if the image of every P 

(resp. Q)-closed subset of (X,P,Q) is a Q* (resp. P*)-closed sub
set of (X*,P*,Q*). 
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DEFINITION 2.4. A function f mapping a bitopological space (X,P,Q) 

into a bitopological space (X*,P*,Q*) has at worst a removable dis

continuity at a point p E X if there exists a point y E X* such 

that for each P*-open neighbourhood Vp* and Q*-open neighbourhood 

VQ* of y, there are a P-open neighbourhood Up and Q-open neighbour

hood UQ of p such that 

and 

REMAR K 2.1. If a function f is continuous at a point of (X,P,Q), 

then f has at worst a removable discontinuity at that point but the 

converse is not true as shown by the following example. 

EXAMPLE 2.1. Let (X,P,Q) and (X*,P*,Q*) be two bitopological spa
ces where X = {a,a,y} , X* = {a,b,c} , P = {X,0,{a,S}} , 

Q = {X,0,{a,y}} and P* = {X*,0,{a,b},{c}} = Q*. 

Let f: (X,P,Q) -+ (X*,P*,Q*) be given by f: a -+ c , a -+ b and 
y -+ a. 

Here f has a removable discontínuity at a, because there is a point 

in X*, viz., the point a such that for every P*-open neighbourhood 

Vp* and for every Q*-open.neighbourhood VQ* of a, there are P-open 

neighbourhood {a,a} and Q-open neighbourhood {a,y} of a such that 

and f({a,y}-{a}) e VQ* . 

But f is not continuous at a, because {c} is a P*-open neighbour

hood of fea) and there is no P-open neighbourhood Upof a such that 

f(U p) e {c} and so the induced mapping of f from (X,P) to (X*,P*) 

is not continuous at a and consequently f: (X,P,Q) -+ (X*,P*,Q*) is 

not continuous at a. 

3. LEMMAS ANO THEOREMS. 

LEMMA 3.1. Let A and B be respectively two non-empty disjoint p

open and Q-open subsets of (X,P,Q). If D is a aonneated non-empty 

subset of (X,P,Q)such that D e A u B, then either D nA = ° or 

D n B = O. 

Proof. Since A n B = 0, A e CB. Also as B is Q-open, CB is Q-clo

sed and so cIQ(A) e CB. Hence B n cIQ(A) = O. Similarly, 
A n clp(B) = O. As D is a connected subset of (X,P,Q), the space 

(D,P/D,Q/D) is connected. Let P/D = P* and Q/D = Q*. We write 
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D = (Dn A) u (D n B) , then 

(D n A) n clp*(D n B) (D nA) n [D n clp (D n B)] e 

e (D nA) n clp(B) = 0 

Thus (D n A) n clp*(D n B) = 0. Similarly (D n B) n clQ*(D n A) = 0. 

Hence if each of the sets D n A and D n B is non-empty, then the 

space (D,P*,Q*) i.e., the spate (D,P/D,Q/D) has a ~eparation.and 
consequenUy D cannot be a connected subset of (X,P,Q). Hence ei
ther D nA = 0 or D n B = 0. This provesthe lemma. 

THEOREM 3.1. Let f be a aonneated mapping of a ZoaaZZy aonneated 

bit'opoZogiaaZ spaae (X,P,Q) into a pairwise Hausdorff bitopoZogiaaZ 

spaae (X*, P*, Q*). Then if f has at worst a removabZe disaontinuity 

at p, f is aontinuous at p. 

Proof. Here the following cases come up for considerations: 

(a) p is an isolated pO,int in (X, P) as well as in (X,Q) , 
(b) p is an isolated point in (X, P) but not in (X,Q) , 
(c) p is an isolated point in (X,Q) but not in (X,P) and 

(d) p is neither an isolated point in (X, P) nor in (X, Q) . 

CASE (a). LetVp* be any P*-open neighbourhood of f(p) and let UI 

be any P-open neighbourhood of p. As p is an isolated point in 
(X,P), there is a P-open neighbourhood U2 of p such that 
UI n U2 - {p} 0. 

Now.U I n U2 U p' say, is a P-open neighbourhood of p. Also, 

f(Up - {p} ) 0 e vp* and as f(p) E Vp*,f(Up) e Vp *' Hence the 

induced mapping of f from (X,P) to (X*,P*) is continuous at p. 

As p is also an isolated point in (X,Q), we get similarly that the 

induced mapping of f from (X,Q) to (X*,Q*) is also continuous at p. 
Hence f: (X,P,Q) -+ (X*,P*,Q*) is continuous at p. 

CASE (b). Let y be the point in X* determined by the definition of 
removable discontinuity of f. If f is not continuous at p, y # f(p) 
and so as X* is pairwise Hausdorff, there exist P*-open set Vp* 

and Q*-open set VQ* such that f(p) E Vp*' y E VQ* and Vp* n VQ* 
= 0. 

Because f has a removable discontinuity at p, there existsa Q-open 

neighbourhood UQ of p such that f(UQ - {p}) e VQ*. 

SO f(UQ) e Vp * u VQ*. 

Now X is locally connected at p and since p belongs to the Q-open 
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se~ UQ, there is a'eonneeted P-open set Cp sueh that p E Cp e UQ. 

Similarly as p belongsto the P-open set Cp ' there is a eonneeted 

Q-open set DQ sueh that p E DQ e Cp . So, p E DQ e UQ. 

As p is not isolated in (X,Q), DQ - {p} # ~ . Again, 

~ # f(DQ - {p}) e f(UQ - {p}) e VQ*, whieh implies that 

f(D Q) n VQ* # ~. 

Also as f(p) E f(DQ)" and f(p) E VP*' f(DQ) n Vp* # ~. 

Now as f is eonneeted, f(DQ) is a eonneeted subset of (X*,P*,Q*). 

Thus as f(DQ) e Vp* u VQ* and as Vp* and VQ* are respeetively dis

joint P*-open set and Q*-open set, by Lemma 3.1, either 

f(DQ) n Vp* = ~ or f(DQ) n VQ* = ~, whieh is a eontradietion. Henee 

f is eontinuous at p. 

The cases (e) ~nd (d) may be dealt with similarly. This pro ves the 

theorem. 

LEMMA 3.2. The following three properties are equivalent: 

(1) (X,P,Q) is a bitopologiaal ~paae su ah that P is regular with 

respeat to Q. 

(2) For eaah x E (X,P,Q.) and for eaah P-open neighbourhood Up of x, 

there is a P-open neighbourhood Vp of x suah that x E Vp e 

eelQ(Vp) eup. 

(3) For eaah x E (X,P,Q) and eaah P-alosed set A not aontaining x, 

there is a P-open neighbourhood Vp of x with elQ(Vp) n A = ~. 

Proof. (1) ~ (2). Let Up b"e given. Then the P-elosed set C U does 
p 

not contain x. As in (X,P,Q), P is regular with respeet to Q, the
re is a P-open set Vp and a Q-open set VQ sueh that x E Vp and 

CUp eVQ and Vp n VQ = (I}. Thus Vp e CVQ and so c1 Q(Vp) e CVQ e Up. 

Henee x E Vp e elQ(Vp) e Up. 

(2) ~ (3). Using x and its P-open neighbourhood CA, we can find a 

P-open neighbourhood Vp of x sueh that x E Vp e elQ(Vp) e CA. Thus 

c1 Q(Vp ) n A = (I}. 

(3) ~ (1). Let A be P-elosed and x ~ A. We ehoose a P-open"neigh

bourhood Vp of x sueh that clQ(Vp) nA = ~. Thus A e C[elQ(Vp)] 

and C[elQ(Vp)] n Vp = (I}. This proves the lernma. 

LEMMA 3.3. The foUówing properties al;"e equivalent: 
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(1) (X,P,Q) is a bitopotogicat space such that Q is regutar with 

respect to P. 

(2) For each x E (X,P,Q) and for each Q-open neighbourhood UQ of 

x. there is a Q-open neighbour~Qod VQ of x such that x E VQ e 
e elp(VQ) e UQ. 

(3) For each x E (X,P,Q) and for each Q-ctosed set Anot containing 

x. there is a Q-open neighbourhood VQ of x with elp(VQ) n A = 0. 

Proof. The proof runs parallel to Lemma 3.2. 

THEOREM 3.2. Let f be a function that maps a pairwise regutar bito

po togica t space (X, P, Q) into a bitopo togica t space (X*, P*, Q*) such 

that f is (P ~ Q*)-ctosed and (Q ~ P*)-ctosed,and atso for every 

-1 y E X*. f (y) is P-ctosed and Q-ctosed Bubset of X. Then if f has 

at worst a removabte discontinuity at p E X. f is continuous at p. 

Proof. We should eonsider the following cases: 

(a) p is an isolated point in (X,P) as well as in (X,Q); (b) P is 

not an isolated point in (X,P) but is an isolated point in (X,Q); 

(e) p is an isolated point in (X,P) but not an isolated point in 

(X,Q) and (d) p is neither an isolated point in (X,P) nor an isola 

ted point in (X,Q). 

We prove the theorem for theease (b). The other cases are similar. 

Let y be the point in X* determined by the definition of removable 

diseontinuity of f. If f is not eontinuous at p, f(p) # y and so 

p ~ f-1(y). But f-l(y) is a P-elosed set in X and as P is regular 

with respeet to Q, there exists, by Lemma 3.2, a P-open neighbour

hood Up of p sueh that 

As f i5 (Q ~ P*)-elosed, f(elQ(U p)) is P*-elosed and as 

y ~ f (elQ (Up))' there is a P* -open neighbourhood V p* of y sueh that 

Vp* n f(elQ(U p)) = 0. 

From the definition of removable diseontinuity, there exists a p

open neighbourhood Wp of p sueh that 

f(Wp - {p}) e Vp* 

Sinee p is not isolated in (X,P), Up n Wp - {p} # 0. 

Henee 0 # f(Wp - {p}) n f(clQ(Up)) e Vp* n f(elQ(Up)) 

tradietion. Henee f is eontinuous at p. 

0, a eon-



105 

REFERENCES 

[1] E.HALFER, Condi~ion~ implying eontinuity 06 6unetion~, Proc. 
Amer.Math.Soc., Vol.ll, p.688-691, 1960. 

[2] J.C.KELLY, Bitopologieal ~paee~, Proc. London Math.Soc., Vol. 
13, p.71-89, 1963. 

[3] W.J.PERVIN and N.LEVINE, Conneeted mapping~ 06 Hau~dan66 ~pa
ee~, Proc.Amer.Math.Soc., Vol.9, p.488-496, 1958. 

[4] W.J.PERVIN, Canneetedne~~ in bitapalagieal ~paee~, Indagations 
Mathematicae, Vol.29, p.369-372, 1967. 

H. Dasgupta, Department of Mathematics, Rishi 
Bankim College,' Naiha ti, Wes t Bengal, India. 

B. K. Lahiri, Department of Mathematics, University 
of Kalyani, West Bengal, India. 

Recibido en setiembre de 1982. 



Revista de la 
Uni6n Matem§tica Argentina 
Volumen 31, 1984. 

MAPPING THEOREMS IN PA·RANORMED SPACES 

Mihai Turinici 

O. INTRODUCTION. 

106 

Let X be a metrizable topological space, Y a linear space, Xo a sUQ 
set of X and T an application from Xo to Y. By a mapping theorem i~ 

volving these elements we mean the problem of determining sufficient 
metric-linear conditions in order that the equation 

(E) Tx = O 

should have a solution in Xo. The prototype of all mapping results 

of this kind must be considered the 1971 Browder's theorem [6] pro
ved by a specific asymptotia direation technique. As refinements of 

Browder's original result we quote the 1976 Altman's contribution 

[1] obtained by a transfin.ite induation argument combined with a 
aontraator direation technique, as well as the 1977 Downing-Kirk 

result [10] proved by a Caristi fixed point procedure (see also 
Kirk and Caristi [14]). Finally, as further developments in this 

direction, we must quote those of Altman [2] and, respectively, 
Cramer and Ray [9] based, essentially, on Ekeland's variational 

principIe [11] and, respectively, Brfizis-Browder ordering principIe 
[3]. A basic assumption of all these contributions is that the ran

ge of the application is a Banach space with respect to a suitable 

norm; it's therefore natural to ask whether this condition cannot 
be removed. ~he main aim of the present note is to give a positive 

answer tothis question -more.exactly,to state and prove a mapping 
theorem' .for- applications taking values in a pCi.ranormed spaae - the 

basic instrument ofour investigations being a maxima"lity prinaip"le 

on (partially) ordered metric spaces appearing (under its quasi-or

dered semi-metrical version) as a generalization of the Brfizis

Browder ordering principIe we quoted before. As useful particular 
cases, a couple of mapping theorems for applications whose range is 

a normed (respectively, a Frfichet) space is given, extending in 

this way the similar Cramer-Ray result (see the aboye reference) 
and, respectively, completing, under this perspective, the result 

of Turinici 421] obtained by a specific variab"le drop technique. 

Some further extensions of this last result to nón-metri?ab"le uni-
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form spaees will be given elsewhere. 

1. PRfLIMINARIES. 

Let Y be a Zinear spaae (over the real or eomplex numbers). A fune
tion x 1-- IIxll from Y to [0,(0) will be ealled a paranorm on Y when 
(a) 11 xII = O if and only if x = O, (b) IIx+yll ..;; IIxll+llyll, x,y E Y, 
(e) II-xll = 11 xII , x E Y; eorrespondingly, the eouple (Y, 11'11) will be 
termed a paranormed spaee. Evidently, 11'11 induces a metria struetu
re on Y by the standard eonstruetion d(x,y) = IIx-YII, x,y E Y .. An 
important elass of paranorms - largely used in the sequel - is that 
introdueed by the following eonvention. Letting r > O and Z e Y, we 
shall say the paranorm 11'11 is r-superadditive on Z when 

(1) O ";;E ..;; 1 , x E Z. 

Note that (1) neeessarily implies r ..;; 1 beeause, when r > 1, we ha
ve (for xlO in Z and EIO in [0,11) by the triangle inequality (b) 

rllExll+1I (l-E)xll (r-l)IIExlI+IIEXII+II(l-E)xlI > 11 Exll +11 (l-E)xlI ~ IIxlI , 

a contradietion with respeet to (1). Afirst example of such para
norms is contained in the evident 

LEMMA 1. Every norm is 1 - superadditive on every subset of Y. 

As another speeific example of r-superadditive paranorms, let 

S = {l' I i; i E N} be a (denumerable) suffiaient fami1y of seminorms 

on Y (Ixli = O, all i E N imply x=O), L = (Ai; i E N) a sequence 

of strict positive numbers and A = (a i ; i E N) a summabZe family of 
strict positive numbers (al+a2+'" <(0). Define a function 
11·11 11·11 (S,L,A) from Y to [0,(0) by 

(2) IIxIl = ¿ a. Ixl . / (A. + Ix l·) 
iEN 1 1 1 1 

x E Y. 

LEMMA 2. The funation x 1-- IIxll defined by (2) is a paranorm on Y. 

Moreover, (Y,II·II) and (Y,S) are equivaZent as (metrizabZe) topoZog:!:.. 

aaZ spaaes (i.e., a sequenae (Yn; n E N) in Y aonverges (moduZo 

11·11) to y in Y if and onZy if it aonverges (moduZo S) to y). 

Proof. The first part of the statement is clear if we obser.ve that, 
for any i E N, 

To provethe second part, let E > O be arbitrary fixed. As A = (ai; 
i E N) is a surnmable fami1y, there exists m = meE) E N such that 

am+1 + a m+2 + ••• < E/2 
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in which case,denoting 

o = e/2 l ai/~i 
il>m 

we have 'at once 

converse1y, given any i E N, and putting 

one c1ear1y obtains 

proving our assertion. Q.E.D. 

LEMMA 3. Let r in (0,1) be arbitrary fixed. Then, the paranorm 11'11 

given by (2) is r - superadditive on 

I I -1/2 } Y(L,r)={yEY; Yi';;;Ai(r -1),iEN. 

Proof. Evident1y, in order that (1) be va1id it suffices that, for 
any i E N, 

(1) , relxl. (>..+elxl·) + (1-e) Ixl·/(>.. + (1-e) Ixl.) .;;; 11111 1 

.;;; Ixl./(>" + Ixl·) , o.;;; e';;; 1, IxI1 . .;;; A.(r- 1I2 - 1) 1 1 1 1 

or equivalently (denoting Ixli that 

(3) re/(A+e~) + (1-e)/(A+(1-e)~) .;;; 1/(A+~) , 
-1/2 O .;;; e .;;; 1 , O .;;; ~ .;;; A(r - 1). 

Let f(e) denote the 1eft member of this inequality. A simple eompti
tation yie1ds 

f' (e) = (-~(s+1)e + s~ - A(l-s))g(e) 

h ( ) . . 1 .. d 1/2 h ff' . w ere g e lS str1et ypos1t1ve an s = r so t at, a su 1e1ent 
eondition for (3) (equiva1ent - under the aboye notation - with 
f(E) .;;; feO) , O .;;; e .;;; 1) to be valid is that 

s~ - 1.(1-5) .;;; O (or, equivalent1y, ~ .;;; 1.(5- 1 - 1)) 

whieh is just eondition appearing in the final part of (3), proving 
our assertion. Q.E.D. 

Let (X,d,';;;) be a (partially) ordered metrie space. A sequenee 

(xn ; n E N) in X will be said to be (a)' mono tone , when xi .;;; x j 

for i .;;; j, (b)' asymptotic, when lim inf d(x ,x +1) = O, (e)' boun-
n-+oo n n 

ded above, in ease xn ';;;y, al1 n E N, for some y in X. A1so, the 
element z in X wil1 be termed maximal, provided that z .;;; y implies 
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z=y. Concerning these notions, the following maximality principIe 

established by the author in [24] will playa central role in the 
sequel. 

LEMMA 4. Let the ordered metric space (X,d,~) be such that 

(i) any mono tone sequence is asymptotic 

(ii) any mono tone Cauchy sequence is bounded above. 

Then, to any x in X there corresponds a maximal element z in X with 

x ~ z. 

As already pointed out by the author in [20], the aboye lemma can 

be formulated in the larger context of quasi-ordered semi-metric 

spaces, in which case, it may be vie~ed as a straightforward exten
sion of the "abstract" Brezis-Browder ordering principIe [3] as 

well as the "uniform" Br0ndsted's maximality principIe [4]. Moreo
ver, under a pattern discovered by Br~ndsted [5] (see also Ekeland 

[llJ) it's possible to formulate this lemma as a fixed point sta

tement, in which situation it appears as an abstract counterpart of 
the so-called Caristi's Üxed point theorem [8,13,·16,19]. Finally, 

an extension of this maximalityprinciple to metrizable uniform sp~ 
ces may be found in Turinici [21]. 

2. THE MAIN RESULT. 

In what follows, a precise statement of the considerations exposed 
in the introductory part of the note will be performed. Let (X,d) 

be a metric space and (Y,II·II) a paranormed space. Given a subset 

Xo of X, let Xo(xo,r) denote (for Xo E Xo and r > O) the Xo - clo

sed sphere with center Xo and radius r (the subset of all x in Xo 
with d(x,xo ) ~ r); also, given the application T: Xo --+ y we 

shall say it is closed [10] when (x n ; n E N) in Xo' xn ---+ x and 
TXn --+ y imply x E Xo and Tx = y. Suppose henceforward (X,d) and 

(Y,II·II) are complete in the usual sense and T: Xo --+ y is closed 

in the aboye sense. Then, as the main result of the present note, 
the following "local" mapping theorem can be stated and proved . 

. THEOREM 1. Let the element Xo in Xo with Txo f O be such that, a 

couple of functions b,f: (0,00) --+ (0,00) satisfying 

(4) (t-s)b(t) ~ f(t)-f(s) O < s < t 

and a couple of numbers q, r satisfying O .. ~ q < r ~ 1 as well as 

(iii) 11·11 is r - superadditive on T(Xo'J 

where 



110 

( S) 

may be found with the p~ope~ty: for any x in Xo' with Tx # O the~e 
e~iBt x' in Xo and e in (0,1] with 

(6) IITx'-(l-e)Txll < qlleTxll d(x,x') < lIeTxllb(IITxll). 

Then. neaeBBariZy. (E) haB at ZeaBt a BoZution in Xo'. 

P~oof. Assume by contradiction Tx # O for all x in Xo '; so, given 
any x in Xo' there exist x' in Xo and e in (0,1] such that (6) 
holds. By the first part of this relation 

IITx-Tx'lI < (l+q)lIeTxII 

as well as (if we take (iii) into account) 

IITx'lI < qlleTxll+lI(l-e)Txll < (q-r)lIeTxII+rlleTxll+lI(l-e)Txll < 

< (~-r)lIeTxll+IITxll 

or, equivalently, 

(7) lIeTxll < (IITxlI-IITx'II)/(r-q) 

so that, by a combination of them 

(8) IITx-Tx'lI < (l+q) (IITxll-IITx'lI) (r-q) 

(note at this moment that,. again by the first part of (6), Tx#Tx' 
(hence, x#x') because, otherwise, Tx=Tx' would imply 1 < q, a con
tradiction). On the other hand, the second part of this relation 
yields, in combination with a consequence of (1) (tb(t) < f(t), 
t > O) and a consequence of (7) (lIeTxll < IITxII/(r-q)) 

d(x,x') < IITxllb(IITxll)/(r-q) < f(IITxII)/(r-q). 

Now, let us denote 

(S) , x " = {y E X'; d(x ,y) < (f(IITx 1I)-f(JlTyU))/(r-q)} o o o o 

and observe that x E Xo" plus the aboye inequality implies x' E Xo' 
(whence Tx' # O) so that, again by the second. part of (6), in com
bination with (4) + (7) 

(9) d(x,x') < (f(IITxll)-f(IITx'Il))/(r-q) 

a relation that evident1y implies x' E Xo". Let e denote the "pro
duct" metric on Xo 

e(x,y) = max (d(x,y),IITx-TYII) , x,y E Xo 

and let < indicate the ordering on Xo' defined as 

x < y if and onZy if d(x,y) < (f(IITxlI)-f(IITYII))/(r-q) and 

11 Tx-Tyll· < (1 +q) (11 Txll-II Tyllll (r-q) • 
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We claim conditions (i)+(ii) are fulfilled in (Xo",e,';;;) and this 
will lead us to the desired contradiction. (Indeed, it will follow 

then by Lemma 4 that, for the element Xo in Xo" a maximal element z 

in Xo" may be found with Xo .;;; z; on the other hand, by the aboye 

developments, a z, E Xo" may he chosen with z .;;; z' and z "" z', con
tradicting the maximality of z in (Xo",.;;;)). To this end, let (xn ; 

n E N) be a monotone sequence in Xo", that is 

(10) d(x ,x ) .;;; (f(IITx 1I)-f(IITx 1I))/(r-q) 
n ro n ro 

and 

11 Tx - Tx 11 .;;; (1 + q) (11 Tx 11 -11 Tx 11) I (r - q) , n .;;; m. 
n ro n ro 

As (f(IITxnll); n E N) and (IITxnll; n E N) are descending (hence Cau
chy) sequences on (0,00) it im.mediately follows (xn ; n E N) and 
(Txn ; n E N) are Cauchy sequences in X and Y respectively. By the 

completeness - closedness hypothesis, xn --4 x and TX n --4 Tx for 

sorne x in Xo and this establishes (i) (module e). Moreover, as Xo ' 

is relatively closed in Xo' it also follows x E Xo ' (whence Tx,,"O) 
in which situation, observing that, as a consequence of (10) (the 

first part) 

d(x ,x ) .;;; (f(IITx 1I)-f(IITxlI))/(r-q) , n';;; m 
n ro n 

one immediately derives (letting m tend to infinity) 

d(xn,x) .;;; (f(IITxnll)-f(IITxlI))/(r-q), n E N , 

and consequently, x E Xo"; in the same time, by an argument similar 
to the aboye one, (10) (the second part) gives 

n E N 

proving xn .;;; x, n E N, and establishing (ii). Therefore, the proof 

is complete. Q.E.D. 

3. SOME PARTICULAR CASES. 

The main result we established in the preceding paragraph appears, 
at this stage of our exposition, as an "abstract" mapping theorem 

only, so that, for a number of practical reasons, sorne "concrete" 

realizations of it (based on the considerations of §1) were welco
medo As a first step in this direction, let (X,d) be a complete me

trie space, (Y,II·II) a Banach space, Xo a subset of X and T: Xo ->- y 

a closed application then, the following "normed" variant of the 

main result may be formulated. 

THEOREM 2. Let the eZement Xo in Xo with Txo "" ° be such that, a 

numbel' q E [0,1) and a coupZe of functions b,f: (0,00) -- (0,00) 

satisfying 
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(4)' (l-s/t)b(t) ~ f(t)-f(s) , t,s > O , qt ~ s < t 

may be found with the property: for any x in Xo ', where 

(5) , 

with Tx # O there exist x' in Xo and E in (0,1] with 

(6)' IITx'-(l-E)Txll ~ qEIITxll 

Then, (E) has at Zeast a soZution in Xo '. 

Proof. It suffices to observe that, putting t = IITxll, s = (l-(l-q)E)t, 

one easi1y obtains qt ~ s < t and (by (7)) IITx'lI ~ s, in which ca
se, taking into account (4)', we established -(9). The remaining 
part of the argument follows from the main result with r=l and 

this ends the proof. Q.E.D. 

Concerning condition C 4) , (essentially involved in the aboye the-

orem) let us observe it is fulfi1led in case t f- b(t) is increa-

sing and e (t) = f~ (b(s)/s)ds < 00, t > O for, letting f(t) 

c(t/q),t > O, we have, for any couple t,s > O , qt ~ s < t 

(l-s/t)b(t) ~ (b(u)/u) (t/q-s/q) , s/q ~ u ~ t/q 

in which case, the aboye statement reduces to Theorem 2.1 of Cramer 

and Ray [9] proved by a Brézis-Browder ordering procedure. Moreo
ver, it was demonstrated by the aboye quoted authors their contri

bution represents a considerable refinement of sorne "abstract" (me

trical) mapping theorems established by Browder [6,7], Kirk and 
Caristi [14], Downing and Kirk [10], Al tman [1,2] (see also Turinici 

[22]) as well as of sorne "concrete" (differential) mapping theorems 
established by Pohozhayev [17], Ka~urovskii [12J, Krasnoselskii 

[15], Rosenholtz and Ray [18], so that our theorem also extends 

these results. 

Passing to the second particularization, suppose further X is a 
complete metrizable uniform space under the (denumerable) suffi

cient family of semi-metrics D = (dí; i E N), Y is a complete Fré

chet space under the sufficient family of seminorms S = (l· lí; 
i E N) and T: Xo --+ y (Xo a subset of X) is a closed application, 

then, the following "global" version of the main result can be 
derived. 

THEOREM 3. Suppose there exist a sequenae L = (A í ; i E N) in (0,00), 
a aoupZe of numbers q,r with O ~ q < r ~ 1 and 

(iii)' ITxlí~AíCr-l/2- 1), iEN, XEXo 

a summabZe famiZy A = Caí; i E N) in (0,00) as weZZ as a number 

b > O w'ith the property: for any x in Xo with Tx # O there exist x' 
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in XO' 'e in (0",1] and a aoupte of injeations <P,lj! fl'om N to itsetf. 

7JJith 

(iv) ~a<p(i)leTxl<p(i) < ai(A<p(i)+léTxl<p(i») impties 

ITx'-(l-e) Tx l i ~ Aiqa<p(i)leTxl<p(i)/(ai(A<p(i) + 

+ leTxl<p(i»)-qa<p(i)leTxl<p(i») 

(v) balj!(i)leTxllj!(i) < ai(Alj!(i)+leTxllj!(i») impties 

di(x,x') ~ Aibalj!(i)leTx'lt(i)/(ai(At(i) + 

+ leTx!t(i»)-bat(i)leTxllj!(i»)· 

Then. (E) has. at teast a sotution in Xo. 

Pl'oof. It suffices to observe that (iv) plus (v) give 

ai I'i'x' - (l-e)Tx I /P.i+ ITx' - (1- e)Tx I i) ~ 

~ qa<p(i) I eTx 1<p(i/CA<p(i)+ I eTx I<p(i») , i E N 

and respectively, 

aidi(x,x')/(Ai+di(x,x')) ~ 

~ ba1jl(i)leTxllj!(i/(Alj!Ü)+leTxllj!(i»)" i EN, 

so that, if we introduce a metric (paranormed) 'structure on X (Y) 

by the convention 

d(x,y) r a.d.(x,y)lO.·+d.(x,y)) ,x,y E X 
ieN 1 1 ,1 1 , 

(and, respectively, 

X E Y) , 

conditions of the main result are fulfilled with Xo' = Xc' b(t)=b~ 

t > O~ and f(t) = b t, t > O, so that by the conclusion of that sta 
tement, the proof is complete. Q.E.D. 

Concerning the elements involved in this result , a special mention 
must bemade aboutthe functions <p, and lj! appearing in (iv) and (v) 
respectively. Namely, suppose, in particular that <p= lj! = the iden
tity, then, the aboye conditions become 

(iv)' 

. (v)' 

ITx'-(l-e)Txl. ~LqleTxl./(L+(l-q) leTxl.) 
1 1 1 1 . 1 

bleTxl. < L+leTxl . 
1 1 . 1 

implies 

d.(x,x') OS;; LbleTxl./(L+(l-b) leTxl.) 
1 l' 1 1 ,1 

i E N 

and the corresponding version of Theorem 3 may be compared with a 
similar one due to the autho.r [21] and proved by a "variable drop" 
technique. Regarding this last aspect, it's not without importance 
to ask whether a direct treatment of the problem - based on the ini 
tial metrizable (Fréchet) structure of the ambient spaces - may not 
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be given. A partial answer to this question rnay be found in Turinici 
[23); sorne further extensions to non-~etrizable uniforrn spaces will 
be given elsewhere. 

R,EFERENCES 

11) ALTMAN,M., Con~4ac~04 di4ec~idn~, di4ec~~onat con~4ac~04~ and 
di4ec~ionat con~4ac~ion.6 604 ~otving equa~ion.6, Pacific J. Math. , 
62, 1-18, (1976). 

[2) ALTMAN,M., Exi~~ence ~he04em~ 604 nontinea4 ope~a~04 equa~ion~ 
wi~hou~ con~inui~y condi~ion, Nonlinear Analysis, TMA, 4, 437-
449, (1980). 

[3) BR~ZIS,H. and BROWDER,F.E., A gene4at p4incipte on ohde4ed ~e~~ 
in nontinea4 6unc~ionat anaty~i~, Adv.in Math.,21, 355-364, 
(1976) • 

[4) BR~NDSTED,A., On a temma 06 Bi~hop and Phetp~, Pacific J.Math. 
55, 335-341, (1974). 

[5) BR~NDSTED,A., Fixed poin~~and pa4~iat ohdeh~, Proc.Amer.Math. 
Soc., 60, 365-366, (1976). 

[6) BROWDER,F.E., N04mat ~otvabiti~y 604 .nontinea4 mapping~ in~o 
Banach ~pace~, Bull.Amer.Math.Soc., 77,73-77, (1971). 

(7) BROWDER, F. E., NMmat .6otvabiti~y and ~he hedhotm cit~e4na~ive 
604 mapping~ in~o in6ini~e dimen~ionat mani60td~, J.Functional 
Analysis, 8, 250-274, (1971). 

[8) CARISTI, J., Uxed poin~ ~heMem~ 604 mapping~ ~a~ü 6ying -inwa4~ 
ne.6.6 cond-i~-ion.6, Trans.Amer.Math.Soc., 215,241-251, (1976). 

[9) CRAMER,Jr.W.J. and RAY,W.O., Sotvab-it-i~y 06 nont-inea4 ope4a~04 
equa~ion.6, Pacific J.Math., 95,37-50, (1981). 

[10) DO~NING;D. and KIRK,W.A., A gene4at-iza~-ion 06Ca4i~~-i'.6 ~he04em 
w-i~h appt¡ca~-ion.6 ~o nontinea4 mapp-ing ~he04y, Pacific J.Math., 
69, 339-346~ (1977). 

['11) EKELAND,I., Nonconvex minimiza~ion p40btem.6, Bul1.Amer.Math.Soc., 
(N.S.), 1, 443-474, (1979). 

(12) KAeUROVSKII, R. l., Gene4alüa~ion 06 ~he F4edholm ~he04em.6 and 
06 ~he04em.6 on linea4 ope4a~04~ w-i~h cto.6ed 4ange ~o ~ome cla~
~e~ 06 nonl-inea4 ope4a~04~, (Russian), Dokl.Akad.Nauk SSSR, . 
197, 520-523, (1971). 

(13) KIRK,W.A., Ca4-i.6~-i'~ 6-ixed poin~ ~he04em and me~4-ic convexi~y, 
Colloq.Math., 36, 81-86, (1976). .. 

(14) KIRK,W.A. and CARISTI,J., Mapping ~heohem~ -in me~4-icand Banach 
~pace.6, Bull.Acad.Pol.Sci.,S~r.Sci.Math., 23, 891-894, (1975). 

[15l.KRASN?SE~,~!I,M.A., On':.6ev,e4al new 6-i.xed po-in~ p4-inc-ip~~~, 
- :y~.RusS1anr~1.Akad.N~uk SSu., 208, 1280-1281, (1973). , -

(16) PASICKI,L., A ~h04~ p400,6 06 ~he C~~-i ~he04em, co~h,t. Math. 
(Prace Matem.), 20,;"427-428, (1977-/18). 

(17) POKHOZHAYEV, S. l., N04mat .6otvab-it-i~y 06 non-l-inea4 equa~-ion.6, 



11 S 

(Russian), Dokl.Akad.Nauk SSSR, 184, 40-43, (1969). 

[18) ROSENHOLTZ,I. and RAY,W.O., Mapping theo~ema 60~ di66e~entia
ble ope~ato~a, Bull.Acad.Pol.Sci.,S&r.Sci.Math., 29, 265-273, 
(1981) • 

[19) SIEGEL,J., A new p~006 06 Ca~iati'a 6ixed point theo~em, Proc. 
Amer.Math.Soc., 66, 54-56, (1977) .. 

[20) TURINICI,M., A gene~alization 06 B~lzia-B~owde~'a o~de~ing 
p~inc.iple, An.St.Univ."Al.I.Cuza" Ia~i, S.I-a (Mat.), 28,11-
16, (1982). 

[21) TURINICI,M., Conatant and va~iable d~op theo~ema on metnizable 
loc.ally c.onvex apac.ea, Comment.Math.Univ.Carolinae, 23, 383-
398, (1982). 

[22) TURINICI,M., Mapping theo~ema via va~iable d~opa in Banac.h 
apac.ea, Rend.Ist.Lombardo, (A), 114, 164-168, (1980). 

[23) TURINICI,M., Mapping theo~ema via c.ont~ac.to~ di~ec.tiona in me
t~izable loc.ally c.onvex apac.ea, Bull.Acad.Pol.Sci., S&r.Sci. 
Math., 30,161-166, (1982). 

[24) TURINICI,M., A maximality p~inc.iple on o~de~ed met~ic. apac.ea, 
Rev.Colomb.Mat., to appear. 

Recibido en abril de 1983. 

Seminarul Matematic "Al.Myller" 
University of Ia~i 
6600 IASI ROMANIA 



Revista de la 
Unión Matemática Argentina 
Volumen 31, 1984. 

THE RELATIVE GENERALIZED JACOBIAN MATRIX IN 

THE SUBDIFFERENT1AL CALCULUS 

Telma Caputti 

1. INTRODUCTION. 

116 

The purpose of this article is the characterization of the relative 
generalized jacobian matrix of a locally Lipschitz function which is 
used in optimization problems with non differentiable data. 

An important tool in that .way was the concept of generalized jaco
bian matrix of F at Xo in Clarke's sense [1], we denote by JF(xo). 
From its basic definition (recalled at the beginningof Section 11), 
one can see that JF(xo) takes into account the behaviour of F all 
around xo. Actually, it has appeared that, for many purposes .. , the 
knowledge of all this information was not quite necessary; what 
needs to be known is the contribution of F restricted to a 
subset Q in the construction of JF(xo) . 
These considerations gave rise to what we call the generalized jacQ 

bian matrix of F relative to Q, denoted (at xo) by JQF(Xo). This 

concept which is defined through a "lim sup" - operation on the co
llection {JF(x): x E Q} was firstIy used in [2] for particular pur
poses. In Section 11, we go into details of the study of JQF(.): 

conditions ensuring the connectedness of JQF(Xo), properties of 

JQF(.) as a set~valued mapping and chain rules. Of course, all the

se properties and calculus rules are mainly derived from those al
ready exhibited for the usual generalized jacobian matrix (which 
turns out to be JQF (.) for Q the whole space) [1]. 

2. THE RELATIVE GENERALIZED JACOBIAN MATRIX. 

Let F: Rn --+- Rm be a locally Lipschi tz func tion on O an open subset 

The generalized jacobian matrix of F at Xo E O denoted by JF(xo) is 
thé .. set of matrices defined as the convex hui.7M all matrices M of 

the form M = Lím JF (x ) where xn converges to x in dom F '. 
n+~ n o 
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Inthis definition, dom F' denotes the subset of full measure of O 

whereF is differentiable. 

As readily seen, this definition takes into account the behaviour 
of F all aroundxo . In many problems it has appeared that the info~ 
mation is not quite necessary; what it is needed is essentially the 
behaviour of F relative to a given subset Q. 

That let us to introduce a relative generalized jacobian matrix 
. which can be defined on all of cl(Q) (clousure of Q). 

DEFINITION 2.1. The 
is defined at Xo by 

generalized jacobian matrix of F relative to Q 
n cl{ u JF(x)} (2.2) 

Ve:E(Xo) xe:Qnv 
where E(xo) denotes 
of matrices defined 

the collection of neighborhoods of xo. The set 
in (2.2) will be denoted by JQF(Xo). 

. t 
Let F = (fl, ... ,fm) be a locally Lipschitz function defined on an 

open subset O e Rn , let Xo E O and Q be a subset of Rn such that 
Xo E cI(Q). 

We denote by EQ(xo) the filter d~ neighborhoods of Xo for the topo

logy indticed on Q. The collection <JF(x): x EO; EQ(xo)} is a fiIte 

red fami1y [3,·pág.1261. For this fami1y, we may consider the "lim 

'sup" which we will denote DY JQF(Xo) and to obtain the definition 
(2.2) . 

In other words, JQF(Xo) consists of all cluster points of sequences 

of matrices M E JF(x ); xn converging to Xo in Q. Clearly, JQF(xo ) 
n n 

is empty if x f/:. cl (Q) and coincides wi th JF(x ) whenever x E Q. If 
o o o 

Xo lies on the boundary of Q (bdQ), JQF(Xo) is, as often as not, 

strictly smaller than JF(x ). 
o 

The properties of the relative generalized jacobian matrix are main 
ly derived from those of the generalized jacobi~n matrix; letus so_ 
rne of them: 

(PI) Let {Q/l: /lE A} be a finite collectionof subsetswhose union 

is Q; then 

u JQ F(x ) 
/le:A /l o 

( 2-.-3] 

(P 2) The set-valued mapping X-=::JQF(X) is locally bounded, that is. 
to say: there exist a neighborhood Vof Xo and a constant ~ 

such that máx {IIIMIII , M E JQF(X), .x. E V} .;;; K where 111.111 is the 
norm used for topologize the vector space of mxn matrices. (2.4) 

(P 3) Clearly, JQF(xo)is a nonemptycompaCt subset of the vector' space 
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oí mxn matrices. (2.5), 

(P4) 3QF(.} is an upper semicontinuous set-va1ued mapping in the 

sense that if xn converges to Xo in c1(Q) and Mn converges to 
Mo with 

(2.6) 

Indeed, JQF(.) is the smallestuppe.r semicontinuous extension 

to c1 (Q) of the set -va1ued mapping 3F ( . r res tricted to Q. 

(Ps) Note that. tinlike 3F(Xo), 3QF(Xo) is not generally convex when 
Xo E bd(Q) . 

However, its convex hull can be expressed in a way ge'nera1izing 

the basic definition (2.1) of the genera1ized jacobian matrix. 
F is actua11y differeiltiab1e except on a set of nu11 measure; 

, ' 

1et E denote the set contained in domF' such that its comp1e
mentary set in O is of ilull measure. Denoting by Q' the set 
Q n E, the co11ection {3F(x): x E Q' ; EQ(xo)} is a1so a fi1-

tered fami1y. Therefore we may carry out for this co11ection 
the "lim sup" process as "done in ,defini tion (2.1). 

If Q is open, we have that c1(Q') = c1(Q) and the basic definition 
of the JF(x) yie1ds: 

cO{3QF(Xo)}=' co{JQ,F(xo)} 

for a11 xo. 

WhenQ is not open, a more general re1ation wou1d be that: 

n co{Ju,F(xo)} 
QCu 
U open 

(2.7) 

(2.8) , 

(P6) Indefau1t of convexity, JQF(Xo) enjoys a weaker topo10gica1 

property: name1y connectedness, under precise1y a local connec 
tedness assumption on Q at xo. 

PROPOSITION 2.2. Suppose there e:x:ists a basia {V n} ne:N for the neigh-

borhood system of x suchthat Q n V is connected for a~~ n. o n 

(When Xo E Q • this assumption mere~y means that Q is ~oca~~y con

nected at xo). Then 3QF(Xo) is connected. 

Proof. Without 1055 of genera1ity, we can suppose that Vn+1 e Vn 

for all n. Now, 3F(x) is nonempty and connected (since convex) for 

all x E Q n Vn • 

,'. 
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Moreover, 3F(.) is an upper semicontinuous set-valued Iiiapping. The

refore, the image set An U JF(x) is connected [4, Theorem 5] . xe:Qnvn . . 

Thus, 3QF(xo ) which is the intersection of a decreasing sequen;,e 

{clAn}ne:N of compact sets is connected. (q.e,d.) 

Concerning chain rules on relative g~neralized jacobian matrices, 
we state the following results. 

THEOREM 2. 3 ~ Let f = 1{) o F where I{): Rm -+- R: is. oontinuous Zy differe!!:. 

tiabZe at F(xo)' Then 

(2.9) 

Proof. This property is direct1y derived from the corresponding one 
on generalized jacobian matrices [5,6]. 

Interesting própertiesare the following: 

(P 7) Let 1{) be continuously differentiable at F(xo ) with VI{) (F(xo )) ~O, 

let 3QF(Xo ) be surjective. Then O ~3Q(l{)o F)(xo )' 

By considering 1{) defined by 1{) (y¡, ... , Ym) = Yi we have the fol
lowing "projection" property: 

(2.10) 

When 1{) is simply Lipschitz around xo ; things are less pleasant. 
By applying earlier resul ts [7] we obtain thefollowing result: 

THEOREM 2.4. Let 1{) be Lipsohitz in a neighborhoodof F(xo)' Then 

(2.11) 

Proof. We begin by recalling the following mean-value theorem: 

Let F: Rn -+- Fm be locally Lipschitz on an open subset O of Rn , let 
[a,b] be a segment inO with a~b. Then fuere existreal numbers ~, vef.. 

tors ck ' matrices M¡¿; (k = 1, ••• ,m) such that a k ;;;. O; ck E (a,.b); 

1 .and 

F(b)-F(a) (2.12) 

When the segment [a,b] is not in O, one can assert a formula analo
gous to (2.12) when the open subset O is connected. In such that a . 
case, two points a and b in O can be joined by a locally Lipschitz 
path 0,0: [0,1] -+- O locally Lipschitz on (a,b); 0(0) = a; 0(1) = b. 
Then by application of a chain rule [8,.Proposition 4.9] we have 
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that F(b) -F(a) E co{]F(cr(t)) Clcr(t): t E (0,1)}. 

Let us consider a sequence {xnJ converging to Xo and a sequence 

{An} E R: converging to O. 

We set E = {~(F(x + A d)) - ~(F(x ))}A- 1 • n n n n n 
According to the aboye theorem, there exist Fn E (F(xn), F(Xn+And)) 

and Un E a~(Fn) such that 

U > 
n 

(2.13) 

Now, by applying the same mean-value theorem to F, we get that 

a M d k,n k,n (2.14) 

and Mk E JF(c k ) for sorne 
,n ,n 

c k E (x , x . + A d). 
,n n n n 

Since the set-valued mappings a ~ and JF are upper-semicontinuous, 

we may suppose that un -+ U E a ~(F(xo)); ak,n -+ ak for all 

k ( l a k = 1); Mk -+ Mk EJF(xo) for all k. 
l~k~m ,n 

Consequently, we derive from (2.13) and (2.14) that 

Lím sup En';;; máx{ < Mtu,'d > : U E a ~(F(x )) ; M E JF(x )}. o o 
n-+oo 

Hence, a(~ o F)(x ) e co{Mtu: U E Cl~(F(x }); M E JF(x ))} andthe re 
o o o 

sult (2.11) is thereby proved. (q.e.d.) 

Now, let F1econtinuously differentiable at xo. Then by [9, §13] 

the following~nclusion is valid 

Therefore, we note: 

(Pa) Let F be continuously differentiable at xo. If 

O é aF(Q)~(F(xo)) and if JF(xo) is surjective, then 

O é aQ(~ o F) (xo). Under the same assumption on JF(xo)' if 

O é cO{ClF(Q)<p(F(xo))} then O é co{aQ(~ o F)(xo)}. 
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In many areas including optimization problems as well as some impo~ 
tant questions of analysis, we have to deal withfunctions F satis
fying a Lipschitz property only on a subset S, of the whole space E. 
It is important to know whether F can be extended to E preserving 

such a property, that is whether there exists a function Fs ' defi
ned and possessing a Lipschitz property on all of E, which coinci
des with F on S. For such a problem, an explicit formula for the e~ 
tension was given forty - five years ago by E.J .McShane [1] but one 
can propose here an alternative extension obtained by performing 

the infimal convolution of two functions associated with the data 
of the problem. Althoughconceptually identical to McShane's proce
dure, the extension by infimaÍ convolution is more suitable for mi
nimization problems. The difference will also appear to be relevant 
when comparing generalized gradHmts of the respective functions. 

The first section is introductory; the second section deals with 
the definition and basic properties of the space of Lipschitz func
tions on a subset. In Section 111 we introduce the extension pro
cess. Section IV is devoted to comparison results be~ween the gene
raliZed gradient of the extended function and that of the initial 
function. I~ view of applications, we consider in Section V pro
blems dealing with optimization of the extended function. In parti
cular, it will be proved that the search for a global or local mini 
ma of F on S is equivalent to the same problem on E with the exten

sion as objective function. 

2. LIPSCHITZ FUNCTIONS. 

Let E be a real Banach space and let "." denote the norm of E. 

Given a nonempty subset S of E, F: E -+ R (the extended reals) is 
said to be Lipschitz on S with Lipschitz constant r ~ O if F is fi
nite on S and if 

IF(x) - F(y) I ,,¡;;; r "x-y" for all x,y in S (2.1) 
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- The class of all such functions is denoted by Lip(S). The class of 
r 

all Lip(s) for r ~ O is the tlass of Lipschitz functions on S and 
r 

is denoted by LiP(S). It is evident that FE Lip(S) only in the ca

se where 

IIIFIII = sup{ I F (x) -F (y) I 
IIx-yll 

y,x in S x -F y} < 00 

IIIFIII is the least number r such that (1.1) holds for F. 

Suppose that x E S and define 

IIIFIllx- = IF(X) I + IIIFIII for all F E Lip(S). 

Then (L ip (S) ,111.111_) is a Banach space [2]. 
x 

(2.2) 

Since only the values of F on S are relevant for our purpose, we 
will make a constant use of F defined on E by 

F(x) = F(x) if x E S + ex> if not (2.3) 

In particular, the Lipschitz property of F on S may be expressed in 
tenns of the infimal convolution Fs which appears as the resul t of a ,r 

sort of regularization as follows: 

Let F be non identically (+ 00) or (- 00) on S; then F E LiPeS) if 
r 

and only if 

F o r 11.11 = F on S (2.4) 

which is, furthermore, equivalent to 

F o rll.1I ~F· on S (2.5) 

where the symbol o denotes infimal convolution defined by: Let g 
and h be two functions from E into R, the infimal convolution of g 
and h is a function, denoted by g o h, which assigns to x E E the 
value 

inf {g(u) + h(x-u)} . 
ue:E 

The general properties ofthis binary operation, particularly tho
se related to convex analysis are developed in (3]. 

3. EXTENSION OF THE RANGE OF A LIPSCHITZ FUNCTION. 

Let S be a nonempty su'bset of E,and letF E L~P(S). In 1934, 

McShane showed that such a function F could be extended to the who
le space E by preserving a Li~schitz condition. Actually, his pro-

cedure yielded an explicit formula for the extension FS,r which was . 
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FS,r(x) = SUp {F(u) - r lIx-ull} 
ue:S 

(3.1) 

S r F' turns out to be Lipschitz on E with r as Lipschitz constant 
and coincides with F on S. 

We define another extension which is conceptually related to 
McShane' s one [1]. The defini tion of the extendedfunction F co-S,r 
mes na~utally from paragraph 2 as 

F = F Dril .11 S,r 

In more explicit way 

inf {F(u) + r lIx-ull} for al1 x in E . 
ue:S 

(3.2) 

C~early if F E Lip(S) then Fs E LipeS) and coincides with F on S. r , r r 

4. THE GENERALIZED GRADIENT OF THE EXTENDED FUNCTION. 

Given a function F Lipschitz in a neighborhood of Xo E E, the gene

ralized gradient of F at Xo in Clarke's sense [5]is a subset of E* 
(topological dual space of E) denoted by aF(xo) and defined as fol
lows: 

where 

{x* E E*: <x*,d> ~ FO(xo;d) for all d E E} 

Lím sup F(X+Ad) - F(x) 
A 

(4 .1) 

(4.2) 

The definition of the generalized gradient for an arbitrary function 
requires some preliminary definitions. Let E be a real Banach space, 
let A be a subset of E and let u E cl(A) (closure of A). 

o 

DEFINITION 4.3. o is tangent direction to A at u if and only if for every se
o 

quencefu } e A converging to u and for every sequence {A } e R: non 
converging to O, there exists a sequence {on} converging to o such 

that u + A o E A for all n. n n n 
The cone of all tangent directions to A at Uo is the tangen"t cone to 

A at u and wil1 be denoted by TA(uo)' o Its polar cone, Le. the set 

of n in E* such that <n,o> ~ O for al1 o E TA(uo) is cal1ed the nor 

maZ cone "to A at u and will be denoted by NA(uo)' o 
Let F: E -+ R be finite at x and Lipschitz around x Starting from 

o o 
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the geometric concept of tangentcone ,the generalized directional de 
rivative of F at Xo is definedby 

d -+ FO(xo;d) = inf {ll E R: (d,ll) E T 'F(x "F(x))} 
e¡>~ , o, o 

The relationshipwith the normal cone is given as follows: 

aF(xo) = {x* E E*: (x*,-1) E'NepiF(xo;F(xd»} 

For the indicator function ofa subse,t S , 

6(x/S) = O if x e S 6(x/S) = +00 if x r¡. S ' 

(4.4) 

(4.5) 

one has 6(xo/S) N(S;xo)' FOr more details on what has been recal

led above, see [3]. 

Concerning the generali,zed gradients of F and Fs , r such as defined 

in the previous paragraph 3, we have a general comparison result: 

THEOREM 4.6. Let x in S. Then~ o 

a) for aZZ r > mFrn, aF(x )e aF s ex) + N(S;xo)' 'o ,r o 

b) for aH r > IIIFIII, aF (x r eaF(xo) n rB* where B* denotes the S,r o 

aZosed unit baZZ in E*: 

Proof. a) Since, FS,r coincides with F on S, we have that 

F= Fs,r + 6(./S). Then the announced result follows from thecalcu

lus rule giving, an estimate of the generalized gradient of the sum 
of two functions [6, Theorem 2] • 

b) FS,r is Lipschitz with constant r, there~ore 

FS,r(xo;d) ,;;;; rlldll for all d and aFS,r(xo) e rB* 

If Xo is inint (S) F = ji =' F in a neighborhood of Xo " thu,s " 'S,r ' , 

Let now, X o in S n bd(S); we have FS,rC-xo) ,;. F(xo) 

clusion 

is thtm equivalent to the following one 

Tepii(xo,F(xo» ~TepiFs r(Xo,F(Xo» 
, ' 

(4.7) 

Let (d,ll) in T '-F(x ,F(x ». We consider a sequence {xn'} converging 
ep~ o o . ' 

to Xo and a sequence D.n} e R! converging to O. With ,{xn } and O'n} 

we associate a sequence{x} e S such that X E M(A 2,x ) for all n n n, n 
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where M(.,.) í5 g,iven as in Theorem 5.1 .b) . 

Since r > IIIFIII', {x } converges to x , therefore the sequence n· o 

{(x ,F(x ))}converges to (x ,F(x )) in epi F. Since (d,ll) E n n o o 

E TepiF(xo;F(xo))' there exists a sequence {(dn ,lln)} converging to 

(d,ll) such that xn + Andn E S and 

F(x • A d )' < F(x ) + A Il for all n. n n- n n n n 

Due to the Lipschitz property of FS,r' we .get that 

FS (x + A d) < F(x) + r "x -x" + A Il ,r n n n n n n. n n 

Since x E M(A 2 ,X ), we have that n n n ' 

Fs,r(xn + Andn) < Fs,r(Xn) + An (lln + An). Hence, since 

(dn,An +Iln) -+ {d,Il), (d,ll) E TepiFs (xo,F(xo)) and the inclusion 
,r 

(4.7) is proved. (q.e.d.) 

5. OPTIMIZATION OF LIPSCHITZ FUNCTIONS. 

Given Sa nonempty subset of E and F E L!P we consider the problem 

of minimizing (at least locally) F on S,: (P) min-imize F on S. 

A device for'converting the constrained olltimization problem (P) 

into an unconstrained one is to consider 

(P*) minimize F on E. 

Of course, Xo is a local minimum of F on S if and only if Xo is a 

local minimum of Fon E .. 

Similar properties hold for the extended Mction F with the advan-S,r 
tage that Fs is finite and Lipschitz over all E. 

,r 

THEOREM 5.1. Let S be a1.ose.d in E. 

a) x is a global minimum of F on S if and only if x is a global o o 
minimum of FSon E ,r (r > O) . 

b) Xo is a local minimum of F on S if and only if Xo is a local 

minimum of Fs on E bJhenever r > IIIF"I. ,r 

Proof· a) Let x in S such that F(u) ~ F(x_ ) for all u in S. Clear 
o o 

ly, Fs,r(x) inf {F(u) +r "x-u"} 
ue:S . 

= F(x ) for all x in E. o 
Conve;t:sely, let x be a global minimum of 

o 
F S,r on E. The only thing 
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to prove isthat Xo .necessarily belongs to S. For that, we suppose 

that ds(x~) ~> Q (distance from Xo to S)~ 

Let ~ in S be 5ueh that 

. Fs' . (x ) > F (~) 
_,r o + r 

-Sinee F .agrees with F on S .nd x E S, we have th*t 
S,r 

II~-x 11 ;;a; a 
o 

(5.2) 

That is inconsistent with inequality (5.2); hence' a=Q and since S 
is ¿losed x E S. 

o 

b). Let'xo in S be a'local minimum of Fon S. So, there exists P > O 
sueh tha t F (u) ~ F (x ) whenever u E S and 11 u-x 11.;;; P' .. o . o 

There existS Po > O and Eo > O $uch 'that 

.. Ux-x 11 ~ p for all X in M(E,X) , 
. o 

M(E·,X). = ~u E S!F(u) + r il x-ull .;;; F (x) s, r. 

~ith E ~ O afid x ift E andM(x) ~ M(O~x). 

whe·re 

Clearly~ M(E;X) i5.nonempty roy all x inE and all E > O. Fur.ther
more, if x E S, M(x) contains xand is reduced to {x} whenever 

r >IIIFIII. 

Generally speaking, computing .F s (x) gives rise to an abstrae.t op,.r 

timization problem. 1t i5 important to know the behaviour of the 
set of solútions or óf approximate solutions. 

ConsequenUy, F (x) ~ F(x ) whenever "x-xo" .;;; po.~ Conversely, let 
S, r . o 

us prove that Xo 

p > O such that 

IQcal minimumof Fs;r onE is 'in S. Thenexists 

F (x) ~ Fs (x) if II~-x 11 .;;; p. Let us suppose 
S,r ,r o o 

that ds(x o) = a > O; we set E < r/2 mln{p,a} and ~e choose ~ in S 

satisfying Fs (x) > F(~) + rll~-x II-E. 
,r o . o 

Let e = 1/2 mln -{p,a} andx* = x 
o 

X - x 
+ e. --,-__ 0""._ . We have that 

F (x*) > F(~) + r II~-x II-E. Since x* e S and II~-x 11 = 1I~-x*1I ~ e S,r o o 
we deduce from (S .2) that re < E ; henc.e the contradictionfrom the 

choice of E. (q.e.d.) 

REMARK. Let f: O -+ R be a ñmetion defined on an open subset O of Rn 

and Lipschitz in a ne~ghborhood of x . L~t B(x ,E) be a closed ball 
. o'' o 

around x of radius included in O. 
o 

We denote by r the Lipschitz constant of f on B(Xo,E) a~d we set 
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f*= f .¡. eSB(X ,~) where eS is the indicator function of B(xo,.e) o ~ B(xO,e) 

defined by 

{
O if x is in B(xo,e) 

eSB(x e)(x) = 
o' "+ "" .ptherwise. 

Now, we perform the infimal convolution oí f* and the function rU .11 • 
that is 

It is easy to see that by pe"rforming this operation we produce a 
function [ such that 

i) [is 

ii) [(x) 

Lipschitz on the whole space with Lip$chitz constant r; 

f(x) when x is in B(xo,e). 

iii) lim f(x) +"". 
11 xII ... "" 

Now, if Xo is a local minimum of f on S, Xo becomes a global minimum 
of f* on S. In order to isolate xo' we may substitute 

f: x --+ [(x) + IIx-x 112 for [(x) . o 
~ 

In a neighborhood of xo' f is differentiable at x whenever f is dif-
ferentiable at x. Thus, is no trouble in the calculation of the ge-

neralized j acobian matrix and if F = (f, f l' ... , f m) t and 
~ ~ t 
F = (f,fl, .. ~,fm) then 

[4] 

So, one can safely regard xo as a unique and strong global minimum 
of f on S and suppose that lim f(x) + "" • 

11 xll+co 
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Solutions u> O, V of Prandtl's boundary layer equations (1,1),(1,2) 
for steady viscous flows along a flat plate are considered (cf. [1], 

(2)). It is customary that the qualitative study of the solutions 
to these equations be performed by means of the classical maximum 
principIes for parabolic equations, applied either directIy to (1,1), 

(1,2) or through the von Mises transformation (cf. (3) and referen

ces therein). This application requires the smoothness of solution 

- and derivatives - up to the ~oundaries, including sorne matching 

at the leading edge x=O of the plate for the initial profile (2,2), 

and the explicit statement of condition (2,3). 

Although the latter may ~e a sensible condition physically speaking, 

conditions on the behaviour of the solution near the leading edge 

are far from satisfactory. In this paper the von Mises transformed 
equation (3) is employed, (2,3) is replaced by a boundedness condi

tion on the behaviour of u, un at n + 00 (cf. (6,1),(7,5)) which is 
a consequence of the boundedness of u in the newtonian case, and 
(2,2) is defined in the L1 sense: lIu(x,.) - u o(.)1I 1 --+ O as 

L loc 
x + 0+ (cf. (4,3) for its use for comparison purposes). 

Two comparison theorems (Sections III and IV) are presented which 
are valid in a class of solutions (4,1),(4,2) ,(4,3) that includes 

the classical solutions of (4) (this class was introduced in [5), 

~f. al so (6)). The restrictive condition U'(x) > O of SectionIII 
is removed in IV by the introduction of (7,3) ,(7,4): Theorem 2 of 
IV furnishes uniqueness of solutions with initial profile monotone 

increasing (cf. Section V, Corollaries). 

The method of proof applies also to certain fluids with non-new

tonian constituting terms. 

l. Las ecuaciones de L. Prandtl, de la capa límite sobre una placa 

plana que ocupa el semieje x > O son ([1), [2)) 
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(1 ,1) uu + vu (v~) +U(x)U'(x) , x y y y 

(1 ,2) u + v O 
x y 

La ecuación de Bernoulli 2p(x) + U2 (x) = constante relaciona la pr~ 
sión p(x) con la velocidad U(x) > O del fluido lejos de la placa, 
considerado no viscoso. Las condiciones sobre las componentes. u,v 
de la velocidad en la capa límite.donde el fluido tiene viscosidad 
cinemática v son 

(2,1) 

(2,2) 

(2,3) 

~(x,O) o 

~(O,y) ~O(y) (perfil inicial) 

lim ~(x,y) = U(x) uniforme en [O ,X], cU¡llquiera sea X. 
y++co 

En el caso tratado habitualmente, en que u,v son soluciones clási
cas, v(x,O) = O, llorO) > O, u, ux ' uy ' continuas en [O;X] x [0,(0) , 

basta suponer U' > O para que u > O Y u (x,O) > O, es decir, no ha-
y 

ya reflujo ni separación. 

En este trabajo considerare exclusivamente el caso laminar sin re
flujo, eso es, u(x,y) > O én (O,X) x (0,+00) -. G. 

Es sabido ([3]) que, si tí es acotada, por ejemplo, entonces de 

lim u(O,y) = UrO) resulta lim u(x,y) = U(x) uniforme en [O,X]. 
y+oo 

Esto sugiere la posibilidad de obviar la condición en y = +00 , co
mo se verá más adelante ((6,1) y (7,5)). 

La condición v(x,O) = vo(x) permite considerar casos de succión 

(vo '" O) o soplido (vo~ O) de la capa límite sobre la placa; el ca 

so en que .ésta es impenetrable (vo = O) es el más corriente. En [4] 

.se presentan diversos resultados de existencia de solución clásica 
para (1,1), ... ,(2,3), probándo~e en uno de ellos la existencia de 

soluciones u> O, aún en el caso en que U'(x) '" O, con tal que vo(x) 

sea negativa y suficientemente grande en módulo en los puntos donde 

U'(x) < O. Vale decir, si la succión es suficientemente intensa en 
.los puntos donde p'(x) > O ("gradiente de presiones desfavorable"), 
la capa límite no se separa, y no hay reflujo, claro. 

La suposición u > O permite introducir la transformación de varia

bles de von Mises: 

·JY JX n = O u(x,s) ds - O ves,O) ds u(x,y) 



132 

Sea G el nuevo dominio en las variables (x,n), donde x E (O,X) y 

n > - v(s,O) ds. fx
o 

La ecuación de la continuidad (1,2) queda automáticamente satisfe

cha, y (1,1) se escribe ahora 

(3) u = (v(uu)) + U(x)U'(x)/u 
x n n 

Es una ecuación de tipo parabólico, que degenera pues u=O en 

n = - f: ;(s,O) ds - curva que corresponde a y=O -, y que exhibe 

una fuente no lineal, con singularidad sobre dicha curva. 

A pesar de estas complicaciones 

de la más conocida (u 2 _ U2 ) = 
x 

emplearé la ecuación (3) en lugar 

2 2 V.u.(u - U )nn y arrastraré la e~ 

presión v(uu ), que sugiere la posibilidad de aplicar estos resulta 
n 

dos a fluidos con términos de tensiones más complejos que el newto

niano v.u 
yy 

II. El objeto de este trabajo es comparar dos perfiles de velocida

des u1 (x,n) , u(x,n) que provienen vía la transformación de von Mi-

ses de dos soluciones u 1 ,v1 

u(x,O) = 0, 

y u,v de (1,1)-(1,2) de datos U1 (x) 

;1 (x,O) , v(x,O) y perfiles iniciales U(x), u 1 (x,ü) = 

u 1 (O,y), u(O,y) respectivamente. 

Se sobreentiende que u 1 (x,n) y u(x,n) son soluciones de las corres 

pondientes ecuaciones (3). 

El propósito es obtener condiciones bajo las cuales u 1 (x,n) ~u(x,n), 

y esto resultará de demostrar que D = {(x,n): u 1 (x,n) > u(x,n)} es 
vacío. 

Es claro,que, en las variables de von Mises, u 1 y u están definidas 

en dominiós G1 = {(x,n): x E (0, X) , n > - J: ;1 (s,O) ds} y 

G = {(x,n) : x E (0, X) , n > - f: ;(s, O) ds} donde la hipótesis 

;1 (x,O) ~ v(x,O) implica que G1 e G. Como u 1 > 0, u > ° es claro 

que D e G1 . 

Por regla general se consideran soluciones clásicas de·(3). Cabe pr~ 

cisar, sin embargo, que de las soluciones u 1 'u supondré que son con-

tinuas y que XG1 ·u1x ' XG_ux 'XG1v(ululn) y XGv(uun) pertenecen a 
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(4,1) L11 ((0,X);L 11 (_00,+00)) 
oc oc 

al igual que XG (v(u1u 1n))n y XG(v(uun))n y las ecuaciones se ve-
1 

rifican en casi todo (x,n). 

Con estas hip6tesis existen los límites 

(4,2) lim fX- u 1 (x,n) 
n-l-- VI (s,O)ds 

° 
y lim fX- u(x,n) 

n-l-- v(s,O)ds 

° 
que serán nulos para casi todo x de acuerdo a (2,1). 

La condici6n u 1(0,n) ~ u(O,n) sobre los perfiles iniciales se enten
derá así: 

(4,3) lI(u1(x,.)-u(x,.))+1I 1 ~ 0, x,--+ 0+ ,para todo m>O. 
L (-oo,m) 

La asunci6n del perfil inicial para x -+ 0+ en norma L1 tiende a ob
viar condiciones de compatibilidad entre u(O,n) y u(x,O) en (0,0), 
eso es, en el borde de ataque de la placa. 

El siguiente resultado prelimin~r ilustrará el método empleado 

III. TEOREMA 1. Si u 1(x,nJ > 0, u(x,n) > 0, x E [O,X] , son acota

das (~M) cuando n +oo;si v1(x,0) ~v(x,O), xE [O,X] ,u1(0,n) ~ 

~ u(O,n) según (4,3) y 

(5 ,1) Ui (x)U1 (x) ~ U(x)U' (x) U(x)U' (x) ~ ° , 
entonces u1(x,n) ~ u(x,n) en G1 . 

Demostpación. Sea D = {(x,n): u¡(x,n) > u(x,n)}. Es claro que DCG¡; 

sea X = Xn su funci6n característica. Tomando 

n > m > max{-I: v1(s,0) ds , x E [O,Xl} sea 

T(n) 

Multiplicando por T(n) a 

en (-oo,m) 

° en (n,+oo) 

lineal en (m,n). 

u U' 

u 

e integrando sobre D entre x = a y x , se obtiene (luego de aplicar 
el teorema de Fubini a X. (u 1 -u) x (cf. [5], [6] )) : 
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Jx 
.,;;; 

a 

+ r 
a 

ds (n-m)-¡ Jn X(s,n)(v(u¡u¡ ) - v(uu )) dn 
m n n 

+ IX ds 
a 

X(s,n) .T(n) (U¡Ui - UU')u~¡ dn + 

+ 

Jx J~ + -¡ ( + + ds (-UU') (u¡u) .T n).(u¡-u) (s,n) dn . 
a -~ 

+ 

En el 2° miembro de (6), el cuarto sumando es nulo por hipótesis (y 

(6) fue. escri ta así para ser empleada en el Teorema 2); el tercer 
\ 

sumando es .,;;; O Y la eventual singularidad de u~¡\no afecta los razo-

namientos que siguen. También es";;; O el primero: para cada s E (a,x) 

fijo, el dominio de integración enn es una unión de intervalos don

de u¡ > u, y en los extremos de los cuales u¡ = u: es fácil ver que 

entonces los términos integrados en n en esos intervalos son";;; O en 

los extremos derechos y > O en los izquierdos, resultando";;; O la di
ferencia. 

Resta estudiar el segundo término, donde n > m pueden elegirse en 

forma arbitraria: se ve, integrando r((ui)n - (U2)n) y usando la 

acotación de u¡,u que 

vl2 IJx[X(u2 _ u 2 )(s,n) _ X(u2¡ -u2 )(s,m)ldsl .,;;; v/2 .X.4M2 n-m ¡ n-m 
a 

y sigue que tomando m arbitrario y n suficientemente grande 

"(u¡ - u)+(x,.)n ¡ .,;;; f~ Tn,m(n)(~¡-u)+(x,n) dn .,;;; 
L (-~,m) -~ . 

Por (4,3) haciendo a + 0+ resulta entonces 

n(u¡-u)+cx,.)n ¡ = O , para todo x E (O,X) y m > O , 
L (-"",m) 

de donde D es vacío y u¡ .,;;; u en G¡. 

Es de destacar que no se usó la condici6n habitual 1im u(x,n) = U(x), 
n+~ 

y que aún la hip6tesis de acotaci6n de u¡ y u es claramente excesiv~ 
siendo suficiente suponer para cada funci6n una cota independiente 
de a y x para 
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(6,1) 

que tienda a cero para n,m + ~. 

Asimismo, el término vuun del tensor de tensiones podría ser una 

función creciente de uUn ' tal como 10 sugiere la notación usada 

v(uun): por ejemplo V(UUn) = const.luunlk-l'UUn que corresponde al 

caso de fluidos no newtonianos con una ley constitutiva potencial; 

en variables físicas cons.l~ Ik-l.~ . Más aún, podría admitirse que 
y y 

v = A(x,n,u,un) bajo ciertas restricciones sobre A; el primer tér-

mino de (6) es ..; ° en estos casos (cf. [S], [6]) y bastará imponer 
una condición que controle el correspondiente promedio (6,1) (ver 
comunicaci6n [7]). 

La hipótesis (5,1), U(x)U'(x) ~ 0, importa suponer para el flujo 
u,v un "gradiente favorable de presiones" p'(x) ..; 0, de acuerdo a 
la fórmula de Bernoulli. Es sabido que - al menos para soluciones 
clásicas de (1,1) (1,2), caso newtoniano - esto implica u(x,n) > O. 

En el teorema siguiente voy a prescindir de esta condición UU' 
= -p'(x) ~ 0, pero deberé introducir otras hipótesis que permitan 
tratar el término singular de la ecuaci6n (3). 

IV. TEOREMA 2. Sean u1(x,n) > 0, u(x,n) > ° sol-uaiones de respeati

vas eauaaiones (3) en G1, G, aon 

(7,1) U1 (x)Ul. (x) ..; U(x)U' (x), x E lO ,Xl 

(7,2) V1(x,0)..; V(x,O) x E ro ,X] , y por lo tanto G1 e G ; 

(7,3) Sea u(x,n) ~ a > O si n ~ na' para todo x E [O,X] (serta una 

aonseauenaia obvia de (2,3) si U(xY>O en [O,X)) ; 

(7,4) u1(0,n)..; u(O,Tj+e:) =: ue:(O,n) 'para todo e: > ° sufiaientemen

te pequeño (en el sentido (4,3)); 

(7,5) Final-mente, sea J(x) = J (x) una aota independiente de a m,n 

para el término 

FdS(n-m)-l IJ\(s,n)(V(U1U 1n ) - v(uun)) dnl 
a m 
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tat que J (x) tiende a cero acotada por una función integrabte m,n 
cuando m,n -+: 00 (para et caso newtoniano, basta ta acotación de ul,u 
como ya se ha visto). 

Entoncesu1(x,n) ~ U(X,n+E), para todo E > O suficientemente peque-

ño, es decir, u1(x,n) ~ u(x,n). 

Demostración. La funcidn ue(x,n) = u(x,n+E) está definida en 

GE = {(x,n): n > - I: ~(s,O) ds - E} Y verifica allí la ecuaci6n 

(3). Sea D = {(x,n):u1(x,n) > uE(x,n)}: como De Gi' D se encuentra 

a una distancia positiva dé1 borde inferior de G : 
E 

resulta u estrictamente positivo en D y por la condici6n (7,3), 
E 

15 = CE = inf {uE(x,n);(x,n) E D} > O. 

Llevando éstas consideraciones a (6) y poniendo 

M = max{(-UU')+: x E [O,X]} se obtiene, con a > O Y 

11.11 = 11.11 1 
L (_00 <: n <: (0) 

U (T(U1-uE)+)(x,.)1I ~ I!(T(u1-uE)+(a,.)1I + Jm,n(x) + 

+ Mt"j-2 I:1I(T(U1-UE)+)(S,.)1I ds. 

Esta es una desigualdad de tipo Gronwa11 de la cual surge 

. + Mr2 (x-a) + 
II(T(U1-uE) )(x,.)1I ~e IIT(U1-uE) (a,.)1I + 

+ J (x) + Mo- 2 IX e MO - 2(X-S) J (s) ds . 
m,n a m,n 

Tomando entonces m arbitrario y n > m suficientemente grande, los 
dos últimos sumandos de (6) son < o(m,n), y 

lI(u¡-uE)+(x,.)1I ¡ ~1I(T(U¡-UE)+)(x,.)1I ~ 
L (_m,m) 

MO- 2X + 
~ e 11 (T(u¡-ue ) ) (a, .)11 + o(m,n) ~ 

MO- 2X + 
~ e 11 (u¡-uE) (a, .)11 ¡ + o(m,n) 

L (-oo,n) 

+ 
y haciendo a ... 0+ resulta 11 (u¡-uE) (x,.)1I ¡ = O, m arbitrario, 

L (-co,m) 

luego u¡(x,n) ~ U(X,n+E) en G¡, para todo E > O suficientemente pe-

queño. El teorema queda así demostrado. 
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V. COMENTAR lOS. 

La condición (7,4) se cumple si ul(O~n) ~ u(O,n) y una al menos de 

las funciones es monótona (no decreciente). Si ambas son no decre
cientes, entonces también sus correspondientes ~l(O,y), ;:t'(O,y) 10 

son y recíprocamente; la condición (7,4) sobre los perfiles inicia
les (en las variables de von Mises) parece menos restrictiva y más 
manejable que la condición clásica de que uno de los perfiles 
;:t'l(X,y), u(x,y) sea cóncavo, condición ésta que aparece naturalmen-

te para aplicar el principio del máximo a (3) escrita en la forma 

(u2)x = vu(u2)nn + (U2)" en el caso newtoniano. 

COROLARIO 1 AL TEOREMA 2. Si u(O,n) es monótona, la solución del pr~ 
blema del perfil inicial es única. 

Un candidato natural para ocupar el papel de u(x,n) es U1(x), la ve 

locidad del flujo potencial no viscoso supuesto que U1(x) > a > O 

en [O,X]. Entonces D = {u1 > u := U1} e G1 e G, (7,2) es superflua 

y (7,3), (7,4) Y (7,5) inmediatas. Se tiene entonces el 

COROLARIO 2 AL TEOREMA 2. Sea U(x) > a > O, x E [O,X] , ;:t'(x,y) > O 
Y ;:t'(O,y) = u(O,n) ~ U(O). 

Entonces ;:t'(x,y) = u(x,n) ~ U(x), x E [O,X]. 

Es decir, la velocidad del flujo no viscoso nunca es excedida co
rriente abajo, supuesta la ausencia de reflujo. Además, siempre en 
ausencia de reflujo, el perfil u(x,n) responde "instantáneamente" 
(en el mismo x) a una caída de la velocidad U(x) . 

Es interesante destacar que la condición (7,5) ha reemplazado a 

(2,3). Si se define w := uun ' es fácil ver que w satisface - hipót~ 

sis de suavidad mediante - a la ecuación 

Esta ecuación es del tipo ya discutido, pero carece de término que 

contenga a U(x)U'(x) = -p(x). 

Se puede ver entonces que, si se imponen condiciones sobre el cre
cimiento de u y un en n + +~, el número de cambios de signos de w 

(i.e., los de un) no puede exceder al de w(O,n) = u(O,n) un(O,n) 

(ver [5]). En particular, si u(O,n) es monótona creciente, también 
tendrá que serlo u(x,n). 

Con un procedimiento similar al del Corolario 2, tomando primero 
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u l := oU(X) y O < o < 1, Y luego u := oU(X) yo> 1, en intervalos 

donde U'(x) > O, se puede probar que, en ellos, lim u(x,n) 
n .... oo 

U(x) . 

Un argumento análogo es aplicable a intervalos donde U'(x) ~ O. 
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The classic holomorphic functional calculus was invented thirty 
years ago by Arens and Calderón [2]. Since then, it has proven to 

be an invaluable tool in the study of Banach algebras. It has also 
attracted a great deal of attention in itself, andmany versions 

and alternative proofs have appeared. 

Craw [3] produced the first version of a global functional,calculus. 

By this we Dean a morphism applying every function holomorphic near 

the spectrum of an algebra onto an element of the algebra. 

In this paper we give another presentation of the global functional 
calculus. Our proof differs from Craw's, and also'from Taylor's [5], 
in that we make no use of the classic functional calculus. 

We start off by considering finitely determined open sets in §1, 
and holomorphic functions defined on the topological dual of an al

gebra in §2. In §3 a notion similar to polynomial convexity is in
troduced. We then describe, in §~, the set of germs of holomorphic 
functions over the spectrum as a direct limit of sets of holomor

phic functions over open polynomially convex subsets of en, and gi
ve our version of the functional calculus in §5. Throughout, A de

notes a complex commutative unitary Banach algebra. 

§1. We shall consider the topological dual A' of A with the weak 

*-topology. Thus, if YO is an element oí A' there is a basis for 

neighborhoods of YO made up of sets like 

Uy = {y E A': ly(a.)-yo(a.)1 < 1, i = 1, .•. ,n} . 
0 11 

The elements al' ... ,an may be chosen to be'linearly independent. 

Once this is done, define 

u is a linear continuous function, and because of the linear inde-
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pendence of the a1o, it is onto, and therefore openo Hence u(U ) is 
YO 

the open polydisc of en centered in u(yO)' and with radius one. No-

te that "for y to belong to Uyo ' only its behaviour over al'··· ,an 

is relevant. We say that Uy is finitely determined by al, •.. ,an , 
O 

or by u. 

Now if W is any open" set in A', we say it is finitely determined by 
A A 1 

v = b l x ••• x bk (the b i are independent) if W .; v- (v(W)). Of cour-

se the non-trivial inclusion is v-l(v(W)) e W, which says that if 

y behaves over bl, ... ,bk as an element of W, then y belongs to W. 

For any open set U in Ck , v-l(U) is finitely determined by v. We 

think of W as an infinite cilinder over the open set v(W) of ek . 

Different uples may determine the same open set; for example A' is 
determined by any uple. We need to partially order the uples (or 
the uis) determining a given W in A'. This will be done as follows: 
u ~ v when the diagram 

v(W) 

W~ !Tr kn 

~ u(W) " 

cornmutes. Here Tr kn is the projection to the first n coordinates. 

We shall need the following facts about finitely determined open 
sets. 

PROPOSITION. Let W' be finite~y determined, and W finite~y determi

ned by u. Then there is a v ~ u whiah determines both W and W'. 

Proof." If u = al x .--". x an and W' is finitely determined by bl' •.. ,bk, 

let F be the subspace of A generated by a1, ... ,an,bl, ... ,bk . Let 
A A 

al' ... ,an,an+l'_.·· ,am be a basis of F, and put v = al x .•. x amo 

The following facts are elementary. 

PROPOSITION. Finite unions of finite~y determined open sets are fi

niteZy determined open sets. 

PROPOSITION. AH aompaat sets of A' have a basis for neighborhoods 

whiah are finite~y determined open sets. 
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§2. We now consider holomorphic functions over open subsets of A'. 

We say f: U --+ e is holomorphic when 

i) the .complex di rect ional derivatives 

lim f(x+>"y) - f(x) exist for all in U and in A' . x y 
>.. .... 0 >.. 

ii) f is locally bounded. 

The set O(U) of such functions over U form an algebra. Note that 

the Gelfand transforms of elements of A belong to OCA'). We call 8 
the subalgebra of OCA') which these elements generate. 

The local boundedness condition which we ask of these functions ma

kes them depend locally on just finite variables: every point in A' 

has a finitelydetermined neighborhood, that is, an infinite cilin
der with a finite dimensional base. As we move in this cilinder, 
only a finite number of variables are bounded, The functions, holo

morphic and bounded, must be constant as of the Test of the varia
bles. To state this more clearly, we have the following 

PROPOSITION. The foZZowing are equivaZent: 

i) f: U --+ e is hoZomorphic. 

ii) For every y E U there are: a neighborhood Uy of y, ZinearZy in

dependent eZements al' ... ,an of A~ and FE O(u(Uy)) such that f=Fu 

Proof. (Allan, [1]) 

i) ~ ii) Let y E U. There is a neighborhood 

U = {y E A': !y(ai)-YO(a i )! < 1, i = l, ... ,n} e U 
Yo 

with al, ... ,an linearly independent, over which f is bounded. Set 

u = al x .•. x an : A' --+ en. u is continuous, linear and open. We 

want to define a function F E O(u(Uy )) such that Fu = f. Let 
O 

F (z) = f(y) if z = u(y) 

F is well defined: suppose y, y' E Uyo with u(y) u(y'). For all 

>.. E e, u(y'-Yo) = u(>..y+(l->..)Y'-Yo) , so 

!>..y(a.)+(l->..)Y'(a.)-yo(a.)1 = !Y'(a.)-yo(a.)1 < 1, i 1, ... ,n. 
1. 1. 1. 1. 1. 

Therefore >..y+(l->..)y' E Uyo for every >.. E e , then 

a: e --+ e, a(>") = f(>..y+(l->..)y') 

is an entire bounded function; so it is constant. 
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f(y') = a(O) = a(1) = f(y). 

The continuity and the existence of partial derivatives of F is ea

sily verified, so by Hartog's theorem, F is holomorphic. 

ii) - i) is simple. 

In the situation of the proposition, we shall say that f is finite

ly determined by al' ... ,an , or by u, over U . 
YO 

If W is a finitely determined open subset of A', and f E O(W), we 
say f is finitely determined by u over W if W is finitely determi
ned .by u and there is an F E O(u(W)) such that f = Fu over W. Fini
tely determined functions of O(W) form a subalgebra which we denote 
F(W). It is easily verified that the following holds. 

PROPOSITION. If W is finiteZy determined and f E O(W) is bounded, 

then any u that determines W, determines f. 

There are, however, unbounded elements in F(W). To clarify the 

structure of F(W), consider for u and v determining W wlth u ~ v 

These fuv are a direct system and it is not hard to verify that 

F(W) = 11m O(u(W)): the mappings O(u(W)) --+ F(W) given by f --+ fu 
u 

induce a map lim O(u(W)) ~ F(W) which is an isomorphism. 
Ú 

We shall consider O(u(W)) endowed with the topology of uniform con

vergence over compact subsets of u(W), and F(W) with the direct li
mit topology. This topology is finer than the topology of uniform 
convergence on compact subsets of W. 

§3. We need in A', a notiori analogous to the notion of polynomial 

convexity in en. Define, for each subset B of A', 

B= {y E A': Ip(y) I .~ sup Ip(b) I , for all P E In 
bEB 

We say B is strongly B-convex if B = B, and B-convex if K e B for 

all compact subsets K of B. Note that the spectrum of A, X(A), is 
strongly B-convex: if y E XCAJ, let a,b E A and Pab = ~b-~ E B. 

Ip b(y)1 ~ sup Ip b l O 
a X(A) a 

so y(a)y(b)-y(ab) = O for all a,b E A, and y E X(A). 

For finitely determined open subsets of A', B-convexity and polyno
mi al convexity are .related as follows. 
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PROPOSITION. Let W be open in A', finiteZy determined by 
" " u = al x ••• x an0 Thenthe foz.zowing are equivaZent: 

i) W is a-convexo 

ii) u(W) is poZynomiaZZy convexo 

Proof. i) * ii) Let H be compact, contained in u(W). We must show 
" that it~ polynomially convex hull H is a subset of u(W). 

n 
Define o: Cn ~ A' by o(z) = L zi~i' where ~i(aj) = 0ij and 

i=l 
~i = O over the rest of a basis B for A that extends al, ... ,an . 

Then ua is the identity over Cn and a is cont inuous. Let K = a (H). 

K is compact, u(K) = H and K e u-l(u(W)) = W. 
/' 

We must verify, then, that u(K) e u(W). Since K e w, u(K) e u(W) 
and it will be enough to show that ú(i<) e u(K). Let Zo E uCKJ. Then 

IP(zo) 1< sup IP(z) I for all P E C[Xl,·.·,Xnl 
u(K) 

Now let Yo = a(zo). u(yo)=zo' and we must see that Yo E K, that is, 

IQ(yo) I < sup IQ(y) I for all Q E a 
. ye:K 

It is not true that, give~ Q E a, there is a P E C[Xl, ... ,Xril with 

Q = Pu. However, there is a polynomial P E C[Xl, ... ,Xn] which makes 

the equality valid over a(Cn), which is what we really need .. 

" " To show the existence of such P, say b l , ... , bk are the "coordinates" 

appearing in Q. Then there are a"l, ... ,am in B, which generate all 

bj andamongst which we may find al' ... ,an0 There is a polynomial.· 

ji E C[Xl, •.. ,Xm] for which Q = P(al, ... ,aro). Then 

Q(a(z)) 

Let P(XI, ... ,Xn) 

and 

Therefo.re YO E K. 

P(a l ,··· ,am) (a(z)) = P(o(z) (al)'··· ,a(z) (am)) = 

P(a(z)(al),···,a(z)(an)'O, ... ,~) 

IP(zo) I < sup Ip(u(y)) I 
ye:K 

sup IQ(y) l· 
ye:K 

ii) * i) If K is a compact subset of W, let H = u(K). H is compact, 

" contained in u(W), so H e u(W). We want to show that K e w. Since 

u-I(H) e u-l(u(W)) = W, it will be en~ugh to ~ee K e u-I(H), that 

is, u(K) e H. This is easily verified once we note that Pu E a for 
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al! P E C [Xl"" ,Xnl . 

In.the preceding proof we have shown the validity of the equality 
/"-- -u (K) = u (K), for compact sets K = a (H), with H compacto in Cn . This 
equality for arbitrary compact subsets of A' is falseo For example, 
we know the spectrum X(A) is a compact a-convex subset of A', but 
u(X(A)) = sp(al, ... ,an ) is not, in general, polynomially convexo 

This fact is an important setback in the constructiori of a holomor
phic functional calculus, for sp(al, .•. ,an) will not have a basis 

for neighborhoods whose elements are polynomially convex open sub
sets of Cn . In the classical functional calculus, this difficulty 
is overcome by the Arens-Calder6n trick. In this version, what we 
need is the following. 

PROPOSITION. Let K be a aompaat a-aonvez subset of.A'. Then K has 

a basis fo1' neighbo1'hoods made up of a-aonvez, finiteZ,y dete1'mined 

open sets. 

P1'oof. K has a basis for neighborhoods made up of finitely determi

ned open sets. Let W be such a neighborhood, determined by 
u = al x .•. x an0 Also, let c > o be such that 

K e D {y E A': IIyIl .;;; c}. 

Given P E a, let Kp = {y E A': Ip(y) I ~ sup Ipl}. K is a-convex, so 
K 

K = ~ Kp' Since D n Kp is compact for each P, there are PI"",Pk 

with 
K e D n Kp n... n Kp e W '. 

. 1 k 

Let v = al x ... x an x ... x am ~ u, such thatv determines Pi for 

i = 1, ... ,k; that is, there are polynomials QI, ... ,Qk EC[XI, ... ,Xml 

with Pi = Qiv. Let 

V(K)Q. 
1 

{Z E Cm: I Q. (Z) I ~ sup I Q. I } 
1 v(K) 1· 

For every i, this set is polynomially convex and v(Kp .) e V(K)Q.' 
1 1 

Put 

KO is a polynomially convex compact set, for D is compact and veD) 
is polynomially convex: to see this let V be the subspace of A ge
nerated by al, ... ,am. Its dual V' may canonically be thought of as 

a quotient of A'. Factoring v through this quotíent we obtain an 

isomorphism v: V' -->- Cm. lile may then identify D' = {x E V' : 11 xII .;;;c} 
I _. 

with v(D')~= veD). Now if Z E Cm-v(D), z = v(x) wlth IIxll > c. Let 
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L: V' -+ C be linear, with norm oneand such that IL(x) I 

Q = Lv- l : Cm --+ C. Q E C[X I , ... ,Xml and 

"x", and 

IQ(z) I = ILi-I~(x) I = IL(x)1 "x" > e = suplLI = sup IQI 
D' veD) 

Therefore for all z E Cm-v(D) there is a Q with IQ(z) I > sup IQI; 
veD) 

veD) is polynomially convexo 

We also have v(K) CKa e v(W). The first inclusion because 

K e D n K n ... n K implies 
PI P k 

. and to verify the second, let z E Ka' y E D with z = v(y). We have 

IQ·(z) I ~ sup IQil 
1. v(K) 

sup Ip.1 
K 1. 

1, ... ,kj :that is, y E DnKp n ... nKp e W, and z E v(W). 
l k 

for i 

Now let U be a polynomially conveX open subset of Cm such that 

v(K) e Ka e U e v(W). Then K e v-I(U) e v-l(v(W)) = W, and v-I(U) 

is a finitely determined open subset of A', and it is S-convex 
thanks to the preceding proposition. 

§4. We return now to holomorphic functionsover A'. If we have two 
open sets U e V, we al so have the restriction mapping O(V) -+ O(U). 
Fix a compact subset· K of A'. Its open neighborhoods are partially 
ordered and the restriction mappings form a direct system. Therefo 
re O(K) = lim O(U) is defined . ... 
However, as we have seen before, holomorphic functions are locally 
finitely determined, so the same happens to holomorphic functions 
over a sufficiently small neighborhood of a compact seto We have, 
in fact: 

PROPOSITION. Let K be a compaat B-convex subset of A'. Then 

O(K) = 11m F (W), 'where W are open, finiteZy determined, B-convex 

neighborhoods of K. 

Proof. Say W' e W, f E F(W), and u determines f and W. Then there 
is a v;;;. u d.etermining both W and W' . 

v(W) 

w,;Y l~mn 
'u---... u(W) __ C 

F 
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If f = Fu, let,F' = Fwmn . Then F'v 

W'. This defines maps 

f over W, and therefore over 

F (W) -- F (W' j 

which form a direct system, so l!m F(W) is defined. The maps 
W 

F(W) -- DeW) -- D(K) 

induce a morphism 

l!liIF(W) -- D(K) 
W 

which is easily seen to be an isomorphism. 

Soif K is a compact a-convex subset of A', D(K) may be thought of' 
as a direct limit of algebras D(u(W)), where u(W) are open polyno
mially convex subsets of Cn. We consider D(K) with the direct limit 
topology. 

§s. We are now ready for our main theorem. 

THEDREM. Let A be a aommutative Banaah a~gebra. There is a unique 

aontinu'ous unitary a~gebra ~omomorphism 

E: O(X(A)) -- A 

with E(a} = a. 

Proof. The spectrum X(A) is compact anda-convex, so we ha ve 

D(X(A)) = l!mC1im D(u(W))), where u(W) are open polynomially convex 
W u 

neighborhoOds of u(X(A)) = sp(a1, ... ,an), if u = a¡x ... xan. There-

fore all holomorphic functions over u(W) are uniformly approximable 
by polynomials on the compact subsets of 'u(W) (4). Also, D(u(W)) in
duces a topology on C[X1, ..• ,Xn] for which the unitary algebra homo-

morphism defined by Xi ~ ai is continuous. We then have continuous 

unitary algebra homomorphisms 

D(u(W)) ~ A 

It is a purely technical matter to verify tha't these maps induce a 
m¡¡p 

D(X(A)) -- A 

with the required properties. 
........... 

It is also easy to see that for every f E D(X(A)), f and E(f) coin-
cide over X(A), though not, in general, as elements of D(X(A)). We 
have found the following proposition useful. 

\ 
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PROPOSITION. Let N = {f E O(X(A)): fIX(A) 

and N = E- 1 (Rad(A)). 

o}. Then E(N) Rad(A) 

--Proof. If f E N, E(f)IX(A) = fLX,(A) = O, so E(f) E Rad(A). If 

a E Rad(A) , a E N, and E(a) = a. For the other equality, we already 

have N e E- 1 (Rad(A)), and if E(f) belongs to the radical, fIX(A) = 

= E~IX(A) = O , so.f E N. 

Note that when A is semisimple, the proposition says that N is the 
kernel of E. 

T~e homomorphism defined by the theorem is, of course, the same as 
. Craw's [3), the only possible difference being in the topologies of 
O(X(A)). In [3) O(X(A)) is presented aS.lim H~(U), wnere U are open 

U 
neighborhoods of the spectrum and H~(U) the set of holomorphic func 

tions over U w~ich are bounded, with the supremum norm. Actually, 
the topologies are the same: 

PROPOSITION. lim H~(U) ~ lim O(u(W)). ... ... 
U w,u 

Proof. As we have shown before, the open neighborhoods U of X(A) 
may be taken to be finitely determined and a-convex, for these form 
a basis for neighborhoods of X(A). 

All maps H~(W) --+ lim O(u(W)) are continuous, for if f n ~ O in ... 
H~(W), al! may be written as Fnu (the same u, since the f n are all 
bounded) and Fn --+ O uniformly over all of u(W), not just compact 
subsets. Therefore 

lim H~(U) ~ lim O(u(W)) 
... ... 

is continuous. 

Now fix u, W, and suppose Fn --+ O in O(u(W)). Let Q be a compact 
neighborhood of u(X(A)), contained in u(W). Then F ~ O uniformly 

n 

over Q, ~ence over QO. Let U = u-1(QO). U is a neighborhood of X(A), 

and f n Fnu --+ O uniformly over U. So 

lim O(u(W)) ---+ lim H~(U) 
... ... 

is also continuous. 

The authors have found the presentation O(K) = 11m O(u(W)) more ma
nageable, for example in the "following setting. Suppose F is a com
plex homogeneous space, not contained in en. We want to define the' 
set of germs of holomorphic functions defined near X(A), with images 
in F. This can be done considering for each finitely determined 
a-convex open neighborhood, W, of X(A) and each u that determines i~ 
the'set O(u(W),F) with the compact-open topology, and then taking 
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O(X(A),F) 11m O(u(W),F). 
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THE GENERAL FORM OF ISOTROPIC TENSORS 

Ricardo J. Noriega 

1. INTROOUCTION. 

In this paper we find the most general form of isotropic tensors; we 
show that they are linear combinations, with differentiable functíans 
as coefficients, of tensor products of the Kronecker delta. We al so 
find the most general form of isotropic tensorial densities of any 
(integer) weight. 

2. ISOTROPIC TENSORS. 

An isotropic tensor is defined as a 

same in all coordinate systems. Let 

tensor whose components are the 
h 1 ••• h 

L r be the components of an 
k 1 • •• ks 

isotropic tensor of type (r,s); then for a change in the coordinates: 

itmust be: 

where B~ 
J 

(2.1) 

(2.2) 

and use 15 made of the summation conven-

tion. Making the particular change xi = Ax i (A ~ O), we obtain from 
(2.2) : 

h 1 ••• h 
L r 

k 1 ••• ks 

and so we see that, if r ~s, the tensor must be the null tensor. 

Let us consider then the case r = s; then (2.2) is written as: 

(2.3) 
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Fo110wing Rund [3], we consider a11 posible changes of the type 
(2.1); then, for a fixed point in the manifold, the B~ may be consi

J 
dered as points in GL(n,R). We differentiate with respect to B~ 

and eva1uate at B~ tS~ to obtain: 

b h¡ ... h b h¡ •.. hs b h¡ ... h 
O tS k L s + tS k L k + ••• + tS k L s 

¡ ak2.·· .ks 2 k¡a ... s s k¡ ... ks_¡a 
(2.4) 

h bh2 ... h h2 h¡ b ... h h h¡h2 ... b 
tS ¡ L s L s - tS s - - tS L a k¡ ... ks a k¡ ... ks a k¡ ... ks 

As a pre1iminary step for our final resu1t, we prove: 

h¡ ... h 
LEMMA 1. If Lk kS are the aomponents of an isotropia tensor and 

¡ ... s 

Proof. First we observe that the sets{h¡, ... ,hs} and {k¡, ... ,ks } 

must be the same if the corresponding component is different from 

zero. For if h¡ é {k¡, ... ,ks}' we take b = h¡ a in (2.4); a11 the 

first terms are nu11 being b different from k¡, ... ,ks and 

we obtain O where m is the number of times h¡ is 

repeated in Now, if h¡ is repeated m times in 

(h¡, ... ,hs ) and n times in (k¡, ••. ,ks )' taking b = a = h¡ we obtain 
h¡ .•• hs 

(n-m)LkI ..• ks O, and so the 1emma is proved. 

As a second step,we prove: 

LEMMA 2. Let a be a permutation of {1,2" .. ,s}. Then: 

L ha(1)·· .ha(s) 

ka(1)·· .ka(s) 

h I ••• h 
L . s 

k I •• .ks 

. __ xa(i) 
Proof. Make the change X1 and use (2.3). 

As a resu1t of the previous 1emmas, we see that each of the compo
nents of an isotropic tensor is equa1 to one of the quantities: 

c:J E S 
s 

(2.5) 

Next we prove that we can rep1ace a given index in (2.5) by any 
other index k not be10nging to {hI, ... ,hs }. For the sake of simp1i-
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indices in (2.4), we obtain: 

o 
(2.6) 

Taking b = k¡ and a = h¡ in (2.6) (no summation convention here) we 

kh 2 ••• h 
L s Similarly it follows: 

kh 2 ···h s • 

LhO (¡)·· .ho(i)·· .ho(s) 
h¡ ... h _¡ ... h 

o (i) s 
(2.7) 

According to (2.7), any quantity in (2.5) is equal to a quantity of 

the form 
Lo(1) 0(2) .•• 0(s) 

¡ 2 •.• s 

for s ~ dimension of the manifold. Then the dimension of isotropic 

tensors at a fixed point of the manifold is s~ if s ~ d = dimension 
of the manifold. Similarly, it can be proved that this dimension is 

d~ if s > d, but the proof is too involved to be written out in full 
detail here. The problem is that we have to replace indices already 

appearing in {hl'." ,hgJ. We give an example from which the idea of 

the proof will be clear. Suppose we want to replace h¡ by h2 in the 

quantity 

(2.8) 

(no summation convention here). Changing indices in (2.4) , we obtain: 

b h ¡ ... h ¡h 2 ... h 2 h 3 b h¡ ... h¡h2···h2 h3 
O = l\ L + oh L + ... + 

2 ah l ·· .h¡h 2 ·· .h2h3 ¡ h2a ... h¡ h2.· . h2h3 

b h¡ ••. h¡h2···h2h3 b h ¡ ... h¡ h 2 ... h 2 h 3 
+ oh L + Oh L + ... + 

¡ h2 ·· .h¡ah 2 ·· .h 2h3 2 h2·· .h¡ah 2·· .h2h3 

b h¡ .•. h¡h2···h2 h3 b h¡ ... h¡h2···h2 h3 
+ Oh L + Oh L 

2 h2 ···h¡h2 ···ah3 3 h2 ·• .h¡h2·· .h 2a 

h¡ bh¡ ..• h¡h 2 ·· .h 2h3 h¡ h¡b ... h¡h 2 ... h 2h3 
- °a L - ° L - ... -h2h¡ ... h¡ h 2 ·· . h2h3 a h2h¡ ... h¡h2 ... h2h3 
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hl···hlhZ···hZh3 
Making b = hZ and a = h l , we find that L can be writ 

hl···hlhZ···hZh3 

ten as a sum of terms of the form (2.8) with the first h l replaced 

by hz in the upper indices and the lower ones and with permutations 

oti the upper indices. Generalizing this procedure, we see that the 
components of an isotropic tensor for d < s are linear combinations 
of quantities of the form: 

LO(l) o(Z) ... o(d) d ... d 
1 Z ••• d d ••• d . 

and so the dimension of isotropic tensors is d! for d < s. 

Now we observe that we have at our disposal s! linearly independent 

isotropic tensors for s .;;; d, namely 

Ji o o(s) 
k 

s 
o E S 

s 
(2.9) 

and d! linearly independent isotropic tensors for d < s, namely 

h o s 
k 

s 
(2.10) 

Since (2.10) is a subset of (1.9) for d < s, we obtain (2.9) as a 
set of generators in any case. Thus we conclude: 

h l ••• h 
THEOREM 1. Let L r be the aomponents of an isotropia tensor. 

k l· .• ks 

Then: 

h l ••• h 
L r 

k l • •• ks 
a) o for r'¡' s 

b) If r = s then 

h o o(s) 
k s 

where fo is a differentiabZe funation for eaah permutation o. 

As a particular case, if fo = s(o) (sign of the permutation o), we 

h l ••• h 
obtain the generalized Kronecker delta o s (see [1]). 

k l • .. ks 
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3. ISOTROPIC TENSORIAL DENSITIES. 

h 1 ••• h 
Let now L r be the components of an isotropic density of weight 

k 1 • •• ks 

M. The transformation rule is: 

M j 1 j s h 1 h r i 1· .. ir 
J Bk ... Bk A .... A. L. . 

1 s 1 1 1r JI··· J s 

We differentiate respect to B~ and evaluate at B~ 

b = a it is easy to obtain: 
\ 

Md = s - r 

(3.1) 

o:. Contracting 

and so, for M> O (integer), the components ofthe isotropic densi
ty are of the form: 

We obtain an isotropic tensor by multiplying this with the Levi-

Civita symbols E from theorem 1 it must be: 

l (3.2) 
OES 

S 

i1···id h 1 ···h 
andsinceE E .. =n!,weobtainL r from (3.2).Fol 

1 1 ···1 d k 1 ···k s 

lowing a similar procedure for M < 0, we obtain: 

h 1 ••• h 
THEOREM 2. Let L r be the aomponents of an isotropia tensoriaZ 

k 1 • •• ks 

density of weight M. 

Then Md = s-r and: 

h 1 ••• h 0:0 (1) ••• 
h 

a) L r l f o o(s) 
k 1 • •• ks o k 

OES 1 s s 

Eh 
r+1· •• hr+1 

••• Eh 
s-d+l···hs 

(3.3) 

if M > O. where E are the Levi-Civita symboZs 

h 1 ••• h o ho (1) h 
b) L r l fo 

o o(r) 
k 1 •• • ks k 1 k 

OES r 
s 

k s+1· •• ks+d k r-d+1· •• k r 
E E. (3.4) 
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if M < O. 

As a particular case, if L is. a tensorial isotropic density 
k 1 ·· .kd 

of weight 1, then it follows from (3.3) that: 

g.Eh h 
1· .. d 

where g is a differentiable function. 

REMARK. The knowledge of isotropic tensors is useful in concomitant 
theory ifnull tensors are included into the doma in of concomitance. 

See [2]. 
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Dr. MIGUEL E.M. HERRERA 

El prematuro fallecimiento de Miguel Herrera ha causado consterna

ci6n en todos los circulos matemáticos de nuestro pais y en aquellos 

del exterior que lo tuvieron como miembro, y una intima y persisten
te pena entre quienes tuvieron el privilegio de ser sus amigos. La 

causa de esta consternaci6n reside en las cualidades de su singular 

personalidad que ~e valieron la espontánea simpatia de quienes lo 

trataron y el intenso afecto de las muchas personas sobre las que e

jerci6 su benéfico influjo. 

Vástago de una familia con antiguas raíces en Catamarca, Miguel Emi

lio Marcos había nacido en Buenos Aires el 25 de abril de 1938 y mu

ri6 en la misma ciudad el 20 de enero de 1984. 

Después de cursar estudios secundarios en el Liceo Militar de la Na
ci6n ingres6 a la Facultad de Ciencias Exactas y Naturales de la U
niversidad de Buenos Aires, graduándose de Licenciado en CienciasMa 
temáticas en el año 1960. 

Por aquella época inici6 su carrera docente universitaria: como alum 

no, su brillante inteligencia había llamado la atenci6n de los pro

fesores de un Departamento que tenía entre sus miembros a matemáti

cos como González Domínguez, Santa16 y Mischa Cotlar, y en virtud de 

ello fue designado Jefe de Trabajos Prácticos, iniciando su labor do 

cente en la materia Funciones Reales que dictaba Mischa Cotlar. 

Se ha dicho muchas veces, y sin embargo vale la pena repetirlo, que 

un estudioso de las matemáticas no es un matemático mientras no rea

lice aportes personales susceptibles de ser reconocidos como origina

les y valiosos por la comunidad matemática internacional. Si como e~ 

tudiante Herrera habla demostrado su inteligencia excepcional, ahor~ 
al encarar su trabajo de tesis, demostraría sin lugar a dudas que te 
nía talento matemático. 
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En un trabajo publicado en 1962 el matemático S. Lojasiewicz había 

introducido la noción de conjunto semianalítico. La teoría se halla
ba en su comienzo y varios de los resultados obtenidos por Lojasie
wicz no .estaban todavía impresos. 

A pesar de ello y de la distancia que 10 separaba de los centros don 

de se estaban desarrollando estas investigaciones, Herrera volcó sus 

esfuerzos en esa dirección y vió la posibilidad de desarro.1lar u
na teoría de la integración sobre conjuntos semianalíticos, idea que 

logró concretar en su trabajo de tesis, donde extiende a dichos con

juntos los resultados que había obtenido P. Lelong para conjuntos a

nalíticos complejos. Los resultados obtenidos en esa tesis fueron 

publicados en el Boletín de la Sociedad Matemática Francesa. 

En esta primera etapa de su fecunda labor matemática tuvo que vencer 

algunos obstáculos que hoy asombrarían a muchos jóvenes. Tal vez por 

el escaso número de experiencias anteriores, las condiciones y requ! 

sitos normales .para la carrera del doctorado no estaban todavía es

tablecidas y los criterios sobre este tema distaban mucho de ser un! 
formes. Sin embargo, a pesar de esta circunstancia adversa, prevale

cía una atmósfera estimulante que habían sabido crear los profesores 

antes mencionados y algunos condiscípulos de Herrera pertenecientes 

a una generación en la que brillaban varios jóvenes .con talento, a 

la que Santaló ha designado con el nombre de "la generación del 61". 

Igualmente importante es el hecho de que por esa época a la vez di

fícil y feliz de su vida Herrera había conseguido un valiosísimo a
poyo: en 1963 se había casado con su gran compañera María Marta 

Schiaffino Carreño, quien desde entonces y a lo largo de todos los 

años que siguieron 10 acompañó con decisión y alegría y nunca vaciló 
en realizar los sacrificios que exigía la vocación científica de su 
esposo. 

En el año 1965 se trasladó con su familia a los Estados Un1dos para 

incorporarse, en carácter de miembro visit~nte, al Instituto de Est~ 

dios Avanzados de Princeton. Allí trabajó intensamente bajo la supe~ 
visión del gran matemático Armand Borel, quien se había interesado 

por las ideas y proyectos de investigación de Herrera, e inició un 
activo intercambio con otros jóvenes que estaban trabajando en temas 

afines, particularmente D. Lieberman y C.Kiselman. 

De esa época data su segunda contribución importante: el estudio de 

la cohomo10gía de De Rham de un espacio analítico, donde utiliza téc 

nicas de integración sobre cadenas semiana1íticas, que él mismo ha

bía desarrollado en su trabajo de tesis . 

.En 1967 fue designado profesor en la "Washington University" en Sea! 

tle, y al cabo del semestre lectivo regresó a la Argentina, incorpo
rándose como Profesor Titular de la Facultad de Ciencias de la Uni

versidad Nacional de La Plata. En esa Facultad desarrolla una inten-
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sa labor docente, contribuyendo decisivamente a la formación de un 
destacado grupo de jóvenes matemáticos que completan estudios dedoc 

torada bajo su dirección. Nicolás Coleff y Jorge Solomín son sus pr! 
meros discípulos. 

El carisma de Herrera es notable y su simpatía allana obstáculos que 

se presentaban como insalvables a la vista de los demás. Como pocos, 

sabe estimular y organizar el trabajo, siendo él mismo un trabajador 

tesonero, y extraer de cada uno lo mejor que puede dar. En 1970 fue 
elegido como el Jefe del Departamento de Matemáticas: una de las más 

felices decisiones, que habría de dar a ese Departamento un impulso 
extraordinario. 

Había instalado su hogar en la localidad de City Bell, cercana a La 

Plata, en una casa que solía llenarse de sol, al que amaba, rodeado 

por el cariño de su familia y el afecto de sus numerosos amigos. A

llí vivió hasta 1975, año en que se trasladó con su familia a la ciu 
dad de Buenos Aires, en cuya Universidad fue designado Profesor Ti
tular. 

A los primeros tiempos de trabajo constructivo y fecundo en La Plata 

habían seguido los años difíciles en que nuestra sociedad parece bu~ 
car el rumbo y lo encuentra en el camino equivocado de la destruc

ción. En ámbitos universitarios, voces demasiado exaltadas para ser 

efectivas proclamaban la necesidad de promover los estudios de Mate

mática Aplicada, una necesidad que precisamente Herrera, sin estri

dencias, había sido de los primeros en advertir: Herrera estudiaba 

con ahínco Optimización y llegó a ofrecer en esos mismos años, en b 

Universidad de La Plata, el primer curso de Programación Dinámica. 

Paralelamente continuaba desarrollando sus investigaciones en la t~ 
ría de funciones de varias variables complejas. Motivado en conver

saciones con L. Bungart, durante una de sus visitas a los Estados 

Unidos, su interés se volvió hacia la teoría de los residuos en es
pacios analíticos. 

Un primer resultado en esta dirección fue la demostración de la exis 

tencia de la corriente residuo simple asociada a una forma meromor

fa. Posteriormente logró extender estos resultados a corrientes re

siduales múltiples, lo que permitió establecer un correlato analíti

co con la teoría algebraica ~e residuos, delineada por A. Grothen

dieck. Estas investigaciones habrían de continuar con la valiosa co

laboración de su primer discípulo y entrañable amigo Nicolás Coleff. 

J.P. Ramis y G. Ruget utilizaron estos residuos para construir una 
inmersión del complejo dualizante en las corrientes, que era indis

pensable para estudiar la coherencia de ciertas imágenes directas 

de haces coherentes. 

En el Departamento de Matemáticas de la Facultad de Ciencias Exac-
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tas en Buenos Aires, Herrera realiz6 una labo~ de formaci6n tan so
bresaliente como la que había desarrollado en La Plata. Dictando 

cursos y organizando seminarios forme grupos de investigaci6n y di
rigi6 seis trabajos de tesis. En orden crbno16gico, Adrián Paenza, 
Néstor Bucari, Luis A. Romero Grados, Alicia Dickenstein, Carmen 

Sessa y Carlos Cabrelli, completaron sus respectivos trabajos de t~ 
sis bajo la supervisi6n de Herrera. Varios de ellos continuaron tra 
bajando con Herrera en temas de investigaci6n de interés coman. 

El interés de Herrera por los Algoritmos de Optimizaci6n fue crecien 

do con el tiempo y se había intensificado notablemente en los alti

mas años de su vida. En este campo había ideado un modelo para la ~ 
tilizaci6n 6ptima de recursos financieros y dirigía en La Plata, con 

el auspicio de la Direcci6n de Investigaciones de la Provincia de 

Buenos Aires, un grupo de investigaci6n que estaba trabajando en un 

plan destinado a mejora~ el sistema de transportes de aquella ciu
dad. 

En 1982 Herrera fue elegido por el voto de sus colegas para dirigir 

el Departamento de Matemáticas de la Facultad de Ciencias Exactas 

de la Universidad de Buenos Aires, tarea que desempeñ6 con ejemplar 

eficiencia hasta el día de su muerte. 

Con la desaparici6n de Miguel Herrera la comunidad matemática ha 

perdido a un matemático de excepcional talento y genio organizador; 

una generaci6n de j6venes a su maestro y guía~ y todos sus compañe

ros a un amigo leal. 

La viril entereza y la dignidad con las que supo afrontar la supre
ma adversidad re~resentan para todos nosotros su altima e inolvida

ble lecci6n. 

N.A. Fava 
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Ing. JOS E BABINI 

El 18 de mayo de 1984 falleció, a los 87 afios de edad, el Ing. José 
Babini; su nombre está ligado al desarrollo, en este siglo, de la 
matemática argentina en general, y en particular al de la Unión Ma
temática Argentina. 

Babini se diplomó como Profesor de Matemáticas en 1918, cuando ya h~ 
bía comenzado la carrera de Ingeniería en la Facultad de Buenos Ai

res, donde obtuvo en 1922 el título de Ingeniero Civil. En 1917 11~ 
gó al país el matemático espafiol Julio Rey Pastor, invitado para dar 
conferencias po~ la Institución Cultural Espafiola. Las exposiciones 
de Rey Pastor deslumbran al inquieto Babini que quedó atrapado para 

siempre en las redes de la matemática y subyugado por la agudeza de 
Rey Pastor que desde entonces fue su maestro y consejero. Babini 

fue también, y hasta la muerte de Rey Pastor, su amigo dilecto; es
ta entrafiable amistad comenzó en 1917 cuando Rey encargó a Babini la 
recopilación del curso que había dictado sobre funciones de variable 
compleja, publicado ese mismo afio en la Revista del Centro de Estu
diantes de Ingeniería, n0183. 
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Un año después Babini realiza gestiones, junto con otros estudia~ 

tes de la Facultad, para la contrataci6n en ella de Rey Pastor por 

un período largo. La gesti6n tuvo éxito y condujo a la radicaci6n de 
finitiva en la Argentina de Rey Pastor. 

Babini no ejerci6 nunca la profesi6n de ingeniero; fue siempre un 

profesor de matemáticas, enamorado de su disciplina y de su historia. 

Hasta 1940 public6 una veintena de trabajos de investigaci6n en ma

temática, más tarde sus publicaciones se hicieron de preferencia en 

el dominio de la historia de la ciencia. Los trabajos de matemática 

aparecieron en el Boletín del Seminario Matemático Argentino y en la 

Revista Matemática Hispano-Americana. También present6 un trabajo al 

Congr~so Internacional de Matemáticas celebrado en Bolonia en 1928; 

fue publicado en las Actas del Congreso y se titulaba: "Sobre la i~ 

tegraci6n aproximada de las ecuaciones diferenciales de segundo or

den" (vcí1.III pp.103-107). Junto con otras dos coniunicaciones fue

ron los primeros trabajos de matemáticos argentinos presentados a 

un congreso internacional. 

La carrera universitaria de Babini se inicia en 1920 al ser incorp~ 

rada corno profesor en la Facultad de Ingeniería Química de Santa Fe, 

que contribuy6 a fundar, y donde desarrol16 una muy valiosa actua

ci6n; di6 a sus cursos un nivel elevado y también adecuado a las n~ 

cesidades de los futuros ingenieros. Por su temperamento, y segura

mente incentivado por sus obligaciones corno profesor de una facultad 

tecno16gica, Babini dedic6 muchos esfuerzos al cálculo numérico y a 

la matemática aplicada; aparte de los trabajos originales public6 un 

libro sobre Nomografía, muy útil y difundido corno texto en varias u

niversidades. En Santa Fe fue Decano de la Facultad en varias opor

tunidades; tuvo activa particip~ci6n en la creaci6n del In~tituto de 
Matemática de Rosario, al que se incorporaron, traídos de Europa, 

Beppo Levi y Santa16 y fue el "alma mater" de la creaci6n en Santa 

Fe del Instituto de Filosofía e Historia de la Ciencia que se puso 

bajo la direcci6n del historiador Aldo Mieli. El contacto con éste 

fue de gran importancia y marca el comienzo del período en que Babi 

ni se interesa primordialmente en la historia de la ciencia. 

En 1946, en una de las peri6dicas y destructivas crisis universita

rias argentinas, fue separado de sus cargos en la Universidad Nacio 

nal del Litoral. La reparaci6n de esta injusticia vendría nueve años 
más tarde. 

En 1955 fue Decano Reorganizador de la Facultad de Ciencias Exactas 

y Naturales de la Universidad de Buenos Aires. En 1956 fue Rector 

Fundador de la Universidad Nacional del Nordeste y en 1957 Vicerrec 

tor de la Universidad de Buenos Aires. En la Facultad de Ciencias 

Exactas y Naturales de la Universidad de Buenos Aires fue de 1958 a 

1968 profesor titular de la cátedra de Historia de la Ciencia. En 



162 

los dltimos afias de su vida se desempefi6 como profesor plenario en 

el Centro de Altos Estudios de Ciencias Exactas, donde dict6 cursos 
y conferencias que tuvieron amplia repercusión en el' ambiente cien

tífico argentino. 

Hasta sus dltimos momentos conservó su extraordinaria lucidez mental; 
a los ochenta y tantos afias sus conferencias eran tan claras y bri

llantes como las de cincuenta afias atrás. 

Babini fue también un distinguido hombre de letras. Como dijimos a~ 

tes, a partir de 1940 la primordial pre'Ocupación intelectual de Ba

bini fue la historia de la ciencia en la que desarrolló una brilla~ 
te tarea publicando más de doce libros en Argentina, México, Espafia 

y Estados Unidos; colabor6 en varios diarios y revistas (Sur, La N~ 

ci6n, Clarín y Gaceta de Tucumán, entre otros). Entre los libros p~ 

blicados, destacaremos por su mayor interés para el ambiente matem! 

tico, la excelente "Historia de la Matemática", en colaboración con 

Rey Pastor. 

Babini era miembro correspondiente de la Real Academia de Ciencias 

Exactas, Físicas y Naturales de Madrid, desde 1936, y miembro efec

tivo, desde de 1957, de la Academia Internacional de Historia de la 

Ciencia. Fue miembro del primer Directorio.del CONICET, Director N~ 
cional de Cultura, primer presidente de EUDEBA y también primer pr~ 
sidente de la Comisión Nacional de Ensefianza de la Matemática. 

Por sus brillantes condiciones de escritor la SADE (Sociedad Argen

tina de Escritores) le confirió en 1980 el Gran Premio de Honor. 

Aparte de sus contribuciones originales, Babini tuvo mucha influen

cia sobre la matemática argentina por haber sido uno de los fundado

res (1936) y luego uno de los miembros más activos y eficientes, de 
la Unión Matemática Argentina. Desde 1941 y durante varios afias fue 
el Director de la Revista, que consigui6 fuera impresa en la Impren

ta de la Universidad Nacional del Litoral. Publicar trabajos de mate 

máticas, con su simbolismo especial y fórmulas complicadas, no ha si 
do nunca fácil y Babini consiguió, pacientemente y con mucho esfuer

zo, que dicha imprenta, al principio con escasos medios, fuera poco 
a poco adquiriendo los elementos necesarios para una impresión muy 

presentable y cuidada. 

Más tarde, entre 1957 y 1967, sin discontinuidad, Babini fue Presi

dente de la Unión Matemática Argentina. Su acción durante este perí~ 

do fue hábil y exitosa, sorteando inconvenientes de toda índole, a 
veces por discrepancias entre los miembros y otras veces por dificul 

tades ambientales. Durante los diez afios de presidencia de Babini la 

Unión Matemática Argentina se fue fortaleciendo y sus actividades 

fueron extendiéndose, adquiriendo mayor significación interna y ex

terna. Se celebraron casi anualmente Jornadas Matemáticas en distin

tos lugares del país, algunas de ellas de car¡cter internacional. 
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Importantes fueron las Sesiones.Matemáticas del Sesquicentenario, c~ 
lebradas en 1960, en conmemoraci6n de" la revoluci6n de Mayo, para 

las cuales y gracias a una gesti6n de Babini, la DMA obtuvo una sub

venci6n especial del gobierno nacional para invitar a matemáticos e~ 

tranjeros, que efectivamente asistieron a las Sesiones en número a

bundante y calificado (Ehresmann, Eilenberg, Zygmund, Guido Weiss, 

Lefschetz, Nachbin, ..• ). 

En 1967, al retirarse como presidente, Babini fue nombrado Miembro 

Honorario de la UMA, como reconocimiento de su acci6n eficaz y perd~ 

rabIe, siendo el primer argentino designado en tal carácter. 

En definitiva, si se quisiera resumir a grandes rasgos la manera de 

ser de Babini durante toda su actuaci6n, diríamos que fue un creador 

y organizador distinguido, que siempre apunt6 hacia 10 alto, deseoso 

de beber en las mismas fuentes de las altas cumbres en que brota el 

pensamiento, primero con Rey Pastor en Buenos Aires y luego con Aldo 

Mieli en Santa Fe. Fue exigente consigo mismo y también con los de
más en toda su actuación como dirigente y organizador caracteri

zándose por su seriedad e impecable organizaci6n, procurando siempre 

la excelencia en vez de recostarse c6modamente en la mediocridad. 

Ello le ocasion6 preocupaciones y desvelos, pero también 10 ha he

cho merecedor de la admiraci6n de quienes 10 conocieron y de la gra

titud de quienes han tenido que proseguir su obra en los lugares que 

él transit6 y dej6 profunda huella. 

Manuel Balanz.at 

Luís A. Santaló 
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Profesor Doctor JUAN CARLOS VIGNAUX 

In Memoriam 

El doctor Juan Carlos Vignaux falleci6 en Buenos Aires el día 26 de 
Junio de 1984, a la edad de 91 años. Sus restos mortales fueron tras 
ladados a su provincia natal, Santiago del Estero. 

El doctor Vignaux fue un distinguido matemático argentip.o que puede y 
debe considerarse como uno de los pioneros en el estudio de la mate
mática rigurosa y en cuanto a su formaci6n matemática fue un verdade 
ro autodidacta. En efecto, hacia el año 1917, cuando lleg6 al país el 
ilustre maestro doctor Julio Rey Pastor, en las escuelas de segunda 
enseñanza y en la universidad misma, las cátedras de matemática eran 
dictadas por ingenieros, cuyos conocimientos matemáticos eran total 
mente intuitivos y sin demasiado rigor. Era una matemática que pert~ 
necía al siglo XIX. En ninguna universidad argentina se dictaban cu~ 
sos de matemática superior y moderna, tal vez con excepci6n de La Pla 
ta donde actuaba el italiano Hugo Broggi. 

Cuando Rey Pastor dict6 un brillantísimo curso que en forma panorámi 
ca comprendía toda la matemática del momento (1917), Vignauxya est~ 
ba bastante familiarizado con la matemática moderna y se había espe
cializado en el estudio de las series divergentes, siguiendo la orie!! 
tación de Ernesto Cesaro y Emile Borel. Estaba igualmente familiari

zado con la famosa colecci6n de "Teoría de Funciones" de fama mundial, 
dirigida por el ilustre matemático francés Emile Borel. 

Es interesante dejar constancia de que en virtud de la brillante ac
tuaci6n de Rey Pastor, un grupo d~ estudiantes de la Facultad de In
geniería solicit6 y obtuvo que Rey Pastor dictara cursos ordinarios 
en la misma. En la lista de solicitantes figuraban entre otros los 
nombres de Juan Blaquier, José Babini, Juan Carlos Vignaux y algunos 
otros. 

La vida del doctor Vignaux fue muy activa. Fue profesor de Análisis 

Matemático en la Facultad de Ingeniería de la Universidad Nacional 
del Litoral; dict6 varios cursos libres en la Facultad de Ingeniería 
de Buenos Aires sobre Ecuaciones Diferenciales, Ecuaciones Integra
les y Cálculo de Variaciones. Fue también profesor de Análisis Mate
mático de la Facultad de Ingeniería de La Plata y en la Escuela Naval 
de Río Santiago, donde también ocupó el cargo de Director del Depar
tamento de Matemática. 

El doctor Vignaux se gradu6 en la Universidad de La Plata en el año 
1925 con una tesis sobre Teoría de las Series Divergentes. Publicó 
luego diversas memorias en revistas nacionales, como ser las Contri
buciones al Estudio de las Ciencias Fisicomatemáticas (Serie Matemá
tica) de La Plata, los Anales de la Sociedad Científica Argentina de 

.\ 
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Buenos Aires y las Publicaciones de la Facultad de Ciencias Fisico

químicas y Naturales aplic.adas a la Industria de la Universidad Nacio 

nal del Litoral. 

Publicó también en revistas extranjeras, entre otros trabajos: "Un 

teorema sulle integrali doppi di Abel-Laplace" (Rendiconti R. Accad. 

Lincei (6), 17, 1933); "Sugli integrali de Laplace asintotici" (Rend. 

R. Acc. Lincei, 1939); "Sur l' extension du th€oreme de Dirichlet aux 

integrales doubles convergentes" (Bull. Soco Math. Liege, 1933). Po~ 

teriormente, el doctor Vignaux.reunió en un volumen varias de sus me 

morias bajo el título general de "Varias Contribuciones a la Teoría 

de Funciones", Talleres Gráficos Palumbo, 1938. 

Hemos querido redactar esta breve nota en homenaje al querido amigo 

fallecido y en recuerdo de casi sesenta.y cinco años de continua a

mistad y camaradería. 

E.A. De Cesare 
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PROFESOR EMERITO AGR. EDUARDO GASPAR , 
13/X/1913 - 16/V1I/1984 

Fue el,P1J1;pfesor Gaspar un hombre que dedicó su atención principal

mente a las tareas docentes y la investigación. 

Brindó mucho entusiasmo a la enseñanza de la matemática y predicó a 

sus jóvenes alumnos para que siguieran su aprendizaje; otorgó su d~ 
cidido apoyo a cuant.a iniciativa se hiciera en ambos sentidos: ense 
ñanza e investigación. 

Tal accionar se hizo evidente en los distintos institutos de ense
ñanza en los que actuó y se acentuó en la- Facultad de Ciencias Exa~ 
tas e Ingeniería. de la Universidad Nacional de Rosario (ex Facultad 
de Ciencias Matemáticas, Fisico-Químicas y Naturales Aplicadas a la 
Industria de la Universidad Nacional del Litoral) donde había obte
nido su título de Agrimensor y en la que llegó a ser miembro del Con 
sejo Directivo. 

Su entusiasmo por las matemáticas 10 demostró siendo miembro de la 

Unión Matemática Argentina, en la que repetidas veces fue electo Vi 
ce-Presidente. Su personalidad, hombría de bien y actuación desco
llante hicieron que durante varios períodos fuera presidente de la 
Asociación de Profesores de la Facultad a la que pertenecía. 

Asimismo su conocimiento de los problemas universitarios hizo que 
ocasionalmente fuera d~signado Delegado Interventor en la Facultad 
de Química de la Universidad Nacional del Litoral. 

Con la de.saparición del Profesor Gaspar los ambientes que frecuenta 
ba han te.nido una sensible pérdida. 

Enrique O. Ferrari 
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