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ON A GENERAL BOSONIC FIELD THEORY

Mario Castagnino, Graciela Domenech
Ricardo J. Noriega and Claudio G. Schifini

ABSTRACT. We present here the lagrangian density that can be cons-
tructed using tensorial concomitants with the bosonic fields (spin
0, 1 and 2) without dimensional constants. We recognize several
classical theories into it and we show it yields a non renormaliza-
ble theory.

1. INTRODUCTION

The ultimate purpose of this and the forthcoming papers is to con-
struct, by geometrical methods, the covariant lagrangian density
for a general theory - i.e. without any initial physical hypothe-
sis - containing the spin 0, 1/2, 1, 3/2 and 2 fields and to see
then what restrictions must be imposed to make the theory renorma-
lizable or simply with a finite direct outcome. Motivations for
our work are the well-known problems arising when ordinary matter
is added to Einstein gravity. Facing these problems, two ways of
improvement show themselves: the addition of R? terms to the Eins-
tein action [1,2] or the inclusion of supersymmetries as is the ca-
se of Supergravity [3].

Supergravity models seem to be the low energy 1limit of the most
promising scheme to describe the fundamental interactions: Super--
strings. So we will seek for the constrains on the lagrangian of
our general theory, necessary to obtain extended Supergravity or
supersymmetric matter coupled to N=1 Supergravity. A study of this
sort, but not with a powerful device as concomitants, was begun by
van Nieuwenhuizen et al. for spin 5/2 theory [4].

In this first paper we shall only deal with bosonic massless fields
for the sake of simplicity, leaving for future papers to include
fermions. Thus we study, somehow, a general bosonic field theory.

The aim of this work is then to present a general theory that full-
fills the conditions below:

i) The fields involved are the metric 8ij» the electromagnetic po-



tential vector Ai and a scalar field y¢. The latter will play diffe-

rent roles. In general the one of an ordinary field or eventually
a constant (to introduce the gravitational constant as in Brans-
Dicke theory).

ii) Dimensional constants are not allowed because thay introduce
well known problems yielding generally non renormalizable theories.

iii) The lagrangian will contain only the derivatives that appear
in eq.(1) and it will be linear in the second derivatives, for the
sake of simplicity at this first stage of research. We introduce
only A; and ¢ first derivatives because we want second order field
equations for these fields. On the contrary, we allow gij second

derivatives because naturally we want General Relativity to be con-
tained in our general theory. (Remember that the Hilbert action is
a degenerate one, so the field equations are of second order, even

if the lagrangian has the same order).

iv) Units: We set ¢ =4 = 1. The action is dimensionless so to be
able to construct the generating functional. Therefore,

(1 = 1 and [g;;] =1, then [L] = 1%, el = (A = 17!

-1 2

and [X] = 1 with X“ = 167G , G the Newtonian constant.

2. INCORPORATION OF THE ELECTROMAGNETIC FIELD AT THE AFFINE CONNEC-
TION LEVEL

Let us review briefly some of the different attempts to build a
unified field theory. The first was the one by A. Einstein, who
identified the antisymmetric part of the metric tensor, namely
g[ij]’ with the Maxwell tensor Fij [5]. J.W.Moffat studied the rea-

sons which prevent the success of this theory [6], [7] showing that
g[ij] cannot represent photons and that it is rather an auxiliary

field like those that frequently appear in supergravity.

An alternative way is to introduce the electromagnetic field in the
affine connection of the space-time manifold. This was the way fol-
lowed by H. Weyl [8] and recently by N. Batakis [9], [10].
About‘these theories we observe:

i) It is easy to show that if the scalar field is compelled to be

abhle +0 have a kinetic +term in the 1aorancsan +he mreact ocomncavral af



(which is used to restore the dimensional cosmological constant)
leads to the Weyl connection plus a torsion term. The difficulties
to find a physical interpretation to the Weyl theory are well known.

ii) Had ¢ other units, it could be interpretated as in Batakis' mo-
dels. But then it would be impossible for ¢ to have a kinetic term,
which is necessary if we like to think of it, in the future, as a
propagating Higgs field.

Consequently, it seems to us that unification must be searched di-
rectly at the lagrangian level. We do not impose restrictions about
the kind of coupling among the fields. The problem will be stated
for any dimension, not necessary a natural one, in order to be able
to use dimensional regularization at the quantum level.

3. THE LAGRANGIAN DENSITY

Let L be a lagrangian concomitant of a metric tensor, the electro-
magnetic potential (i.e. in a precise mathematical language a co-
vector), a scalar field and its derivatives up to the indicated or-
der:

L = L(giJ > gij,h > gij,hk ’ Ai ’ Ai,j ’ ‘ps‘p,i) (1)

From condition iii) and the field dimensions iv), by a change of
scale A in L, we will have:

M, , A2AL L, ae, A% ) =

2
» A78i5 0k » My

L(g.. , Ag

ij ij,h

4
= A L(8s5 5 835,n 2 Bij,hk > Rio AiLy 0 ¥ s ¥ )

Derivating four times with respect to A, making A = 0 and applying
the replacement theorem [11], we obtain:

L - pidhk 2 ijhks
A Risne @0 Y A Rijhe de @ ¥
+ pijhks + pljhkrs +
Ay Risnk ¢, * M1 R;ink Ar As
+ pljhkrs . 4,
Ay Rijhe Aess T M1 ¢

+

i 3 i 2 ij 2
+ + +
Al Ai 7] A2 7] ¢’i A1 7] Ai Aj

+

ALI A g2 4+ pld A+
2 i3] ¢ 37 Y w’l h|

+

ij + piih +
A4 $ 5P AT e A Aj Ah

»J



ijh ijhk
+ A2 " Ai Aj;h + A2 Ai Aj Ah Ak +
ijhk
+ A3 A Aj Ah;k +
ijhk
+ A4 Ai;j Ah;k . (2)

where A'z‘ = A'z'(gij) are tensorial densities, R, is the

ijhk
Riemannian tensor and ; indicates covariant derivation.

Taking into account the recent determination of the concomitants
of the metric tensor for the non-degenerate case [12], [13], we
have:

THEOREM. If L satisfies eq.(1) and also i), ii), iii) and iv) then,
for n > 2, the general lagrangian is:

- 2 ijhkrs
L=2RA ¢ R+ A Rijne A A
ijhkrs 4
v A, Rishk Ar;s T A9
ij 2 ij 2
+ Al " Ai Aj + A2 " Ai;j +

ij ij
tAy e s A AT e

S L PR W W Afjhk Ay Ag Ay AL+

1 i Jsh
e W N T Ty VY (3
Aijhkrs - /?E {az gih gjk grs + a3 gir gjk ghs +
. a4 gih gjr ghs}
A;jhkrs - /7 (a gih gik grs a gt ik gis
+a, glr gjk ghs . ag gih grk gjs .
+ a, gihgjr gks} + a, sn E:rjsk glh
hy =2 /g 153 - ay, /g gt
hy =2y, /8 A= a g gt
Aii =a, /g gt Aijh = e gtih 8%



A = a

c s {ihk i: hk
: 13 /_—g- glJ Al] = 317 q glJ g

Aldnk o 2 tay, gl ghk 3, gih ik

A13hk - /TE {azo gl] ghk * a21 glh ng +

ik _jh n _ijhk
ta, g gl ra b e

where a_ are constants and n the dimension of the space-time mani-

fold.

4, STUDY OF THE GENERAL LAGRANGIAN AT THE CLASSICAL LEVEL

Now we can reobtain several well known classical theories from this
lagrangian choosing different values for the constants:

a) General Relativity:

General Relativity may be writen avoiding dimensional constants as
a Brans-Dicke theory [14]. This theory is supported by the idea of
Mach that inertia ought to arise from accelerations with respect

to the general mass distribution of the universe. The inertial
masses of elementary particles would not be fundamental constants
but represent their interaction with some cosmic field. As particle
masses are measured through their accelerations in the gravitatio-
nal field - with the Newtonian constant G being a factor - one may
conclude that G must be related to the average value of a scalar
field which would connect the strength of gravitation with the mat-
ter content of the universe. The other known integer spin fields
gij and Aj transport long range forces. It is natural, then, to
suspect that the same may be for the scalar field ¢ [15].

The simplest generally covariant field equation for the scalar
field is
= ij
O¢ =4 71b TM
where b is a coupling constant and T;j is the matter energy-momen-

tum tensor of the universe - i.e. everything but gravitation and
¥ field -. Brans and Dicke suggested that the correct field equa-

tions for gravitation are obtained by replacing x~1 by # and inclu

ding an energy-momentum tensor Twij for the scalar field. So

ij_1_ ij = _ 2 ij ij
R 7 & R o {T + T¢ 1



All of this may be derived from a lagrangian density
= _ o2 ij
L "R+ 4 wg w’i ¢,j
being w a numerical constant. This lagrangian is obtained from our
eq.(3) taking‘a1 = -1 ; a5 = -4w and all other coefficients equal

to zero. Finally, Einstein equation is obtained taking ¢2 to be

x~2,

b) Maxwell-Einstein:

The electromagnetic field is minimally coupled to the gravitatio-
nal field replacing all partial derivatives which appear in its
formulation in Minkowskian space-time by covariant ones. This is to

require that if J' is the current four vector, F'J is the field
strength tensor and the equations for the electromagnetic field in
Minkowskian space-time are

s, F13 = g3

L ij + aj Fog v 9 Fij =0
Then when one defines FJ and J% in general coordinates they must
reduce to their previous expressions in locally inertial coordina-

tes and they must behave as tensors under general coordinate trans-
formations.

Maxwell electromagnetism plus relativity can be obtained from our

€q.(3) making a; = -1/2 a,, = "3, = 2 w/137 ; all other a; =0

and thinking of 9% as x72,
c) Weyl theory:

Weyl unified field theory [8] states that, to be able to characterize the thy-
sical state of the world at a certain point of it by means of num-
bers, one must not only refer the neighbourhood of this point to a
coordinate system, but must also fix the units of measure. This im-
plies that the metrical structure is not only determined by the
quadratic form
i g.]
gij dx™ dx
but by a linear form
. dxd
¢J

too. Thus, when performing the parallel displacement of a vector
along a closed curve, its variation is written taking into account
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and it may be identified, always following Weyl, with the Maxwell

electromagnetic field tensor F*J if ¢* is the potential vector A*.

Given the linear and the quadratic forms, the affine relationship
P;k for the space-time manifold is:

r _ 1 rs
Tix = 7 (9 85 * 95 8yg s

N> oq
2]
0]

g (gis Ak * 8xs Ai T Bk As)'

The field equations are obtained using a variational principle,
once fixed the unit of measure - i.e. when the special gauge has
been chosen -, from

V= % /g R +C /=g pii Fig* % /g (1 -3A AN (4)
C being a number and A the cosmological constant. This is the clas-

sical Maxwell-Einstein theory of electromagnetism and gravitation
but for a small cosmological term.

The dimensions of the lagrangian of the Weyl theory of eq.(4) are

172 in gravitational units: ¢ =x= 1, [A] = 172, To obtain it from
eq.{(3) we must write it in the natural system of units: ¢ = h = 1,
[x] = 1 and [A] = 1. As the electromagnetic vector in natural units
is ~1-1, this may be obt._ned making Ak »»Ak/x, X appearing again

through the usual identification
el ~ x

Thus eq.(4) becomes:
Vegel fER+a g P /it - S/t A Al

which is obtained from eq.(3) taking

a, = 1/2 a;, = A2
a = .3 A a = -a = 2a
12 z 21 22

and all other coefficients equal to zero.

d) Scalar field lagrangians:

It is widely accepted that the lagrangian for the massless scalar
autointeracting field in curved space-time is

L=g¢2/§R+/§giJ’¢.¢j+ﬁ§w"

’1 t]



So we must take a;; = A a; = £ =0 or a, = g = 1/6 for minimal or

conformal coupling respectively; a;s = 1 and all other coefficients

a; equal to zero. With two different scalar fields we could also

add the X2R term to obtain General Relativity coupled to the mat-
ter scalar field.

Besides all these familiar terms, whose physical role can be seen
immediately, we have other ones that introduce non-minimal interac
tions:

e) Terms a, to ag couple the Maxwell field to the Riemannian ten-
sor.

f) ajg is null in n=4 and a,3 is a total divergence.

g) Terms aj;,, aj3, a4, a5, @17, @18 and a,q are interactions

among the three fields and its derivatives with no Riemann tensor
present. In particular, A* terms added to the Maxwell lagrangian
give non causal modes of propagation [16].

5. THE QUANTUM LEVEL

When one tries to obtain conclusions from a physical theory, this
theory must either yield results with physical meaning without ma-
king corrections, or one could be able to give sense to meaningless
ones via a renormalization method. In quantum field theory this
means to have non- divergent results for the elements of the S-ma-
trix or to have infinite but renormalizable ones. The leading pro-
blem about this is the ultraviolet divergence which arises in eva-
luating the quantum correction to the propagators and vertices in
the Feynman diagrams.

We say a theory is renormalizable when we can absorbe the infini-
ties by means of an adequate redefinition of fields and parameters,
after having added counterterms to the original lagrangian density
of the theory. And it is well known that a necessary condition for
a theory to be renormalizable is that the number of primitively
divergent diagrams for an interaction term must be finite [17].

In order to satisfy this condition, the interaction terms must be
superficially convergent. But if we write the metric

815 = Mij * Pij

as usuallv to have gravitons and because of the pecualiar role



ficially divergent, exception made of:

n _ijh
316 83 € A Ay

n _ijhk
3,5 8, ¢ Aii Mook

which we have already disregarded.

So we conclude that this general lagrangian - which allows all pos-
sible kind of interaction terms among the three fields, without
dimensional constant - is not renormalizable.

Still it remains another possibility to obtain meaningful results
when evaluating the diagrams: it may be that infinities coming from
one contribution just cancel with the divergence arising from other
ones as it actually is in supergravity theories.

We cannot answer the question about finiteness of the theory that
lagrangian of eq.(3) describes; without evaluating its counter=
terms. For the moment we can observe, most from the remarks Deser
and van Nieuwenhuizen have made [18], that finiteness should not
be expected. Using background field method and dimensional regula-
rization, they studied the form of the counterterms for General
Relativity free of sources and for several of its couplings: to a
massless scalar field [19], to the electromagnetic field [18],

and so on. All of them, described by subsets of the terms appearing
in our eq.(3), showed to be non-renormalizable nor finite. They
found for the scalar field coupled minimally to the gravitational
field that the one loop counterterm was

1 203
AL =va/"—g-R

For Maxwell-Einstein, also at the one loop level, they found

ME _ 1 137 ,— .ij
AL = = %o Y-8 R% Ry,

They also evaluated the ALY counterterm for the photon loop in
the background metric, obtaining

4 y =11
I d*x AL z 70 12

The same for the other contributions ~R? for the graviton loop
ALR

4 h_ 1,7 5
IdXAL e{m‘lz"'ﬁ]:o}

and for the scalar field loop A A4



with
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As all counterterms are positive, there is not cancellation in the
studied cases nor the theories turn out to be finite. So, our con-
clusion is that it does not seem probable that cancellations occur,
using only bosonic fields, and we do not believe this may be impro-
ved allowing all class of interactions. Anyhow, we will give a con-
clusive answer to this problem in a forthcoming paper.

CONCLUSIONS

We have constructed, by means of tensorial concomitants, a general
lagrangian density that contains several classical theories, only

impossing to it as restrictions not to have dimensional constants

and we have shown it is not renormalizable.

In supergravity theories, the presence of spin 3/2 fields - plus
supersymmetry - seems to be the cause of cancellations that yield fi-
niteness. Supersymmetries let fermions and bosons 'rotate'" into
each other and impose drastic limitations on the interaction terms
that might be present in the lagrangian density and on the form of
the counterterms. All of this suggests us the use of spinorial con-
comitants in the search of a very general lagrangian containing
also spin 1/2 and 3/2 fields, to study later which invariances one
has to ask to obtain acceptable quantum theories.
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THE ERROR IN LEAST SQUARE SHAPING FILTER

Carlos A. Cabrelli

ABSTRACT. In least-squares inverse filtering, Claerbout and Robin-
son (1963) proved that, under certain conditions, the error will go
to zero as the length of the filter tends to infinity.

In this paper, this result is extended to the case of the shaping
filter when the desired output permits a delay.

INTRODUCTION

The problem of finding a filter that approximates in the least
square sense a source wavelet w to a desired output d is known in
signal processing. This filter is called shaping filter.

In inverse filtering, we deal with the case when
—_—k
d = e, = 0,...,0,1,0,...,0) (spiking filter). Claerbout and Robin-

son [1] have proved that in this case the spiking filter error will
go to zero when the length of the filter tends to infinity. In this

paper we show that this result can be extended to the shaping fil-
ter.

NOTATION

If a e Rn+1, a = (ag,a;,...,a ), we define Ay € R x(n+241) o

85 @) ceeeeinennnns a f ...... 0
NN
00\ \\ :
Ag = | NN \\ N @ =0,1,2,...) M
NN N 0
\\\~ \ AN
‘ 0...... 0 858 cerennieianns a

In particular, A, is a, and if a € R, then Ay = a.I (I identity
matrix).
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CONVOLUTION
Let a = (ao,...,an) , b= (bo,.. ,bm)
If we define ¢ = a * b = (co,...,cn+m) with
c, = ) a, b, (2)

then c = a.Bn and also c = b.A_.

CORRELATION
If a = (ao,...,a ) , d = (do,...,dn+2) (& = 0,1,2,...) and

0,1,...,%) then, if YA denotes the transpose

(g}
0]
]
o~
[«
.
+
1]
)
~
(2]
[}

of a matrix A,

. (3)

If a = (ao,...,an) we define the matrix of the first £ autocorrela-

tions of a as R = (ri_j), i,j = 0,...,%, where
Ti-j = E qr+i Prej o E 2k B+ (i-3).

~ t
Hence R = A(Q Ak 4)

R is symmetrical and, if a # 0, non singular.

It also holds that, if a (ao,..,,an) » b= (by,...5b))

= (co,...,ch) then
(a » b)z = (a.Bn)L = A Bn+2 (5)

and therefore

ax (bxc) = a.(b*c)n =a,(b.C) =a.B_C . (6)

m’n n m+n

Furthermore, if x = (xg,...,x ) , Ixl, = @) xg)ll2 and

xly =} |x;] where |[x.| is the absolute value of x,.
1 i 1

SHAPING AND SPIKING FILTER

Let w = (wo,...,wn) be a source wavelet and d = ng,...,dn+£) the

desired output; the Shaping filter of length £+1 is defined by the

filter 0 = (fO’fl""’fl) that minimizes
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2+1

lwsf-dl2  for £ eR (7
It is known that f0 satisfies
0 t _ t
f Wl Wl =d WQ . (8)
. - ~k— n++1
In particular, if d = e, = (0,...,0,1,0,...,0) , e, € R ,
k =0,...,n+% , the filter ak = (ako""’akl) that minimizes
nw*a-ekﬂg for a e rR*! (9)
is called the k-delay Spiking filter.
Also ak satisfies
a*w, tw, =e tw (10)

where € twl is the row (k+1) of the matrix tWL , that is
tw

€ o = (wk,wk_l,...,wk_z)

with w, =0 if i & [0,n].

If A is now the (n+2+1)x(2+1) matrix whose rows are the vectors

ao,...,an+l, it is known that the Shaping filter £0 for the input

w and the output d is

f0 = dA (1)
n+4

that is £ -] a.a* (12)
k=0

(see [2, p.199]).

Then it results that the Shaping filter is a linear combination of
the Spiking filters whose coefficients are the coordinates of the
output d.

THE ERROR FOR THE SPIKING FILTER

Let w, a¥ and € (k = 0,...,n+2) be as in (9) and let us call

- k _ 2
Jk = |lwxa ek||‘2

the error of the Spiking filter of delay k.

Claerbout and Robinson [1] have proved that

J0+J1+ ee. +J =n , 0 <Jk <1 (13)

2L . e R Y . I Y P R - L T . I T T T
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the filter length.

Hence, there exists k0 so that

J <
ko n+£+1

— 0 . (14)

If V£ is the minimum error of all the Spiking filters of length £+1

n

0<V£<m—+0 (£ » +)

and then
V, — 0 (£ + +w) (15)

A value of k that produces the minimum I is called the optimum de-
lay or optimum spike position, and the corresponding spiking filter

a is called the optimum spiking filter for the given wavelet w and
filter length £+1.

In the case where w is minimum-phase, it is known [1] that

Jg — 0 (2 > +w) (16)

THE ERROR FOR THE SHAPING FILTER

Let ak be the Spiking filter of length £+1 and ck = a¥aw be the
output of this filter, then

¢ = a .Wz' and C = A WZ (17)

where C is the (n+2+1)x(n+2+1) matrix with rows c® and A is the ma-
trix of the Spiking filters.

k . s : k t - t
As a™ satisfies (10), that is a Wz W2 = e, Wk R

A Wl tWZ = th , and multiplying on the right by tA s

then
AW, twg ta = tw2 tA , that is

ctc-="*. (18)

If now fo is the Shaping filter for the output d from (11) £ = dA

0 t _ t
and from (8) f W2 W2 =d Wz.

The error J = Hw*fo—dug is (w*fo - d) t(waf0 -d) =
= (dA*w - d) “(dAsw - d) = (dA W, - d) t(da W, - d) and using

(18) and C = AWl
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J=4d(I -c¢) "a , (2, p.199]) (19)

which gives a simplified expression of the error for the Shaping
filter.

AN ESTIMATE OF THE ERROR DEPENDING ON THE FILTER LENGTH

In this section we prove that the error of the shaping filter tends
to zero when the length of the filter tends to infinity. This new
result generalizes the known one for spiking filter.

We consider w = (wo,...,wn) , d = (do,. mtl

—k_,
e, = (0,...,0,1,0,...,0) , k= 0,...,m , and let f% be the Shaping

.,dn+£) > € € R

filter corresponding to the input w and the output dxe of length

k
n+f+m+1
| Y
£ = (fko’fkl""’fk£+m)
k =
and e, = llwsf™ - d*ekll2 k =0,1,...,m.
For the error €, where
1
€ = € (20)
k=0 k
we have the following estimate
m m n+4 . nt+l
k _ itk
e = ) lwsf® - dxe ll, = .} lNws( ] d.ad"™) - } d. s .l ,
k=0 k"2 k=0 j=0 J j=0 i "k+j"2
with
1 if i=h
§, : [0,n+2+m] > [0,1] » 8, (1) = .
if i #h
Then
? ngl j+k nfl
€ = Il d. (wxa ) - d. §...1
k=0 j=0 I jmo 3 I¥kT2
m n+l .
- d, (weadt® - 5.
kZO"jZo j(nea gl <
m nt+l .
d. itk _ 5 =
< kzo(jzo [ J| lwka J+k"2)
n+2 m .
+k
= 1 laylc T lwxad™F - §oplly) <

i=0 k=0
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n+4

1/2 . ¢ jtk 2,1/2
< J_ZO ld, | (m+1) (kzo | wea 84xll2)
Now from (13) it follows that
m . n+2+m
T olwsad*® _ 5. 12 < 7 llwxa® - 6. 012 = n.
2o j+k" 2 nco h'2
n+l 1/2 _1/2 1/2 _1/2
Then e< )} |d.|(m+1) n = lldlly (m+1) n’°.
j=o
That is
m a
e= I e <ldl, (men)!/% al/2 (21)
k=0

Then there exists k0 € [0,m] such that

k 1/2 _1/2
e, = lwaf O = dwe, I, <fa 1~ 0~
0 0 m+1

hence € < fidall

(22)

if emin(m) is the minimum error for the Shaping filter of length
2+m+1 for the input w = (wo,...,wn) and the output

r—'k‘—\

d*ek = (0""’O’dO’""dn+2’0""’0) we have that

emin(m) = 0 (m » +w). (23)

This result can alsc be obtained in the following way:

Let a* be the optimum spiking filter of length £+1 for the input w.

k 2 n _ .
Then llwxa™ - ekII2 < argeT Let mow d = {do,...,dm) be the desired
‘output. Then Hw*(ak*d) - d*ekli2 = Hd*(w*ak - ek)ll2 <
k /n
< ldll; llwsa™ - e I, <ldl, ———
< 1 k' 2 1

and if f = a®d and £° is the Shaping filter for the output dse, ,
it follows that

/n

= k £
= - % - < |ld ———
81 lwef d ek” 2 < llwsf d=e_ |l . S itdl 1 y .

Thus emin(z) -0 (& » +=),

In the case where w is minimum-phase, JO(Z) >0, (& - +x)

bl

0

. - A 2
with JO = |lwxa e0H2 (see 16) then
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™
L}

0 0 A
lwsf® - d*eoll2 < lwx(a“%d) d*eoll2

0 1/2
ldx (wxa™ - e )ll, <Idl, J,

it follows that

e, >0 (&> +w) (24)

For every length of the filter, the value of k which realizes the
minimum error is called the optimum delay for the Shaping filter of
output d.
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UNA GENERALIZACION DEL TEOREMA DE WALD DE OLIGOPOLIO
PARA FUNCIONES DE COSTOS DIFERENTES

Magdalena Cantisani

RESUMEN. Se presenta, para funciones de costos diferentes, una ge-
neralizacién del Teorema de Wald del oligopolio dado en "Introduc-
tion to the Theory of Games" (E.Burger), pdg.49-52, como Ejemplo 5
de juegos de estrategias.

TEOREMA. 5% T es el juego de oligopolio con funciones de pago

n
Aj(xp,eee,x ) = xif(izlxk) -k, (xy) (i=1,2,...,0)

donde para cada i (i = 1,...,n) k; es una funcidn dos veces dife-
renciable tal que para cada X, kl(x) >0 y kY (x) > 0. Ademds, st

la funcidn demanda f decrece mondtonamente en el intervalo 0 <x<§
desde £(0) >0 a f(g) = 0 y £(x) = 0 para cada x =2 &£ y f es dos ve-
ces diferenciable en 0 < X <& con £f'(x) <0y £"(x) €0 y las ca-
pacidades limites son Ly > & (i = 1,...,n),

entonces T tiene al menos un punto de equilibrio (xT,x;,...,x:),

donde las estrategias de equilibrio estdn dadas por
x; = min [max(x;,0);L;]
siendo X5 raiz de la ecuacidn:

(1 f(xi + kgixi) + xif'(xi + Kgixi) - ki(xi) =0,

Yy 87 xg = Xy > 0 entonces xg es la tnica raiz de la ecuacidn (1)

en el in*ervalo 0 <x; <& - z.xi .
k#i

Para la demostracidén se sigue una linea similar a la dada en [1],
considerdndose como finica diferencia en las hipbtesis kY(x) >0
para poder aplicar el Teorema de NIKAIDO-ISODA.
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ON WEIGHTED INEQUALITIES FOR NON STANDARD
TRUNCATIONS OF SINGULAR INTEGRALS

Hugo A. Aimar and Eleonor 0. Harboure

INTRODUCTION. The main purpose of this note is to study weighted
norm inequalities for non-standard truncations of singular integrals.
The non-weighted boundedness properties of the maximal operator for
rectangular truncations have been studied by one of the authors in
[s]. The weighted case with standard (spherical) truncation was stu
died by Hunt, Muckenhoupt and Wheeden [6] and Coifman and Feffer-

man [3]. We shall refer to the last paper for the basic properties of
Ap weights.,

As a basic tool in the proof of the theorem we shall use weighted
inequalities for certain approximate identities, to be introduced
and proved in section 2. These approximate identities are similar
to those previously considered by M.Carrillo [2] and C.Calderdn

[21.

The proof of Theorem (1.3) is given in section 3, where some other
applications are considered.

§1.

Let K(x) = %LE% be a Calderdn-Zygmund kernel in R". Here
X

X = (Xp,..0,x ), |x| is the euclidean length of x and Q is a func-

tion on R™ homogeneous of degree zero satisfying the following two
standard conditions

(1.1) Cancellation property

J 1Q(x')dx' = 0, where S® ! is the unit sphere in R®.
n—
S

(1.2) Dini type condition

r@lds«n

where w(s) = sup [2(x+h)-(x)].
0

ann_

[n]<é
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Let FO be the family of all the balls centered at the origin of R"
Let F1 be the family of rectangles centered at the origin of R"
with sides parallel to the axes; i.e. R € F1 if and only if

R = [—al,al]x [-a2,a X eee X [—an,an]. Let F2 be the family of all

2]
rectangles centered at the origin of R®, R € Fz”if and only if R is
a rotation of a rectangle in Fl.

Associated with each one of the families FO’ F, and F2 we have the

1
corresponding maximal operator

T;f(x) = sup |TAf(x)| , Where TAf(x) = J K(y)f(x-y)dy.
AeFi yEA

The known results referred to in the introduction are the following:
E.Harboure (1979) [5]: Tf is of weak type (1,1) and T§ is bounded
in LP(dx) for 1 <p < .

Hunt, Muckenhoupt and Wheeden (1973) [6], Coifman and Fefferman

c: —l—-J w <c inf w for every ball
|B| g B

B), then TS is of weak type (1,1) with measure w(x)dx. If 1 <p <=

(1974) [3]: If w € A (i.e. 3

L J w)(—l— J w p_l)p'l < ¢ for every ball
B IB| Jg

SH

and w € Ap (i.e. 3cC:

B then T# is bounded in LP (wdx).

It is also known after a work of Kurtz and Wheeden, [7], that the
Dini type condition on the kernel can not be weakened to a HOrman-
der type condition.

Our main result is the following theorem.

(1.3) THEOREM.
(1.4) If 1 <p <~ gnd w € A_, then HT;" < C II£ll ;
P LY (wdx) Lp(wdx)

(1.5) If w € A, then J wix)dx < % Il £l

we

{x:TTf(x)>X} L~ (wdx)

where C depends only on the dimension and on the Ap norm of W.

Observe that T; > TT, hence TT is also LP(wdx) - bounded provided

that w € Ap and 1 <p < o,
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operator of certain approximate identity. Theorem (1.3) is then a
consequence of weighted inequalities for approximate identities
which we shall obtain in the next paragraph. We will give a detail-
ed proof of Theorem (1.3) on §3.

§2.
Let A be a bounded convex set in R™ with non empty interior which
contains the origin. Let B be the smallest ball centered at the

origin whose closure contains A. The number e = +%+ is a measure
of the excentricity of A.

If k(x) is a real valued function defined on R®™ we shall use the

jon: = L& = 1 i
notation: ke(x) o k(EJ and ke,p(x) © k( =) > where € is a

positive real number and p is a rotation in R".

In the proof of the next lemma we shall use the following result
due to E.Stein and N.Weiss [9].

LEMMA. Let {Tj};=1 be a sequence of sublinear operators which are
uniformly of weak type (1,1). Let {Cj} be a sequence of positive
numbers satisfying I lelog cj| < ®, Then the operator I <5 Tj is

of weak type (1,1).

(2.1) LEMMA. Let k(x) = 0 be such that

(2.2) k(x) < b. X ),
& jéz i Aj(x

where Aj 18 a bounded convex set with non empty interior containing
the origin and bj > 0. Set a; = blejI and let e be the excentri-
eity of Aj. Then

(2.3) for 1 < p <=, the maximal operator sup |k
€,P

- x f| Zs bounded

in Lp(wdx) for every w € Ap provided that the sum z aje;_Y is
jezZ

finite for every y > 0;

(2.4) the maximal operator sup |ke* f| <s of weak type (1,1) with
e>0

measure wdx for every W € Al’ provided that the sum

1 a. el |1og(a.e%_Y)[ is finite for every Yy > 0.
jez 403 i3
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Proof. In order to prove (2.3) let us first observe that, from (2.2),
we readily have

1
|k *f(x)| < § b.|A,| —-—T————J _ | £(x-y)|dy.
€sP jez 11 ¢]p 1(AJ.)| €p 1(Aj)
Hence
(2.5) sup |k *f(x)| < § a,M.f(x) ,
e,p OF jez 34

1
where M_.f(x) = sup [ | £(x-y)|dy.
J €,p €[p(Aj)l ep(A;)

Let us now study the LP(wdx) boundedness of Mjf. For w € Ap,

1 <p <=, there exists 1 < r < p such that w € Ar (See [3] for a
proof). Let Bj = B(O,rj) be the smallest ball centered at the ori-
gin whose closure contains Aj. Applying H6lder's inequality and the

Ar condition for w, we get

— |£xy) dy < — £ W Y T gy <
n
elpa) | Jep(al) e?|A.| 'B(x,er.)
3 J J h]
1 x-1
) Ilﬁ\ | {JB S '{JB( y s
€ 3 (x,erj) x,erj
< c.ey —_ |£]* w}1/r .
w
J’B(x,erj) B(x,erj)

Since the weighted maximal function

ng(x) = sup ! lgl w

s>0 W(B(x,s)) JB(x,s)

is of weak type (1,1) with weight w, we have

el
wi{x:M.f(x) >}) <c L J|f|r W
J )\r

In other words, Mjf is of weak type (r,r) with weight w and cons-
tant‘e?. On the other hand, it is clear that IIMijILoe < "f"L”' So

that, by Marcinkiewicz interpolation theorem we obtain
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This estimate, Minkowski's inequality and (2.5) give

lIsup |k

] |l <Cc{§ a efPyisi
€,p P )

€sP LP (wdx) jez 3 LP (wdx)

Let us now prove (2.4). As before we have

(2.6) sup |k _#f(x)| < } a.M. £(x) ,
4 > . i'i
e JEZ
where M.f(x) = sup S J |£(x-y)| dy.
J >0 ICAJ| €A .

Let w € Al’ then there exist § > 0, ¢ > 0 such that the '"reverse

Holder inequality"

1 J 1+6 1 J 1+6
— w < C(+—— w)
|B] /8 |B|] Jg

holds for every ball B, (See {3]).

Since w € A1 we have

(2.7) a4 J w*S < ¢ inf WS
IB| /g B

for every ball B. Consequently, applying Holder's inequality and
then (2.7), it follows that

I 1464 1
1 X+EAj 1+8 1
. | ifeemley < —— —1— ] ity
; e le ; Ix+eAjw xteh,
1
146 y—¢
B(x,erj) 14§ T%E 1
. e [£(y)| dy }p <
|B(x,srj)| Ix+eAjw x+eA
1
C.e;+6 1 |£] wl .
Ix+eA.w x+eAj

From the last inequality and (2.6) we get

1
. 146
] . e. f(x
sgp |k *f| <C sz a; e MW’J (x)
where M_ .f(x) = sup S J | £|w
w1 € x+€A

N
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From Besicowitch type covering lemmas (see [4]), it follows that
the maximal operator Mw 5 is of weak type (1,1) with weight w and '

norm independent of j. Then, the result is a comnsequence of the
"entropy" hypothesis which allows us to apply the preceding lemma.

A particular case of Lemma (2.1) gives the following weighted exten
sion of M.T.Carrillo theorem which will be used in proving Theorem

(1.3).

(2.8) COROLLARY. Let k = 0 be non-increasing along rays. Suppose

that the sets Aj = {x: k(x) = 23} are convez and bounded for every

j & 2. Then (2.3) and (2.4) hold true with b, = 23,

Proof. Observe that k(x) = Z 23 Xy (x) , where the A&s satisfy
jez k|

the hypotheses of Lemma (2.1).

§3.

In this paragraph we will give several applications of the lemma
proved in §2. The first one is the proof of Theorem (1.3) on non-
standard truncations of singular integrals.

(3.1) PROOF OF THEOREM (1.3). Let R be a rectangle belonging to
Fi (i=1,2). We can regard R as a rotation p followed by a dilation
e of a rectangle R' with sides parallel to the axes whose smallest
side is in the xn-direction and has lenght 2. Set

S ={x€R": -e <x_<e and |x| >¢}.

€ n

Clearly R' c B(0,1) U S1 and hence R C B(0,eg) U p(SE). So that

ITRECO ] < [Ty o FCN| + (kg *ED ),

1

where k(x) = XB(O 1)(x) + | |n XS x).
’ X 1
Hence THE(x) < TA£(x) * Sup sup (kg , *1£D )
<i<n €> Ui

where'pi is a rotation in R®™ taking the hyperplane x; = 0 into the

hyperplane x = 0. Also
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It suffices to prove that this kernel falls into the scope of coro
1lary (2.8). Since the hypothesis required in (2.4) is stronger
than that of (2.3), we will just check the "entropy'" condition

- 1~
) a, e; Y |log(ajej N <.

If j > 0, then Aj = {x: k(x) = 23y = 9. 1f j <0 the A&s are con-
vex and bounded sets and there exist a constant Cn, depending only

on the dimension, such that

{x: x| <1, |x;| <c_ 273/n 1 <i<nl ¢ A C

clx: |x_| <71, [x;] < 273/, 4 <1 < n}.

n
. 1
-j(1-2) i : ;
Thus |A,| < 2".2 27 e, <ct 273/ and a, = 23|A,| < 23/m,
J J n J J n
Therefore . .
- - 1Y iy
)) a.e%_Yllog(a.e%_Y)l <C J e" |logcCe™]|
jeop 473 i niZg n ’

which is clearly finite.

In [1] C.Calderdn studies the differentiation properties through
the dilations of unbounded star-shaped sets. As a second applica-
tion of the general result on section 2 we shall obtain weighted
inequalities for approximate identities related to some particular
shapes of those considered by C.Calderén. (See also [4] page 291).

Let X and ¢ be two non-negative non-increasing functions defined

on RY. Sugpbse that ¢ is bounded above. Let x' = (xl,xz,...,xn_l)
and |x'] its length. Set E = {x € R": Ix | <¢(|x'])} and k(x) =

= K(|x|)XE(x). We shall study weighted boundedness properties of

Mf(x) = sup |(k€*f)(x)|.
€>0

For vy = 0 we set wY(t) = K(t)¢ Y (t)t® 7Y, With this notation we

have the following result:

(3.2) THEOREM. If
1

(3.3) J P (t)dt < = and .
0 0

)

(3.4) J wY(t) |logwy(t)|dt < w , for every Y > 0 ;
0

then the maximal operator Mf <s of weighted weak type (1,1) for

\
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every weight w € A,

Proof. We may assume without loss oﬁ generality that ¢ < 1 and that
K< et outside the unit ball. In order to apply the second part

of Lemma (2.1), let us first observe that

k) < KUxDXo0) + § KK () = ko (x)+k, (%)
j20

where XO is the characteristic function of the ball B(0,2) and Xj

is the characteristic function of the cylindrical region

Ay = fx: x| < 23*1 and x| <62} ;5 5 > 0.

The kernel ko(x) is radial and non-increasing so that we have

sup| (k, #£) ()| <C.£4(x) ,
E 3

where f* is the Hardy-Littlewood maximal function and C =fk000dx,

which is finite by (3.3). Then, using the classical result for f*, it re-
mains only to study the kernel k,. With the notation of Lemma (2.1)
for j = 0 we have

- iy. - _ iy,3(n-1) iy .
bj K(29); as blej| CcKk(z9H2 ¢ (29) ;
j . . . .
e. = C.—2 and a.el™ = ck(2dy.e28)Y.2dyn-1Y ,d
] ¢(2J) J 3]

where C depends only on the dimension n. Thus

I ajei™logaze; ™| < I ajei™|1og(x(2))e(2)))| +
j20 j20

+C' Y a.elTV(i+0) = 1 + II.
j30 313
Since the function

K(t)o(t) " |log(K(t)o(t) V)|

is non increasing for t > 1, then

oo

(3.5) I < cj K(t) ()Y | Llog(K()s" (1)) [t 1Yt <
1

< CIIwY(t)llong(t)|dt + lewY(t)logt dt .

Also
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(-]

< cf v_(t)log(C't)dt.
1Y

The last integral on the right hand side of (3.5) and the right
hand side of (3.6) are both of the same type. Let 0 < e < vy. Since
¢ <1 we have

J wYttjlogCt dt < CJ \pY(tth at = CJ K()eY () t2 1 Ve gt <
1 1 1

< cj k()oY E(t) 21 (Y=8) g¢ |
1

which is finite because of (3.4) with y-£ instead of y.

(3.7) REMARK. Given a curve of the form x = ¢(x1), we may genera-
te two different types of solids of revolution, E and E,, accor-

ding we rotate it about the x or the x, axis. In the preceding

1
theorem the first type of solid was used to cut the kernel K. With
a similar reasoning we can get the same conclusion for E, under
the hypotheses (3.3) and

-

(3.8) J K(t)¢(t)Y(n_l)t(n_1)(I_Y) |10gK(t)¢(t)Y(n—l)t(nql)(l-‘Y)|dt <
1

instead of (3.4). Notice that for the unweighted case, i.e. vy=1,
(3.8) is weaker than (3.4) as assumption on K. However both sets
of hypotheses are the same if we want to obtain the boundedness
for all the A - weights.

(3.9) REMARK. Similar results hold with other monotonicity proper-
ties on K and ¢.

(3.10) EXAMPLE. If y(t) ='1 and K(t) = —

— +
0 X[1.°°)

X0,1) °

we have I lelongl = I t—l—Yllog'El'Yl dt < » for every y. This
1 1

means that the second part of Theorem (1.3) can also be proved
using Theorem (3.2),

(3.11) EXAMPLE. If we set K=1, hypotheses (3.4) becomes
I OV () t* 1Y | 10geY ()t 1Y dt < =
1

for every y > 0. This is satisfied if, for example, ¢ decays expo-
nentially. Theorem (3.2) gives weighted inequalities for the maxi-
mal operator associated to differentiation through certain unboun-
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ded star-shaped sets.
Finally, we can also apply Lemma (2.1) to iterated Poisson kernels.
considered by Rudin [8] and M.de Guzmdn [4], page 290. Let

k(x) = (1 + xf)‘1 e (1 0+ xf‘l)'l ,

then sup |k *f|
>0

is of weighted weak type (1,1) for every w € Al‘ The proof is a

straight forward verification that the estimate given in [4] satis-
fies hypotheses of our lemma.
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A CLASS OF BOUNDED PSEUDO-DIFFERENTIAL OPERATORS

Jorge Hounie

§1. INTRODUCTION

The class of symbols Sz § was introduced by HSrmander in [11] where

he proved that they give L% bounded pseudo-differential operators
when m=0 and 0 < § < p< 1. Other continuity results within this
framework were given in [12], [14], [15], [17]. Then Calderén and
Vaillancourt proved ([4],[5]) that to obtain boundedness, it is
enough to assume m <0, 0 <8 <p <1, § <1 (these conditions are

necessary for L2 continuity ([8]1,[12])) and this improvement had a
remarkable application to local solvability [3].

The next step was to strive for minimizing the number of derivati-
ves of the symbol needed to control the norm of the operator [10],
(131, [16].

In [9] Coifman and Meyer developed a systematic approach to study
boundedness of pseudo-differential operators, proving among a num-
ber of results, the following

THEOREM 1. Let n > 1 be an integer and set N = [n/2]+1. Assume
that a(x,&) and its derivatives DzDga(x,E), le], |B] <N are con-

tinuous in R™ x R® and satisfy

(1.0 Ip%pfacx,e)| <caelepSel-lED e mn
where 0 < 8§ < 1 and C > 0 are two constants. Then the operator
(1.2) a(x,D)u(x) = (zﬂ)“‘jei"'g a(x,£)8(E) d&

18 bounded in LZ(RP).

Theorem 1 is optimal in the sense that N = [n/2]+1 cannot be re-

placed by a smaller <nteger. The symbol

. 2
a(x,g) = elx'€(1+|€|2)_n/4e—|x| satisfies (1.1) with 6 = 0 for
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|o] <n/2 and all B and yet a(x,D) is not bounded in Lz([9]).
In this work we fill the gap between n/2 and [n/2]1+1 by considering
H6lder classes of symbols. If we denote by Sg 6(N), N € Z+, the

space of symbols that satisfy (1.1) for |a|, |8| <N, theorem 1 can
be expressed as: N > n/2 <mplies that a(x,D) is bounded when

a € Sg G(N)' Considering HGlder classes we may define Sz 6(N) for

any real N > 0 (precise definitions are given in §2). We then have

THEOREM 2. Let a(Xx,E) belong to sg s, x,E € R®. If m,8,p,N are
real numbers satisfying m <0, N > % , 086§ <p<1,8<1 and

a(x,D) Ze given by (1.2) then a(x,D) <s bounded in LZ(RP).

The proof of theorem 2 uses the techniques of Coifman and Meyer, in
particular, the almost orthogonality principle in the sharp form
given by Alvarez Alonso and Calderén [1], [2]. The paper is organ-
ized as follows: in §2 we define the appropriate classes of symbols
(related classes appear in [6] and [7]), in §3 we prove some tech-
nical lemmas, in §4 we prove theorem 2 and in §5 we discuss the ne-
cessity of the regularity hypotheses of theorem 2.

§2. CLASSES OF SYMBOLS

Consider a function a(x,Z) in R™ x R®. We define the partial finite
differences in x and £ by

d;a(x,E) a(x+y,&)-a(x,£)

d?a(x,8) = a(x,E+n)-a(x,n).

Then we define for 0 <e <1,

a%a(x,£) = suply| "®|dja(x,8)]
y#0

Aga(x,€) = sup|n| |d%a(x,8) |
n#0

€ _ -€ -€ 41,2
B, ga(x,8) = yf3§o|YI In| ™" ld dra(x,8) .
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the space of measurable functions a(x,£) defined in R™ x R® such
that its weak derivatives Dnga(x,E), of order a,8 € N* ,
la| = a;*...ta <k , |B] <k, are locally integrable functions

which satisfy for almost every x, & the following estimates

(2.1) IpZnfa(x,6)| < B(1+1g;3m+5|al~plsi

(2.2) AiDiDEa(x,g) <C&’B(1+|g|)m+6(|a!+e)-p|BI
(2.3) 8gD3DEa (x, ) <C;’B(H!gl)“‘”l“l'p‘|B|+E)
(z.4) I EDO‘DBa(x g <cy (1+|g|)m+5(|°‘|+€)-D(|B|+€)

Notice that (2.2), (2.3) and (2.4) are superfluous if e€=0. The sum

of the best constants Ca,B’ C&,B’ C&,B’ Cg’e, that appear in
(2.1),...,(2.4) is a norm that turns Sz G(N) into a Banach space

and will be denoted by I I _ .
S, s (M

PROPOSITION 2.1. Sz 6(N) is a Banach space. This space increases if
bl
m and 8 increase and p and N decrease. If a € S S(N) and

|al, |B] <N, 2t follows that
ofpfa e sa-8lBl*elel (-max(jal, 181

1
and if b € SE:G(N) , it follows that ab € Shg (N).

We now indicate the proof of S 6(N) [ S G(N') when N > N'. Assume
first that N=¢ , N'=¢' , 0 < e' < e < 1. Then, if a € S 6(e) we
have, for instance, |a(x,£)| <C(1+|gD™, MfﬂLEH <

< C|y|8(1+|§|)m+6€. These estimates imply that

Iy17" 1d}acx,8) | < 2cCi+1eD)™mincly] ™", 1+ [ °F Iy 157

The function £(r) = min(r"e',ArE'e'), r >0, A>0, has a maximum
- a-l/e - 2€'/e
at r = A equal to f(ro) = A . It follows that
! [ B +8¢!
178" 1a}a(x,8) | < 2c(1+[])™°%" so aZa(x,g) < 2C(1+[g)™F
The other estimates follow in a similar fashion and we obtain

6(6) c S 6(e ).
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If a € 8% (1), the estimate |Dga(x,g)| <c(1+]eH™P, |8 =1,

together with the mean value theorem yield

(2.5) |a2aCx,8) | < cO+lgD™PInl ,  In] < |g]+1.
On the other hand, from the triangular inequality

(2.6) |a2a(x,8)| <c'(1+gh™ , 0 eR",

Thus, (2.5) and (2.6) imply
1 " m--p
Bga(x,€) <cU(1+|g™°

as p < 1. Using this estimate and |a(x,£)| < C(1+|g|)™ we get
|d§a(x,£)| < const.(1+|g])™ P€|n|®. Similarly, we get the other
estimates required to show that Sg NQES Sz s(€). It follows now

inductively that

S‘;,s(kﬂ) c 82’6(k+e) C S':;,G(kﬂ:') [ s‘;"s(k) , keN, 0<e' < e<1.

In the next section we will consider the space of HGlder functions
Ar(R“). Let us recall some well known facts. If r=0, A_ = LR ,
ifo<r<i1, AL is the subspace of A of the functions satisfying
[ £(x)-f(y) ]| < C|x-yjr a.e., the class of f contains a continuous
representative. For general r > 0 , we write r = [r]+r-[r] = k+e ,
keN, 0<e<1, and 4r is the space of the functions f € Ao with
weak derivatives DXf € A® for |a| <k. When 0 <r <1, the norm
WE£W_ is the maximum between ||fll j and the essential supremum of
the quotients |f(x)-f(y)||x-y|—r. When r = k+e, 0 <e <1, ke N,

WeEW_ = max  WD*EN ..
¥ o] <k

§ 3. BASIC LEMMAS
The following is a discrete version of a lemma of Alvarez-Calderén
(I11,[2]) and may be refered to as the sharp almost-orthogonality

principle. We include the proof for completeness.

LEMMA 3.1. Let s > n/2 and set r = 1-n/2s. Then, there is a positi-
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(3.1 1Y e £ 12 < cCEIDTIEN2 T .
k k k

Here, H® indicates the Sobolev space in R® with norm

1612 = o 7[12@ 120+ el %, 2@ = [oT = troax
and e indicates the operator of multiplication by the bounded
function exp(ik.x), i = v-1 , x.k = x ki+o.o¢x k.

nn

Proof. If

0, (€) = I (1+Alg-k|*)7! , for 25 >n,
kez®

there is a positive comnstant C = C(s,n) such that wx(g) < Ck'“/zs

for £ € R® and 0 < A < 1. Then, by Parseval's formula

2 - 2
"Eekfk"o < (27) “Jlé?k(g-k)| dg <
< @0 [I0aE? 1 0 2 0 <
k

-n/2s 2 2
< CX (Eufk"o + AEkaHS) .

It is enough to take

= 2 2
A= TNENZ 7 TNE N2

to obtain (3.1).

Let k be a mon-negative integer, € a real number, 0 < e < 1, and set
s = k+e. It is well known that an equivalent :-norm for the space

H® is given by

(3.2 afm?= 7 an%anl .+ j§
k

I ID*(£, -£)I1%|¢] ™ Cat
a|< |a|=k’|t] <1

where ft(x) f(x+t).

LEMMA 3.2. Let s, N be real numbers n/2 < s < N and consider a
symbol a(x,£) € ng(N), X, E € R, such that a(x,£) = 0 <f

|£| = V/n. Then there exists a constant C = C(N,s,n) such that

(3.3) la(x,D)H! < C sup Mla(x,.)N
£ 2 X N

(L)
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(3.4) lla(x,D)I 2 < C llall

£a”,1% 850 (M

(The norm I ., was defined at the end of §2).

N

Proof. It is enough to prove the lemma when s = k+g' , N = k+e,
0 <e<e'<1, kez*. Setting

k(x,y) = (2n)'“Jeix'5a(x,a)da . wly) = (1+]y|H®

we have for f € 8
la(x,D)£(x) |2 = Ijk(x,y)f(x-y)dyl2 < jlk(x,y)lzw‘lcy)dy.(w*lflz)oo

<Clla(x, 2w 5.

Integrating both sides of this estimate we get

(3.5) la(x,D)I < C sup lla(x,.)I .
£ x 8

(L?)

Using (3.2) and the fact that a(x,%) vanishes for |£| > v/n, we can
estimate Ha(x,.)”s by |Ha(x,.NHN. This gives (3.3).

Set g(x) = a(x,D)f(x), £ € S. For |a|] < k we may write

D%g(x) = a (x,D)£(x)

(3.6) . .
D7 (g(x+t)-g(x)) = a (x,D)£(x)
with
= ' vy -1 v1-1.8
au(xya) = 2 (!.(B.) [(Q'B) '] g a(x’g)
B<a
(3.7)
ay(x,€) = eit'gaa(x+t,5)-au(x,£)-

Taking account of (3.2), and (3.6), we get

2 2
lghs <c( } lla_ (x,D)II +
s o<k @ £w?)
(3.8)

2 ~-n=-2¢€ 2
ha®(x,D)I [ t] at)ll£1< .
|§|=k J|t|51 e °

Thus, (3.4) follows from (3.8) and the next lemma.
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Haa(x,D)H£ ,. <C Ilall

o
w? s0_ ()

1al(x, D)l <clt|€ nal
£ ()

2
(L ) (o]}

Proof. By (3.3), it is enough to estimate Iﬂaa(x,.MHN and

Ma;(x,,ﬂNN. This is easily done using the following
-PROPOSITION 3.1. Let f(x,E) € Sgo(e‘), 0 <e' <1 agnd assume that
f(x,€) = 0 Zf |&| > vn and set
£5(x,8) = eltPf(xet,6) -£(x,E)
Then, there ig a positive constant C = C(n) such that

(3.9) [£50x,8) | < C(m) (A2 £0x, )+ £(x, ) 1) | £]©

(3.10)  [a2£°(x,6) | <Clm) (S £0x, )% £, £+ £Cx+2,8) D [£]% In|®

Proof. We prove (3.10), the proof of (3.9) is simpler. It is easy
to check that

a2£5(x,6) = et E*alalecx,g)+ (et *M a2 (x,6) +
(3.11)

+ eit'g(eit'n-1)f(x+t,£)

(the difference operators dt, dﬁ were defined in 82). Thus (3.10)

follows from the trivial estimate IeiT—1| < min(|t]|,2), T € R.

LEMMA 3.4. Let s, N be real numbers, n/2 < s <N, and consider a
symbol a € Szo(N) such that a(x,E) =0 <f |&| is large enough.

Then there exists a positive constant C = C(N,s,n) such that

(3.12)  la(x,D)ll < C(supllalx, )iy ) Mal'>s
£

x s. (N)

2
O 6o

where T = 1-n/2s.
Proof. Set g = a(x,D)f, £ € § , and consider a function ¢ € C:(Rp)
supported in |£| < /n such that

I ek = 1.
keZ

Then g can be written as a finite sum,
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where

2 =0 @, a(x,8) = al(x, k) 6(E).

In particular, it follows from Lemma 3.2, that

2 2 2
Hgkﬂo <C s:pl"a(x,.)mNkaH

2 2 2
Hngs < C llall o kaH .

Soo<N)

Applying Lemma (3.1) to g and observing that ZkaHZ = 1 £112 (3.12)
follows.

§ 4. PROOF OF THEOREM 2

Since Sﬁ,a increases with m and 8§, we may assume that m=0 and &=p.
There is no loss of generality in assuming that a(x,£) vanishes if
|€] <1 and we do so. Choose a non-negative function ¢ € C:(Rn)
supported in 1/3 < |g| < 1 and such that § ¢(2—j£) =1 if

j=0
|€] = 1/2. The dyadic decomposition of a(x,&) is

(4.1) a8 = § ozde) = T a ).
j=0 j=0

Since |g| ~ 23 when (x,&) is in the support of a; we get with

N = k+eg = [%]+e , 0<e <1,
anB is(lal-]B])
DXDEaj(x,E) <C 2

AiDzDgaj(x,g) < ¢ 238Cal+e-[8])
(4.2)

8EDDEa, (x,€) < C 238 (fal-|8l-)

. DaDBaj(x,E) <c 2i8¢al-18D

8,0 e

-4

Let ¢ > 0 € S be such that $(&) = 1 if |g] <27* and (&) = 0 if

lel ~ 9=3 1 ...
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a5(,8) = [(a;(xy,8) -0, ev(2dy) 229ay

. = -+ Py
a—J pJ qJ

Since Jw = 1 it is clear that pj satisfies estimates (4.2) with
the same constant C. Therefore, if we set 5j(x,£) = pj(f@imzéja

we obtain from (4.2)

(4.3) uﬁju <C

Soo(N)

(4.4) IHﬁj(x,.NHN <C

with C independent of j. Applying Lemma (3.4) we conclude that

Hﬁj(x,D)H ,. is uniformly bounded in j, and observing that
L

(L)

2 b

Ilpj(x,D)Ilﬁ(Lz) = llpJ-(><,D)II£(L )

we get Hpj(x,D)H£ < C. On the other hand, it is easy to chek

2
that if for any f(é g, we set gj(x) = pj(x,D)f(x) hj(x) =
= p?(x,D)f(x), then ﬁj and ﬁj are supported in the annulus Zj_2 <
< &< 27 , where {i indicates the Fourier transform of u and
p*(x,D) is the adjoint of p(x,D). In particular,
pj(x,D)pi(x,D) = p?(x,D)pk(x,D) =0 if |j-k| = 3. So we get
M

(4.5) )

p.(x,D)I ,, <C , MEe Z.
j J L)

0
For the symbols q.(x,&) = q.(Z_ij,ZsjE) we obtain
y J J

(4.6) I aju <cC

o
Soo(N)

~ (8-1)€ej
4.7) |||qj(x,.)IIIN <C 2

Estimate (4.6) is obtained as (4.3). To prove (4.7) observe that
for |B] <k

B = 1 48 23 nj
pfa; 00| = 1[ad pfa (e, e)vzy) 2®ay| <

<c 2ite-IBD)s ]|y|€¢(zjy)znjdy - ¢ 2iles-1)-]8]8]
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Analogously,
|a2Dfa; (x,€) | = |Jd§dfypga(x,g)w(2jy)andy| <

< C 2j[€(6-1)-(|6|+e)6]|n|e 8| < k.

The above estimates imply (4.7). Using (4.6), (4.7) and Lemma 3.4
we obtain

<C 2j€(6—1)(1-n/2s)

lq.(x,D)Il = llq.(x,D)li
i L2y ] £l

(L™

Thus qu(x,D)HL(LZ) is dominated by a geometric convergent series,

and together with (4.5), this implies

M
Iy a.(x,D <C.
j=o 3777 s?
M
Since } aj(x,D)f(x) converges to a(x,D)f in S' the proof is com-
j=0

§ 5. NECESSARY CONDITIONS OF REGULARITY

In this section we consider separate regularity in the variables
x and £€. If N = k+e, N' = k'+e', k, k' € N, 0 <¢, €' < 1, we de-

fine Sﬁ,a(N,N') by the following estimates, valid for la] <k,
I8l <x',

+8]al-
020fa(x, )| <Gy g(1+]g)ymelel=el8]

XX g

AEDQDBa(x,E) <c B(1+|E|)m+c§(|0L|+e)—p|3|

AE'DZDEa(x,E) < c;’8(1+|g|)m+ﬁ|al-p(lB|+e )

B DzDga(x,E) < Cw’5(1+|g|)m+5(|a|+€)-p(|6|+e )

€1

13
. -€ - 4142 n

the essential supremum of |y|™ ~|n| ]dydna(x,g)|, y, n € R". We

where we have used the notation of §2 and Ai’ a(x,&) indicates
Ed

indicate with S™"(N,N') the intersection n 5T s(N,N') with the
m ]
projective limit topology. In the same way we may define

s® («,N'), S™"(«,N'), etc.
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unbounded in LZ, showing that lack of regularity in x cannot be

compensated for with high regularity in £. In this section we pro-
ve

THEOREM 3. Assume that a(x,D)is Lz—bounded for all a(x,&) in

S ®(w,N). Then N > %m

Observe that Theorem 2 shows that all symbols in SO(N,N’) yield
bounded operators if N, N' > n/2. We do not know if all symbols in
SO(W,% give bounded operators.

Let us denote by L(N) the closed subspace of Szo(w,N) of those

symbols vanishing for |£| > /n. Theorem 3 follows from

LEMMA 5.1.  dssume a(x,D) is L%-bounded for all a(x,&) <n L(N).
Then N 2 n/2.

Proof. We will consider symbols given by sums of exponentials as in
[8] and [12]. By the closed graph theorem there is a continuous

seminorm p in Sgo(w,N) such that
(5.1) Ha(x,D)HL <p(a) , a€L(N).

Take ¢ € C:(Rn), equal to one in the cube max|£i| < 1/4 and vanis-
hing outside the cube max|g;| < 1/2.
For any positive integer A, set

—ix Lo xy-N
(5-2) aA(X,E) = z € A ¢(Ag-d)
i asAx

where A, is the set of non-negative multi-indices a € N" such that
max o, < A-1. In particular, the cardinal of AA is A™ and ax(x,E)
vanishes if max|£i| > 1. The terms in (5.2) have disjoint supports
and it is a simple exercise in H8lder functions to show that if p is

a continuous seminor in Szo(m,N),
(5.3) p(ax) <C , x=1,2,...

To estimate the norm of a,(x,D), take £ €S, €N, =1, so that

fo is supported in the cube max|£i| < 1/4 and set

e = 1 f 0.
(!EA)\
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As the terms are orthogonal,

On the other hand, since ¢ fo = %

SO

and

(5.4)

€12 = 5 a™nen? = 1.
(o] o
GEA)\

A

0’

A .41 ~
a(x,0)f(g) = 1 e MNE (ag-a),

QEA}\

g(x) = a(x,D)f(x) = (Zw)‘“A“‘Njeix'gfo(xg)de

lla, (x,D)ll >llgl = A™2N,
A £(L2) o

It follows from (5.1), (5.3) and (5.4) that A" 2N jis bounded for

A =1

(1]

[2]

[3]

(4]

(5]

[6]

[71

[8]

32,.4.5 SO N-2N < 0.
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ON SOME EXTENSION THEOREMS IN FUNCTIONAL ANALYSIS
AND THE THEORY OF BOOLEAN ALGEBRAS

Daniel Gluschankof and Miguel Tilli

ABSTRACT. We present a simplified proof of the equivalence between
the Hahn-Banach Theorem and the existence of certain measures on a
power-set. Furthermore, by defining a notion of a Boolean integral
and applying similar techniques, we prove the corresponding set of
equivalences for the Sikorski Extension Theorem (SET).

1. INTRODUCTION

The usual proofs ‘of the Hahn-Banach extension theorem (HB) depend
on the Axiom of Choice (AC). Using techniques from non-standard ana
lysis, Luxemburg [8] proved that it can be derived from the Boolean
Prime Ideal Theorem (PI), and Pincus showed in [11] that HB is weak-
er than PI. More precisely, Luxemburg showed, without recourse to
AC, the equivalence of HB with the existence of certain measures in
power-sets.

In §2 below we present, among other things, a proof of this equi-
valence using only elementary concepts of functional analysis and
measure theory. Our proof yields also the well-known equivalence
between HB and Krein's theorem (KT) on the extension of certain po-
sitive functionals, as well as the equivalence of HB with an ap-
parently stronger result on the extension of homomorphisms in order-
ed semigroups due to M.Cotlar I[5].

Our method of proof yields a similar chain of equivalences in the
theory of Boolean algebras. Namely, we prove the equivalence
between: - an extension theorem (MT) due to Monteiro [10] (which
can be seen as a Boolean algebra counterpart of HB);
- the well-known Sikorski extension theorem (SET); cf. [9];
- a "sandwich" extension theorem, due to Cignoli [4].

This work was in part supported by a CONICET (Consejo Nacional de
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(The equivalence between the first two statements was proved by
Bacsich [1]1).

Now, in order to complete the analogy between the two chains of
equivalences, we prove on the functional analysis side a ''sandwich"
extension theorem for semigroups analogous to Cignoli's and exten-
ding Cotlar's result. On the other side of the picture, we intro-
duce a notion of a "Boolean integral'" which yields a result simi-
lar to Luxemburg's. Of course, all of this is done whithout AC.

It is well known that PI is weaker than AC (see [7]) and it was
recently proved by Bell [3] that PI is weaker than SET.

Since it is not known whether SET implies AC, we think it may be
useful to have alternative formulations of SET.

2. EXTENSION THEOREMS IN FUNCTIONAL ANALYSIS

We begin by proving (in ZF) the equivalence of the following state
ments:

HB: Let S be a linear subspace of a real vector space V, p a subli
near functional on V and f a linear functional defined on S
such that f£(y) <p(y) (vy € S). Then, there exists a linear
functional f on V such that F(x) < p(x) for every x in V and
fty) = f(y) whenever y € S.

KT: Let K be a cone of a vector space V, S a subspace and f a 1i-
near functional defined on S such that f(y) > 0 for every y in
KN S. If S contains an internal point of K (that is, a point
z such that for all v in V\K the open segment (z,v) intersects
K), then there is a linear functional f defined on V satis-
fying f(y) = f(y) for all y in S and ?(z) >0 for all z in K.

MPS (Measures on power-sets): Let X be a set, P(X) its power-set
and I a proper ideal on P(X). Then there exists a finitely ad-
ditive measure p on P(X) with values in the interval [0,1] and
u(a) = 0 whenever a € I.

STS (Sandwich theorem on semigroups): Let (G,+,<,0) be a preorde-
red abelian semigroup, e an element of G, G(e) the subsemi-
group defined by {g € G:-there exist nonnegative integers n,n’,
positive integers r,r' and z,z',z",z'" in G such that ne+z <
< rg+z' and r'g+z" < n'e+z'"'}.

Let S be a subset of G(e) containing the element e, p and m
real-valued, order-preserving, respectively subadditive and
superadditive maps on G such that m(0) = p(0) = 0, m(g) <p(g)
for all g in G(e) and f a real-valued map defined on S such
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that:
For all (xl,...,xn) cSs, (yl,...,ym) cS, z,z' in G,
Exi+z <Eyi+z' implies Ef(xi)+m(z) <}:f(yi)+p(z) "

Then there exists an extension f of f defined on G(e) such that
f satisfies (*) for (xl,...,xn) and (yl,...,ym) in G(e).

CT (Cotlar Theorem): Let (G,*,<,0) be a preordered abelian semigroup,
e an element of G, G'(e) the subsemigroup defined by {g € G:
there exist nonnegative integers n,n', a positive integer r and
z,2' € G such that ne < rg+z and g < n'e+z'}. If S is a subset
of G'(e) containing e, p a real-valued, order-preserving subad-
ditive map on G and f a real-valued map defined on S such that:

For all (xl,...,xn) cSs, (yl,...,ym) cS8, z in G,
Ix, <Zy;*z implies Ef(xi) <Zf(yi)+p(z) (**)

Then there exists an extension f of f defined on G'(e) such that
f satisfies (**) for (xl,...,xn) and (yl,...,ym) in G'(e).

REMARKS.

(a) Note that the conditions (*) and (**) of STS and CT trivially
imply that f is additive, order-preserving and m < f < p when all
three are defined. (If G = G(e) then the converse implication
holds as well).

(b) The assumptions of both STS and CT may seem somewhat technical;
their motivation can be found in Cotlar [5], pp.10-11,

(c) STS and CT stand on a relationship similar to that existing
between the statements SET and MT in the theory of Boolean alge-
bras, see Introduction.

PROOEFS.

HB = KT: The standard proof, see e.g. [6], pp.143-146, is done
within ZF (i.e. not using AC).

KT = MPS: Let A be a set. In the linear space RY we consider the
positive cone K = {x € RA/xa > 0 for all o in A}. We identify
P(A) with ZA, which is contained in RA, and call 1Y the character-
istic function of Y C A. Let I be a proper ideal of P(A); then 1A
is not in <I> (the subspace of RA generated by I). For, if x € <I>
then x = Ecixi with c; € R\ {0} and xt e (i =1,...,n). Setting

supp(x) = {oa e A x # 0 . we have
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supp(Ecixi) [ L)Supp(xi) # A (because I is a proper ideal).

We define a linear functional f on the subspace S = <I>e<1A> by

0 if x € <I>
f(x) =

¢ if x = c.1A (c € R)

the formulae:

Since 1A is an internal point of K, KT implies the existence of a
linear extension f of f such that f(z) =2 0 for all z in K.

Define wu: P(A) = [0,1] Dby u(a) = §I1a). It is easy to see that u
is a measure; clearly, u(a) = 0 whenever a € I.

MPS = STS: We shall prove this implication in two steps. First,
using only ZF, for each point g in G(e)\S we construct an extension

of f to S U {g} satisfying (*). Then, using MPS, we construct an
extension defined on the whole of G(e).

Let g be a point in G(e)\S; define

Tf(y;) - ZE(x;) + p(2') - m(z)

T

a = inf

where (xl,...,xn), (yl,...,ym) cS, z,z' € G, re N and
Exi+rg+z <Eyi+z' holds.
In the same way define

2f(x;) - Zf(y;) + m(z) - p(z")

b = sup -

for all (xl,...,xn), (yl,...,ym), z,z',r such that

in+z < Eyi+rg+z' holds.

We shall show that a < =: since g is in G(e), there exist r' € N,
n' € NU {0} and z",z"' € G, such that r'g+z" < n'e+z" ; then we
have

<) *p(™) - m(z)
r'

In the same way we can see that b > -,

Now, let (xl,...,xn),(yl,...,ym),(yi,...,y&J,(x{,...,xé,)C G(e),
r,r' € N and z,z',z",z" € G be such that in+rg+z s;Eyi+z' and
Zxa+z" s;Eyi+r'g+z"' holds. We have, then

T' Exi+ rExi +r'rg +r'z +rz" <r' Eyi + r'z' + I‘in + rz" <
<r Eyi + 7! Eyi + rr'g + rz't o+ r'é', and it is easy to prove the

inequalities:
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zE(y;) - 2f(xy) + p(z') - m(z)
r

B T' Zf(yi) - Ef(xi) + r'p(z') - r'm(z)

rr'

>ZDf(r'yi) - Ef(r'xi) + p(r'z') - m(r'z)
rrl .

=

>2f(r'yi) - Ef(r'xi) + p(r'z'+rz" - p(rz'™) - m(r'z+rz")+m(rz")

rr'

>-Ef(rx;._) - Ef(ry]'._j - p(rz") + m(rz")
rr'

>Ef(>q) - Zf(y]) - p(2") + m(z")
rl

Then we conclude that b < a. We define thé extension fg: SuU{g} - R

by
‘{ f(z) if z €S
£,(2) =

&b if 2=y

Looking at the construction it is clear that fg satisfies (*).

Now, repeating the procedure above, we can construct in ZF an ex-
tension fx: SUx = R, for each finite sequence x = (gl,...,gn) C

C G(e) (ordered in some way).
Let X be the set

{x = (gl,...,gn;rx): g1s+++28, € G(e) and T, is a total order on x}

We define a map F: G(e) - RX by posing:

fx(g) if g e Sux
F(g)(x) = P]
|0 if g & SUx
For each g in G(e) define H(g) = {x € X: g &€ S u x} (¥).
Let I be the ideal on P(X) generated by the family (H(g))gec(e).

Assuming that I is not a proper ideal there would be an element of
X, x = (gl,...',gn;rx), such that UH(gi) = X and hence x € H(gi)
for some i, 1 € i < n, contradicting the definition of H(gi). (Here

we are only using a finite version of AC!).

Then we can apply MPS and obtain a measure uy such that u(X) =1

- oo\ ~ % I,
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If g,g'" are in G(e), the subset of X where

F(g+g')(x) = F(g)(x)+F(g') (x) does not hold is contained in

H(g) VH(g') UH(g+g'), whose measure is 0. Then F is additive almost
everywhere (for u).

We also know that, given g in G(e), m(g) < F(g)(x) = fx(g) < p(g)
if g € S U x. The set

{x € X: F(g)(x) <m(g) or F(g)(x) > p(g)} is contained in H(g).

Then, for each g in G(e), m(g) < F(g)(x) < p(g) holds almost every-
where.

In the same way, it is easy to verify that (*) holds for F( )(x)
almost everywhere.

Since F(g) is a bounded function defined on X, one may construct
explicitly (in ZF) a sequence of simple functions (g})ien on X
such that Ei - F(g) uniformly (see [6], IV, Lemma 1.4.7, p.247).

Therefore, for each g in G(e), we can define a Riemann-type integral

f F(g)(x)dy = 1lim f, g.(x)du. Then, we have the maps
X 1> X °1

G(e) E Ll(X,P(X),u) i R, and the composition f o F = Jy F( ) (x)du
is an extension of f to the whole of G(e) that satisfies (*):
Let be (xl,...,xn), (yl,;..,ym) C G(e), z,z' in G such that
Exi+z < Zyi+z' .

We have that fo(Exi) (x)dp = fX\Y F(in) (x)du + fYF(in) (x)du =

&\Y IWin)(x)du where Y = g H(xi) LJgH(yi) U H(Exi) U H(Eyi).

Similarly, we prove that %(F(Eyg(x)du =X{ F(Zyi)(x)du.
Y

Then, it is easy to verify that

ZfF(xi)(x)du + m(z) < EfF(yi)(x)du + p(z) holds.

STS = HB: We consider the additive (semi-)group underlying the 1i-
near space V with the trivial order: g < g' if and only if g = g'.
Obviously V(0) coincides with V. Setting m(g) = -p(-g) we are in
the conditions of STS. Then we obtain an extension of the linear
map f which is a group homomorphism. The subadditive, R-linear map
p defines a locally convex topology on V, for which the extension
of £ is continuous and, therefore, R-linear.

REMARK.

If G(e) is a linear space, the map F defined in (t) is linear; fur-
thermore, the integral is also linear. Then, so is the extension.
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This gives a direct proof of MPS = HB without passing through STS.

MPS = CT: In [5] M.Cotlar gives, for each g in G'(e) \' S, an expli-
cit construction (in ZF) of an extension fg: S U{g} = R satisfying

(**). Then, repeating the construction of the second part of the
proof of MPS = STS, we obtain an extension f of f defined on the
whole of G'(e) and satisfying (*%*).

CT = HB: Same proof as STS = HB.

3. EXTENSION THEOREMS IN THE THEORY OF BOOLEAN ALGEBRAS

PI (Boolean Prime Ideal Theorem): Any proper ideal on a Boolean al-
gebra can be extended to a prime one.

Equivalently, this theorem can be stated:

Let B be a non-trivial Boolean algebra, S a subalgebra and f: S = 2
a homomorphism. There exists a homomorphism f: B > 2 such that
F(x) = f(x) for all x in S.

DEFINITION. Let X be a set, B a Boolean algebra. A B-valued measu-
re on P(X) is a Boolean algebra homomorphism pu: P(X) - B.

REMARK.

Let X be a set and B a Boolean algebra. A homomorphism ¢: BX - B
defines a B-valued measure on P(X) by setting u(a) = ¢(1a) where 1a

is the characteristic function of a subset a of X.

DEFINITION. Let B be a Boolean algebra and X,Y sets. A homomorphism
¢: BX > BY is called a B-homomorphism iff ¢(bah) = ba¢(h) b € B,

h € BX (identifying b € B with the constant function b).

LEMMA. Let X be a set, B a complete Boolean algebra, ¢: B* > B a B-
homomorphism, then

o(h) > v (bauhi(b)))
beB

for every h € BX where u is the measure induced by ¢.
Furthermore, if h(X) is finite, then the equality holds.

PROOF. If h € BX, we can write h(x) = Vv (bal -1 x)).
beB h “(b)
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TMn:¢m) OCV (bal _, )) > Vo(bal

) =
beB nl(p) beB 1)

v (bauhim))).
beB

DEFINITION. With the/notations of the preceding lemma we shall say;
that a B-homomorphism from BX to B is a B-integral if h|x\a =0

and p(a) = 0 imply ¢(h) = 0. We denote ¢ by fx du and write

thdu for ¢(h).

LEMMA. Let [, du: BX = B be a B-integral. If X = X, UX, and

xlnxz = @ then fx hdy = fxl (hlxl)du1 v fxz (h|X2)du’2 , Where

X dui (i =1,2) 1is the restriction of fxdu to {h € BX: HX =0}.
3-i

(identifying this set with BX).

PROOF. We set hi = hi A1x (i =1,2). Then h = h1 vh2 implies that
i

thdu = _thldpv_fX hzdu, and since fx hidu coincides with
fxi (hlxi)dui (i = 1,2), we are done.

Now, using a technique similar to that of §2 we prove the equiva-
lence of the following statements:

SET Let A be a Boolean algebra, B a complete Boolean algebra and
f a B-valued homomorphism defined on a subalgebra of A. Then,
there exists an extension of f to the whole of A.

BI (Boolean integral) Let X be a set, B a complete Boolean algebra
and I a proper ideal on P(X). Then, there exists a B-intégral

ﬁcdu defined on BY such that Mg = 0.

LET (Lattice extension theorem) Let G be a distributive lattice, B
a complete Boolean algebra, S a subset of G'containing 0 and 1;
j: G=B and m: G =+ B a join - and a meet-homomorphism, respec-
tively, preserving 0 and 1; £f: S - B a homomorphism satisfying
m < f < j where all three are defined. Then, there exists an
extension f: G = B such that f(g) = f(g) for all g in S, and
m<¥f< j on G.

MT Let S be a subalgebra of a Boolean algebra G, B a complete
Boolean algebra, j: G = B a join-homomorphism preserving 0 and
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1 and £f: S > B a homomorphism satisfying £ < j on S. Then the-
re exists an extension f of f to the whole of G such that f < j
on G.

LEMMA. SET implies the conjunction of PI and "every complete Boo-
lean algebra is a retract of its ultrapowers".

PROOF. This can be found in [9] where it is done in ZF.

PROOEFS.,

SET = BI: Let B be a complete Boolean algebra, X a set and I a pro-
per ideal on P(X). By PI we can extend I to a prime ideal P, whose

complement is an ultrafilter U. Since BX/U is an ultrapower of B,
by the lemma above we have a retract r: Bx/U -+ B. We claim that
the map ro m: BY - B, where m is the canonical map w: 3% - BX/U,
is the required integral. For any a C X, we have u(a) = r °n(1a).
Since .a(x) € 2 for all x in X, n(1a) € 2 C B. Since r is a re-
1} =
0, and

tract, u(a) = 0 implies n(1a) = 0, and also {x € X/ 1a(x)

0, then w(h)

- . ., . X -
a € P, If, in addition, h € B® and hlx\a

renw(h) = 0. It is clear that u|1 = 0.

BI = LET: In [4] R.Cignoli proved LET using Zorn's Lemma. However,
he proved in ZF that, for each g in G\S there exists an explicit
construction for the extension fg: S U {g} - B such that m(g) <

< fg(g) < j(g). Thus it is possible, for each ordered finite sub-
set x € G\S to construct an extension of f. As in the proof of
MPS = STS, we define a map F: G - ¥ (t+) and the proper ideal I
of P(X) generated by the sets

H(g) = {x €X: g ¢ S uUXx} .
Now, applying BI, there exists an integral defined on BX which va-
nishes on I.
As in the proof of MPS = STS, it is seen that fXF( Y(x)du: G = B

is an extension of f meeting the requirements of LET.

The implications LET = MT = SET are well known and trivial.
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L, CONCLUDING REMARKS

i)

ii)

iii)

If, in all four statements of §3 we replace the words ''com-
plete Boolean algebra'" by '"the complete Boolean algebra 2",
we obtain a new set of equivalent statements. In particular,
it is easy to see that SET(2) is equivalent to PI.

The prime ideal theorem for distributive lattices is equiva-
lent to the Boolean prime ideal theorem:

Looking at the specializations of the statements of §3 to the
algebra 2, we have that SET(2) implies LET(2), which in turn
implies the prime ideal theorem for distributive lattices
(set S=2 , j(0) = m(0) =0, j(1) =m(1) =1, m(g) =0,
j(g) =1 if g € G\S, and f the identity of 2).

The interest of this remark lies in the fact that it is not
necessary to imbed the distributive lattice into a Boolean
algebra in order to prove the implication (see [2]).

The Hahn-Banach theorem can be thought of as a "weak and con-
tinuous" form of the Boolean prime ideal theorem: BI(2),
which is equivalent to PI, can be stated: "Given a set X and
a proper ideal I of P(X), there exists a measure u on P(X)
with values in {0,1} and u(a) = 0 whenever a belongs to I".
This obviously implies MPS, which is equivalent to HB.

ACKNOWLEDGEMENTS. The authors are very grateful to M.A.Dickmann
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CYCLIC HOMOLOGY OF K[z/2Z]

Guillermo H. Cortifias [*] and Orlando E. Villamayor

In this note we compute the cyclic homology of K[Z/2Z] where K is
a (commutative, with 1) ring in which 2 is not a zero-divisor.

0. CYCLIC HOMOLOGY

0.1. DEFINITION.

We repeat here the definition given in [L-Q].

Let A be a commutative algebra over a commutative ring K, both with
unit and let A® = A2 = A @K‘A, the enveloping algebra of A. If we

call A" = A e A & ... 8 A (n times) then A" is a left A%-module

by defining (a@b)(xle ...@xn) = axlext@...gxn_lexnb.

‘We can define now a map b': ARl oAn p > 1) by b'(xye...0x )=

n-1 . .

= 2 (-1)l Xg® - 0X;X: 18 ...8 X, which, actually is an A2-modu1e
i=0

homomorphism.

It is easy to check that (b')2 = 0, so we have a complex H'(A) ,

n+1

where H' (A) = A , N1 =20 , with b*' as differential,

The map e,: A" + A" (n > 0) defined by €4(x) = 1 e x, which is

just a K-map, satisfies eob' + b'eo = Id(An) ,-hence it is a homo-

topy so H' is acyclic.

n+2

Let H(A) = As  H'(A), i.e., Hn(A) =Ae, A (n > 0) with a dif-
A

A2

ferential b = Ideb'. Since AZ operates at both ends of A™?2 ye can

[*] Supported by a fellowship of the Comisidn de Investigaciones
Cientificas de la Provincia de Buenos Aires.
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n+2

identify AeaA with A™! by the map vy:

v(a ®A2 b1 L cee 8y bn+2) = bn+2ab1 @ ...® bm_1

hence

n-1 .
_ a1
b(aje...e a)) = iZO( Noaje...e aa, ;e...ea +

®ad, ® ® a

n
(-1 aa 18 .- nol

n+l

So Hn(A) = A and the differential in H(A) is b. The homology of

H(A) is called the Hochschild homology of A.

REMARK 1.

If A is a projective K-module then H'(A) is an A®-projective reso-

Ae
NCWIR

lution of A so Hn(A) = Hn(H(A)) Tor

Let us consider now the K-maps t,N: A™ = A™ defined by

and N(x) = ti(x)-

_ (.1yn-1
t(al®...®an)—(1) a_®a;e....8a Lo

n-1

Direct computations show that 1-t: H'(A) > H(A) and N: H(A) » H'(A)
are morphisms of complexes, i.e. b'N = Nb and b(1-t)= (1-t)b' and

(1-t)N = N(1-t) = 0, hence we can define a double complex C(A) by

0 if p or g <@o0.

c), =
’ A if 5 >0,q > 0.

b if p 1is even.
and maps Vv: C(A)p,q+l - C(A)p,q

-b' if p 1is odd.

1-t if p 4is even.

: A
h C(A)p+1.q > o )p,q N if ‘s odd
= if p 1is odd.

and obtain the following picture
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0 < Ap+1 < Ap+1 . Ap+1 . Ap+1

1 1-t A N 1-t l N
0 <« A% < A? & A% o A% < )
b 1 —b'l b —b'l
0 < A = A < A - -~ A }

If we call Tot C(A) the total complex associated to the double com-
plex C(A) then we shall define the cyclic homology HCn(A) by

Hc'n(A) = H_(Tot C(A)) n=0.
0.2. RELATION WITH HOCHSCHILD HOMOLOGY

In this section we want to give a brief proof of the following well
known result:

THEOREM 0.1. There is an exact sequence

[
&m

B i S B
- H_(A) —> HC_(A) = HC__,(A) > H__ (A) > HC__ (A

n-1 n~-1

ecalled the SBi sequence.

Proof. We can replace the Hochschild complex H(A) by L(A) defined

by
)
L(a) = A%lea™ L) » L (&) 3(x,y) = (bx+N(y),-b' (y)).

It is easy to check that H(A) and L(A) are quasi-isomcrphic.

On the other hand, L(A) is a subcomplex of the double complex C(A)
and its cokernel is again isomorphic to C(A) but the canonical pro-
jection is homogeneous of degree-2, hence the exact sequence fol-
lows from

0 - (A) > Tot C(A) > Tot C(A)[-2] - O.



The study of this exact sequence will be used to compute the group
HC_(K(G)) for G = Z/2Z.

1. HOCHSCHILD HOMOLOGY FOR SOME GROUP RINGS.

1.1. GENERAL COMMENTS.

In the case of the group ring A = K(G) of a cyclic group G = Z/nZ,

and assuming n is not a zero divisor in K, the Hochschild homology

is easily computable by using a simpler A®-projective resolution as
follows:

d;
(1) e -> A2 -> A2 -> Az -> A2 - A - 0

where u is the multiplication map, i.e. u(xey) = xy, dl’dz are de-

fined by dl(xey) = (x®y)(gel - 1eg) for g a generator of Z/nZ ,

n—l)

dz(x ey) = (xey)( Egi ®g . The sequence is exact (C.E.Chapter

XII) hence it is a projective resolution of A. To compute the
e
Hochschild homology (in this case = Tor® (A,A)) we just tensorize

® eA and the sequence becomes

A n 0

0
(2) oo > A 2> A > A -

)

A A

hence HO(A) = A, H2n—1(A) = A/nA and HZn(A) =0 (n is not a ze-

ro divisor in A = K[G] because it is not in K).

1.2. COMPARISON BETWEEN THE PROJECTIVE RESOLUTIONS.

Using the projective resolution (1) and so the complex (2) it is
easy to see when a cycle is a boundary. The canonical Hochschild
complex H' is also, in this case, a projective resolution of A as

an A®-module, hence there is a map f: H' + (1) which induces
f: H > (2) and this map gives an isomorphism in homology which is
independent of f.

In the case G = Z/2Z = {1,g} with g2 = 1 it is easier to define d2
as dz(X®)’) = (xey)(gel + 1eg).

The map f will be defined as an A? map such that

a

f(le gml ® ... £ 1) = (“1"’“r) @1 (the product in Z) where
P a.

a; = 0,1, hence it will be 0 if some g Lo q0or1ifallgt=g.
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— o - o
So f(1e g 1@,..., og ) = (ozl....otr) and then we can check, in the

sequence H, when a cycle is not a boundary, i.e. when the coeffi-

cient of 198ge®,..., g is not in 2K.
NOTATION
i1 i
Ifa€A™ o=2Z2a, ,...,. g ® ...o8 i. = 0,1 then we
11 e J
shall denote by gaoeg (resp. a ®1) the element of ATl of the form
il+1 ir i1 ir 0
g @ ...9g ©g (resp. (g " ® ...0¢g g ).

LEMMA 1.1. Let o € AT be a b-cycle, then 2a = b[(-1)ﬁ1[ga®g +a®1]].

In fact, if ba = 0 , ba = b'a + (-1)™! y ta = 0 where

uo(alqa ..... aar) = a8, ®..... ®a_. So, if we call y = gaseg+ael
we have by = gb'aegt(-1)T gag + (- g + blae1 + (DT + (-1 =
-0 lgugtaeg + (-DTgag + DT+ DTy tae v

(-1 %a + (-1)r+1a but Sugta e g + uota®1 = gag + o (in fact if

+

Oa=ag ®..... g both sums are the sum of all terms

i1 n-1 . i r+l
af0®g ® vo0ee®f @fn with fofn =g~ , so b((-1) )Y = 20).

2. CYCLIC HOMOLOGY FOR K[Z/2Z]

2.1. THE DECOMPOSITION OF THE DOUBLE COMPLEX.

In the double complex used to compute the cyclic homology each A"
1 1
is the direct sum A™ = (A™) o (An)g vhere (A™) (resp(An)g) is the sub-K-

an

module of A" generated by the elements gm1 ®...0¢ with = o; = 0

(resp. Z a; = 1) (mod.2).

Since the maps b', b, 1-t and N respect this decomposition we ob-
tain two double complexes C(K [Z/2Z])1 and C(K[Z/2Z])8® and also -
two Hochschild complexes [H(K(Z/2Z))] 1 and [H(K(Z/2Z))]8.

Then both, Hochschild and cyclic homologies, are decomposed as the
direct sum of the homologies of the corresponding complexes.

Then, the Hochschild homology Ht(lg) (K(z/22)) =
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K if n =0
- Hil)(K(Z/ZZ)) = < K/2K if n is odd
0 if n 1is even

On the other hand, Karoubi [K] computed the homology of C(K(Z/ZZ))1

which is HC{!) (k(z/22)) = H_(z/22) e H__ (Z/2Z)® ...

if n=0
and our method consists in providing that HC'® (k(z/27)) =
n 0 if n#0.

We shall call B the composite (1-t) EON.

LEMMA 2.1. Let (ar,a ...,ao)(ai € Ai) be a cycle in TotC(A) re-

r-1°

presenting an element B in HCr_l(A); then the image of B in

Hr+1(A) is Bur.

Proof. As usual, we complete a cycle to a chain in Totr+2C(A), for

instance B = (0,0,ar,a .,ao), and compute its boundary

r-1°°"*

(0,No._,0,...,0) (because bar = (1-t)a ...) hence b'Nar = Nbar =

r-1°
= N(1-t) a,_; =0, so Na_ = b'eO(Nar) and (O,Nar) ~ (Bar,O) in

L(A).

r,

PROPOSITION 2.2. Assume Han_z(A) 18 a free cyclic K-module genera-

ted by an element B which is represented by a cocycle

1

.,ao) such that o e A’ ggs integral odd coef-

(@pp_19%p-20 " 2n-1

ficient in g® .....® g , then B(azn_l) 18 the generator of Hgn_l(A).

Proof. If the coefficient of g ® ... ® g is in Z and odd, by
applying N we multiply it by 2n-1, which is again integral and odd;
then we have 1ege....9®g by €5 and by acting with t-1 we keep
the same coefficients. All other terms contain a 1 so, by applying
€g> that 1 goes "inside" and the same happens after (1-t). Hence

f(B(an_l)) = f(1le..... ® g) = g which is the generator of Hgn—ch)‘

PROPOSITION 2.3. Under the same hypothesis of Proposition 1, Hgn(A)
is again a free cyclic K-module generated by an element B which is
represented by a cocycle (52n+1’62n"

has integral odd coefficient in g ® ... ® g.

..,50) such that ai € A' and
a2n+1

e op Qe b. TINE FAY s 118 FAN 5 o it ere 1 118 .
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cyclic generated by an element Y, Ker B is again cyclic generated
by 2y. Since 2 is not a zero divisor in K the ideal (2) in K is

again free.

Now B(2a2n_1) =2h1e..... ®g + elements in Ker f and h € Z
(h odd). But bB(a, ;) = 0 because bB(a, ;) = b(1-t) eN(a, ;) =
= (1-t)b'eON(a2n_1) = (1-t)N(a2n_1) = 0 hence 2B(a2n_1) is a b-boun
dary, i.e. 2B(a2n_l) = b(hgo...9g2 + 1Teg ...egel + terms in ker f).
(Lemma 1.1).

THEOREM 2.4. If 2 Zs not a zero divisor in K the cyclic homology of
A = K[Z/2Z] <s

HCZn(A) ~Ke K

HC

IR

A) K/2K ® ... K/2K (n times).

2n-1(

Proof. According to Karoubi's result [K] and the previous comments

3 3 . g g =
it will be enough to prove: HCZn(A) =K |, HCZn_l(A) 0.

The value HC%(A) = K follows by direct computations. According to
c e g - g g ~
proposition 2.3. HCzn(A) 2. HCZn—Z(A) and from HCZn—z(A) = K

follows Hcgn(A) =~ K (since 2 is not a zero divisor in K).
For the odd dimensional homologies we use the exactness of
8 g g g
HCZn—Z(A) - Hzn_l(A) - HCZn—l(A) - HCZn_3(A) -0

and the fact that the first arrow is surjective (Prop.2.1).
g ~ HE8 = g =
Hence H2n-1(A) = HZn—B(A) and for n=1, H_l(A) 0 so the result

follows by induction.
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HOROSPHERES IN PSEUDO-SYMMETRIC SPACES

Jorge Vargas

Let G be a connected complex semisimple Lie group and G, an inner
real form of G. In this paper we study the space 6 of all orbits
in G/G, of the totality of unipotent maximal subgroups of G.

INTRODUCTION

Let G, G,, 6 be as above. In this paper we provide a cross sec-
tion of the action of G in 6 (Theorem 4). We also prove that the
orbits of a unipotent maximal subgroup of G in G/G, are closed (Pro-
position 6) and an analogous of the Bruhat decomposition for G
(Proposition 1).

STATEMENTS AND PROOFS

Let G be a complex, connected, semisimple, Lie group. G, an inner
real form of G, and B a Borel subgroup of G, such that H = B N Go
is a compact, Cartan subgroup of G,. Let H be the complexification
of Hyo. Lie groups will always be denoted by capital Roman letters.
The corresponding Lie algebra will be denoted by the corresponding
lower case german letter. The complexification of a real vector
space, will be denote by adding the upperscript C.

Let ¢(g,h) denote the root system of the pair (g,h). Fix K a maxi-
mal compact subgroup of G,, such that Hy N K is a maximal torus
of K. K determines a Cartan decomposition of g, = k®p. If a is a

root of the pair (g,h) its corresponding root space lies in kC or

pc. In the former case a is called compact and in the second case

noncompact . Let ¢ or bar denote the conjugation of g with respect
to g,. Then for each a in ¢(g,h) it is possible to find root vec-
tors Y , Y such that:

a -0
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e s G -
Y+a lies in k™, O(Yta) = Y;a’ [Ya’Y-a]

+ = Za and a(Za) = 2 for o
compact.
. . C
Yta lies in p™~, O(Yta) = Y;a , [Ya’Y- ] = Za and a(Za) = 2 for o

noncompact.

Two roots are called strongly orthogonal if neither their sum nor
their difference is a root. Let ¥ denote the system of positive
roots in ¢(g,h) determined by the Lie algebra n of the unipotent
radical N of B. For each noncompact root o in ¥, let

c, = exp(% (Y_,- YD)

the inner automorphism associated to cy is usually called '"The
Cayley transform associated a'. In [S] is proved that if two posi-
tive noncompact roots are strongly orthogonal, then the associ-
ated Cayley transform commutes. Thus, if S denotes a subset of ¥
consisting of noncohpact strongly orthogonal roots, then, the prod
uct

is well defined.
For any two Lie groups G D H, let

W(G,H) "The Weyl group of H in G"
denote the normalizer of H in G divided by H. Keeping in mind the
notation written from the beginning we state and prove the first
result of this paper.

PROPOSITION 1. G =UG, cgwB.

S
Here, the union runs over a set of representatives of W(G,H) and
all the subsets S of ¥, such that S consists of strongly orthogo-
nal noncompact roots.

Proof. Since every Borel subgroup of G is equal to its own normal-
izer , the coset space G/B can be identified with the set of maxi-
mal solvable subgroups of G via the map xB - xBx~!. It follows that
this map is equivariant. Now if B; is any Borel subgroup of G, B;
contains a o-invariant Cartan subgroup. Because o(B;) is another
Borel subgroup of G and by Bruhat's lemma B; n o(B;) contains a
Cartan subgroup. Fix a regular element h in B; N o(B;) since, in
[Fl pag.479 is proved that for any regular element h, zh + zo(h)
is regular for suitable z in C, we have that B; contains a o-in-
variant regular element. Thus, B, contains a o-invariant Cartan

subgroup T. In [S] is proved that if T is any o-invariant Cartan
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subgroup of G, there exists a strongly orthogonal subset S of the
set of noncompact roots in ¥, such that T is G,-conjugated to

-1 . . .
cg H Cg - Therefore B; is G,-conjugated to a Borel subgroup contain

ing cg H cgl, for some strongly orthogonal set of noncompact roots
in ¥. Since any two Borel subgroupsof G containing H are W(G,H)
conjugated, we conclude that

-1 -1 -1
B1 =gcgw B w cg' 4 (g € Go, w € W(G,H) and Cq

a Cayley transform)

Now, if x is in G, B1 = Xx B x_1 is a Borel subgrouﬁ, hence, via the
map between G/B and the set of maximal solvable subgroups of G

described above, we have that x = g cg W b.
Q.E.D.

COROLLARY. If A is any Borel subgroup of G, then A contains a o-in-
variant Cartan subgroup.

Towards the uniqueness of the decomposition in proposition 1 we
prove

LEMMA 2. Let a be any Borel subalgebra of g and hj,h, two o-inva-
riant Cartan subalgebras of g contained in a. Then, there exists
X € A N Gy such that hy = Ad(x)h; . Here, A stands for Borel sub-
group of G, corresponding to a.

Proof. Let n be the nilpotent radical of a. Since a = h; @ n and
that a Cartan subalgebra of g, is a Cartan subalgebra of a ([F]
17.7), and any two Cartan subalgebras of a are A-conjugated ([F]
17.8) we have that h, = Ad(n)h;, where n is an element of the uni-
potent radical of A. Because h; and h; are o-invariant we have
that

hy = o(hy) = o(Ad(n)hy) = Ad(o(n))o(hy) = Ad(n)h

Hence, Ad(n'lc(n))hl = hy, so if H; is the Lie group with Lie al-
gebra h;, we have that n_lc(n) = w is in W(G,H ).

If z € hy, in [F] is proved, for any n in the unipotent radical of
a that
Ad(n)Z = Z + n(2)

where n(Z) is an element of n, which depends on Z and n.
Therefore, for any Z € h;, since n = o(n)w we have that

7+ nl(Z) = Ad(wW)Z + nz(Z)

where n. (7Y e 3n v and n. (7)Y ic an element of v nlus its ovnosite.
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algebra to n, we have that

Ad(w)Z = Z for any Z in hl.

This allows us to conclude that

n c(n)h0 with h0 in H,.

The equality h, = o(n)'ln implies o(h,) = h;l, and because H; is
abelian connected and o-invariant, we can find h1 in H1 such that

- h? <!
h,=h? 5 o(h) =]

Let n; = nhIl, then n, is in B. On the other hand,

o(n)) = o(n)o(h]}) = o(n)h, = o(n)h hi'= o(n)o(n) 'nh7! = nnj' = n,.

.. _ 1 _ -
Thus n, is in An GO. Also Ad(nl)h1 = Ad(n) Ad(h1 )hl = Ad(nﬂﬁ = hz.

Q.E.D.

COROLLARY. If A is any Borel subgroup of G and H;, H, are o-inva-
riant Cartan subgroups of G which are in A, then H; is G, N A con-
jugated to Hy.

We keep the hypothesis and notation as in proposition 1 and lemma 2.

LEMMA 3. We write
G c.wB = G, cS,w' B (*)

Here Cgs Cgr are Cayley transforms and w,w' are i<n W(G,H).

Then, the equality (=) holds if and only if there exists w3 in
W(G,,H) such that w3{S U (-8)) = 8' U (-S') and there exists W in

W(G,H) which <s cs—conjugated to an element of W(qy(cgkgl)r\Go)),

and if w, <s <n W(G,H) satisfying

_ -1
Cgr = W3 Cg W, Cg

then W' = Wy W, W W in W(G,H).
Proof. If the equality holds, then, there are g.in G_ and b in B,
such that

gc,wb-= Cgr w'

S
Hence, A = gc, wb B b'lw'lcglg_1 =cgr W' B wl c;}, or
_ -1 -1 -1 -1 _ ' -1 -1
A=g Cg W B "w Cg'8 Cgr W Bw S
-1 -1 -1 -1 -1 Soa=1 -1 _
Thus g Cg W Hw Cg 8 = g Cg H cs'g and Cgn w' Hw Cgr =

=cgs H c;} are o-invariant Cartan subgroups of A [S]. Because of
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lemma 2, there exists b1 €EAN Go which carries g Cg H cglg_1 onto

cgr Hecgy. Thus, cg H cgl and cg, H c;} are G -conjugated. [S] im-
plies that there exists Wy € W(GO,H) such that

w3(S U (-S)) = S'" U (-S").

Now, if B is any noncompact root cé is equal to '"the reflection
about B". Thus, cg is equal to c-g times an element of W(G,H). More

over , in [V] is proven that, if w € W(GO,H), then cyg is equal to
chw_1 or chSBw_1 (SB = "reflection about B") depending on whether

Ad(w)YB =Y or Ad(w)YB = -Y

w(B) w(B) "

Therefore, we conclude that the equality gcgwb = cg.w' implies that
there exist w3 € W(G,,H), w, product of reflections about roots
in S, such that

= =1,
g cg W b = WCoW,Wa W

Set g; = wglg, and wg = w4w§1w' then we have that g, is in G, w,
is in W¢ and

Thus, wbBb 'w™! = wBw™! is a Borel subgroup containing wHw ! = H,

1

hence (WBw ) N Go = H0 (G0 is inner').

-1 -1 -1 -1 -1 _ -1 -1 -1 _ -1 -1 .
Now, Cg 8 csw6Hw6 Cg 81Cg = Cg'gy cgHeg g,Cg = wbHb “w is a
o-invariant Cartan subgroup of wa_l. By lemma 2, there exists h
in (wa_l) N G, = H  such that wbHb~Yw™! = nHn™! = H. Therefore, b

lies in the normalizer of H in G and in B, which implies b is in H.
Thus w and wb represent the same element of W(G,H). Finally, let

_ -1 -1 - =1,
Wy = Cg W3 gCq. Because Wo WWa W wb, we have that w

Hence w. is in W(G,H) n cgl

conjugated to an element of the Weyl group of cSHrgl in Go.

5 € W(G,H).

-1 ]
W(G ,(cdicg) N G )cg. In words, w, is

Therefore we have proven
= ' i i ;
GocS wB=Gc.w'B implies that

there are wy in W(GO,HO), w. in W(G,H) such that

5
w3(S U (-S)) =S' U (-S")
We is in W(G,H) and is conjugated by Cg to an element of
-1 . . L
w(Go’(cchs ) N GO),and if w, is in W(G,HO) such that
-1
Cgr = W3CgW,¥5

W W.W W .

+hen w'!
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Conversely. Let w, W, W, o, W and w' as in the hypothesis of the

lemma. Then

-1
' = B =
Gocs,w B G0w3csw4w3 WaW, WoW B

Gcw.wB=Gc
o o

-1 _
s¥s W.C, C,W B = Goc

s¥s5Cs €5 w B.

S
Q.E.D.

Lemmas 2 and 3 allow us to parametrize in a useful manner the space

of orbits of GO\G by the action of the maximal unipotent subgroup
of G.

Let N; be any maximal unipotent subgroup of G. The orbit of N; by
Gox in G\G is the.set {Gxn: ne Nl}.

Let 6 be the set of all orbits of the totality of maximal unipo-
tent subgroups of G. Since the conjugated of a maximal unipotent
subgroup of G is a maximal unipotent subgroup of G, we have that
G acts on 6 by the rule

-1 -1 .
(G, xN).g=G xg (gN g) (x, ginG).

From now on, we will only consider this action of G in 6. Let G,
H,,B as in the beginning of the paper. Let N be the unipotent radical
of B. If N; is any maximal unipotent subgroup of G ([H]) there is

g in G such that N, = g N g'1

= (Go xgN.g.

= -1 _
. Thus, G0 X N1 = G0 xgNg

Therefore we conclude:

Any element of 6 is the translate by the action of G to an orbit
of N (N being the unipotent radical of B).

Now, lemma 2 says that any N orbit is equal to an orbit of the
type G,cgw h N (where, h € H, cg is a Cayley transform and w is
in W(G,H)). Thus, we have proved

THEOREM 4. A family of representatives of the set 6 of all the
orbits of the totality of maximal unipotent subgroups of G in
G,\G by the action of G in 8 is given by

{Gycgw h N: cg ..., w € W(G,H), h € H} and Gycgw h N = G cqiw'h'N

if and only <f S, S', w, W' are related as in lemma 3.

LEMMA 5. Let V be a real finite dimensional vector space and N a
unipotent subgroup of GL(V). Let Vg be a complexification of V

and NC the zariski closure of N in GR(Vg) (we think of GE(V) in-
cluded in GL(Vg) <n the usual way). Then

i) For every x in V, NC,x is equal to the Zariski closure of N.x.
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ii) ¢.x) nv = N.x.

Proof. Since NC is a unipotent subgroup of Gl(VC), we have that
NC x is closed in VC [H], therefore NG x contains the Zariski clo-
sure of N.x. On the other hand, the map T + T(x) is a polynomial
map from NC to VC, hence, it is continuous if we set the Zariski

topology in both NC and VC.

Besides in [B] is proved that the Zariski closure of N is NC, thus

Nc X is contained in the Zariski closure of N.x, and we have pro-
ved i).

In order to prove ii) we need to verify that (NC x) NV is contain
ed in N.x. We do it by induction on dimension of V. If dim V = 1,
the unipotent subgroup of GL£(V) is {1}.

If dim V > 1. Since, N is a unipotent subgroup of G£(V), Engel's
theorem implies that there exists a non zero v in V such that
n(v) = v for every n in N.

Since NC is the Zariski closure of N, we have that n(v) = v for
every n in NC. By the inductive hypothesis, we conclude that if
T is in NC, a in V, ¢ in C and Tx = a + cv, then there exists S in

N such that Tx = Sx + dv , (d in C).

Now, let T be in NC, such that Tx belongs to V. Owing to the in-
ductive hypothesis, there exist S in N, d in C such that Tx =

= Sx + dv. Since Tx and Sx belong to V, we have that d is real. If
d = 0, we are done.

If d # 0, let Mbe M = {n in NC. n(x) = x (Cv)}. It is clear that
M is a Zariski closed subgroup of NC and that S™!T belongs to

M (ST T(x) = s7I(Sx + dv) = x + dSTH(v) = x + dv, sTH(v) = v 111).
Since x and v are in V, it follows that M is invariant under the
conjugation of NC with respect to N. Therefore M has a real form

Ml’ In other words , M1 = MANN is a real form of M. Now the

map n + n(x) - x from M into Cv is non constant, because S_lT goes
to dv,;, which is nonzero. Besides it is a polynomial map. Since
the unique non trivial Zariski closed subgroup of Cv is itself,

we have that the map n -+ n(x)-x is onto. Since, for n in Mg,
n(x)-x is a real multiple of v we conclude that there exists R in
N such that R(x)-x = -dv (d is real'!l).

Therefore -dv = S™!Tx-x = R(x)-x, hence Tx = SR(x). Since SR
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PROPOSITION 6. Let N be any mazimal unipotent subgroup of G. Then
the orbit Go X N of Gox by N <n GO\G 78 closed in GO\G.

Proof. Think of G as a real Lie group and let GC be its complex-
ification. Since G is a linear Lie group ( [W] Wallach) G is contain
ed in GC. Let Gg be the complexification of G, in GC. Since GC
and Gg are semisimple Lie groups, the complex homogeneous manifold
GS\GC is a non singular affine variety. Since Gg ngGs= GO, we have

that GO\G is a real submanifold of GE\GC. Let N? be the complex-

ification of N, in GC. Then ([H], page 125) the orbit GS X N? is
closed in Gg\GC. Since, for x in G, the orbit Go X N1 is equal to

C
(G0 X Nf) N G, we have that the orbit GO X N1 is closed in GO\G.

PROPOSITION. Let N1 be any maximal unipotent subgroup of G and let
Gox N1 b¢ an orbit of N1 in GO\G. Let o be the conjugation of G
with respect to the real form x—lGo X. Then: 1) The isotropy sub-
group of N1 at Gox i8 the real form of N1 N ox(Nl) determined by

O~ 2) The isotropy subgroup of N1 at Gox is connected.

G,x} = {n€N;: xn x!e G} =

Proof. {n e N, : Gox n

{neN:ne x_lGox} =N N (x_lGox).
Thus, if n € N1 and Gox n= Go x, then cx(n) = n.
Hence ox(N1 n (x—lGox)) =N N (x_1 G,x). Therefore
-1 -1 -1
N1 N (x Gox) = (N1 N (x Gox)) N (ox(N1 N (x Gox)) =
-1 eo-1 -1
=N, N (x Gox) n cx(Nl) n(x Gox) = (N1 n ox(NI)) N (x Gox).
Which proves 1. Let's prove the second affirmation. Since, [H],
N1 N ox(Nl) is a unipotent algebric group, it is connected. More-

over, because of a theorem of [B], the group of real points of the
algebraic group N1 N cx(Nl) has finitely many connected components.

Hence, if n belongs to N1 N ox(Nl) n (x-lGox), then some power is
in the connected component of N; N g (N;) N (x'lGox).

Say xk

is in the connected component of N, N (o (N;)) n (x_lGox).
Since the exponential map on any real nilpotent connected group
is onto, there exists y in the Lie algebra of leﬁok(N)fW(x_lGox)

such that xk = exp(y). On the other hand, because of Engels theo-
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rem and [F] any unipotent -algebraic subgroup of G&(n,C) is <1mp1y
connected, and hence, [F] the exponential map of N n’ ox(N ) is
bijective Thus, the equality xk =,expgx) = (gxp(l/k_y))ﬁ implies
~ that x = exp(1/k y). Hence the group len qx(Nl) n (xthoxl is

connected. ‘Q.E.D.

l?The'beIOWingﬁfact‘ié useful .

PROPOSITION Let K be a complex Lze group,. such that the expanén—
tzal map of K is bijective (for emample, K unipotent and connect-
ed). Let o be an involutive real automorphtsm of K; let Kovbe
the fized point set of o and K. thesubset of those elements of G
K K..

that are taken by o into its inverse. Then K

Proof. We want to prove that for a given y in K, there exist x in
Ko and z in K_ such that y = xz.

Let b be b = o(y) ly. It is clear that o(b) = b~l. Since the ex-

ponential map is onto, there exists Y in k such that b = exp(Y).
-1

Since o(b) = exp(oY) = b
injective, we have that oY

exp(-Y), and the exponential map is
-Y. Thus z = exp(1/2 Y) belongs to

K.. Let x = yz—l. Then o...) o(y)a(z_l) = c!(y)c!(z)'1 =

= yb-lo(z)71 = yb-lz'= yz_1

X.
Q.E.D.

PROPOSITION. Let B C G be any Borel subgroup (G as usual). Let H
be a o-invariant, Cartan subgroup of B. Let H, be the set of real
points of H. Then B N G, = Ho (N n G,) (N being the unipotent ra-
dical of B). '

Proof. If hn bélongs to B NG then hn = o(hn) = o(h)o(n).
Therefore o(n) = o(h)-lhn'belongs to B. Since H is o-invariant,
we have that c(h) h is in H. Thus (the decomp051t10n B =HN)
:says that n = o(n) and c(h) =1, Hence s(h)A— .
' ‘ ' Q.E.D.
The next step is to compute the normalizer of an orbit of N in
G/Go. Because of the equality N x Go = x(x'le).Go, we have that
any orbit in G/Go is the translate of an orbit through the coset
Go. Thus, we conclude.

The normalizer of any N-orbit in G/Go is conjugated (in G) to the
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normalizer of an orbit of the type N.O (0O = coset GO).

Now for a fixed unipotent maximal subgroup N of G, if B denotes
the unique Borel subgroup containing N, it is clear that

(B N G,) N normalizes the orbit N.0. We would like to prove the
equality. We have been able to prove this only in particular ca-
ses.
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STURM-LIOQUVILLE PROBLEMS FOR THE SECOND"ORDER EULER
OPERATOR DIFFERENTIAL EQUATION

Lucas Jédar

SUMMARY. By means of the reduction to an algebraic operator problem,
explicit expressions for solutions of Sturm-Liouville problems for
the second order Euler operator differential equation are given.

1. INTRODUCTION.

The classical theory of ordinary differential equations [2,6], stu-
dies the eigenvalue problem and the expressions of solutions for
Sturm-Liouville problems of the type

(p(B)x")"+A(r(t)-q(t))x = 0
alx(a)+a2x'(a) =0
blx(b)+b2x'(b) =0

0<a<tx<b

where A is a real parameter and p,q and r are continuous functions
on the interval [a,b]. Second order differential equations in Hil-
bert space occur frequently in vibrational systems [5,9], statis-

tical physics [17], etc. These equations have been studied by se-

veral authors with different techniques [3-4,8,10,12,13,17].

In this paper we consider the Sturm-Liouville problem

£2x (2 (e)+a txD) (£)+2A X(2) = 0
E X(a)+E X1 (a) = 0

1 2 1.1
F,X(0)+F, X1 (b) = 0

0 <as<t<hb

where X(t), Aj, for j = 0,1, Ei’Fi’ for i = 1,2, are bounded 1li-

The work in this paper has been partially supported by a grant
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near operators on a complex separable Hilbert space H and A is a
complex parameter. We are interested in finding existence conditions
and explicit expressions of solutions for the problem (1.1). Some
analogous problems to (1.1) have been studied with different tech-
niques in [11].

Throughout this paper L(H) denotes the algebra of all bounded 1i-
near operators on H. If T lies in L(H), its spectrum o(T) is the
set of all complex numbers z such that zI-T is not invertible in
L(H). The point spectrum of T, denoted GP(T) is the set of all com-
plex numbers z such that zI-T is not injective. From [1,p.240], it
follows that z lies in UP(T), if and only if, zI-T is a left divi-
sor of zero in L(H), this is, there exists a nonzero operator S in
L(H) such that (zI-T)S = 0.

Finally we recall that if W is an operator in L(H) with a closed
range, then the orthogonal generalized inverse of W is a bounded
operator in L(H) denoted by W', see [14,p.60-65].

2. EXPLICIT SOLUTIONS

Let us consider the second order Euler operator differential equa-
tion

tzx(Z)(t)+tA1x(1)(t)+xAOX(t) =0 (1.2)
Making the change of variable t = exp(u), the equation (1.2) is re-

duced to an equivalent one with independent variable u. This new
equation takes the form

X+(A,-T)X+)A X = 0 (2.2)

In an analogous way to the scalar case we can obtain a pair of so-
lutions of equation (2.2) from a pair of solutions of the associ-
ated algebraic operator equation

U2+ (A -T)U+AA_ = 0 (3.2)
It is clear that if X;, for i = 0,1, are solutions of equation

(3.2), then Z;(t) = exp(tX;), are solutions of equation (2.2).

The resolution problem of equation (3.2) is closely related to the
problem of the linear factorization of the polynomial operator

L(z) = zz+(A1—I)z+AA°. In fact, equation (3.2) is solvable, if and

only if, L(z) admits a linear factorization [5]. If H is a finite-
dimensional space, it occurs if the companion operator
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0 I

-AAO I-A1

is diagonalizable, [15]. For instance, if the eigenvalues of Cj
are simple, that is, when the Jordan matrix of C; is diagonal. In
[71 it is proved that if H is infinite-dimensional a lot of equa-
tions of the type (3.2) are solvable. However, equation (3.2) can
be unsolvable, for instance, if A; = I and A, is an unilateral
wéighted shift operator, equation (3.2) is unsolvable, [16,p.63].
A methodology for solving equation (3.2) by reduction to an
easier equation of first order is given in [7].

By reduction to a first order extended linear system on H® H in
the natural way, it is well known that a Cauchy problem for equa-
tion (2.2) has only one solution. The following result permits to
express any solution of (2.2) in terms of the exponential func-
tions Zi(t) = exp(txi), for i = 0,1. Notice that it is like the
scalar case, but we need to impose certain conditions to the solu-
tions Xi of the algebraic operator equation (3.2).

LEMMA 1. Let us consider the operator differential equation (2.2)
where X,, Xy, are solutions of equation (3.2) such that X;-X, is
invertible in L(H), then any solution X(t) of equation (2.2) <Zs

uniquely expressed in the form

X(t) = Zo(t)C+Zl(t)D (4.2)

where the operators C,D are given by the expressions

c

exp(-aX ) {C_+(X;-X ) "1 (X C -C))}

(5.2)
D

exp(-aX ) {X,-X )71 (c,-X € )}
where
c =x(a) , c, =xWa).

o 1

Proof. It is clear that for any operators C and D, the operator
function X given by (4.2) satisfies the equation (2.2). From the
uniqueness of solutions for a Cauchy problem related to this equa
tion [8], in order to prove the lemma we must show that given a
solution X of (2.2), there is a unique pair of operators C and D
such that the representation (4.2) is available.

By differentiation in (4.2) it follows that X‘1)(t) = z (t)X,C +

+Z,(t)X;D, thus taking into account the initial conditions, the
operators C and D must verify

C°= X(a) = exp(aXo)C+exp(aX1)D
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1 .
C1 = X( )(a) = exp(aXO)X°C+exp(aX1)X1D
or equivalently

exp(axo) exp(axl) c Co

(6.2)
Xoexp(axo) Xlexp(axl) D c,

Let S be the operator matrix appearing in the left hand side of
eduation (6.2). It is easy to show that S is invertible and that

st is given by the operator matrix

. exp(-axo){1+(x1-xo)'1xo} -exp(-a)(o)()(l-)(o)_1

s =
-exp(-aX;) (X;-X_) T'X_ exp(-aX,) (X,-X_)"!J

Hence the result is established.
The following result characterizes the existence of nontrivial so-

lutions of the boundary value problem (1.1) and it yields an ex-
plicit expression of solutions when they exist.

THEOREM 2. Let us consider the boundary value problem (1.1) and
let X,,X; be solutions of (3.2) such that X;-X
Let W be the following operator matrix

o 18 invertible.

(E1+E2X°)exp(axo) (E1+E2X1)exp(axl)
W= (7.2)
(F1+F2Xo)exp(bXO) (F1+F2X1)exp(bxl)

Then

(i) The only solution of problem (1.1) Zs the trivial one
X(t) = 0, 2f and only if 0 & OP(W).

(ii) If the operator E1+E2X° 18 invertible and we define the ope-
rator
_ -1
V= (F1+F2X1) exp(bxl) - (F1+F2X°) exp( (b-a)Xo) (E1+E2X°) (E1+E2X1) exp(axl)
then the condition 0 & op(V) is equivalent to the condition
0 ¢ op(W) expressed in (i).

(iii) If H is finite-dimensional, there are nontrivial solutions
of (1.1), 2f and only if W is8 singular.

(iv) If W hae a closed range and W' denotes its orthogonal gene-
ralized inverse, then the gemeral solution of (1.1) <8 gi-
ven by (4.2) where C,D are given by the expression
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c
[ J = (I-Ww'wz ,
D

where 1 is the identity operator in L(H® H) and Z <s an ar-

Z

bitrary operator of the form I = [ 1] , with Zi € L(H),
2

for i =°1,2,

Proof. (i) From lemma 1, it is sufficient to find operators C,D,
non simultaneously zero, such that the operator function defined

by (4.2) satisfies the boundary value conditions appearing in (1.1).
Notice that this is equivalent to the existence of an nonzero so-
lution (C,D) of the algebraic system

C 0
w =
D 0
From (8.2), there are operators C,D non simultaneously zero which

satisfy this equation, if and only if, W is a left divisor of zero,
this is, 0 ¢ op(W).

(8.2)

(ii) Let W = (wij)’ for 1 €< i, j €2, the operator matrix defined
by (7.2). From the hypothesis, the operator Wll = (E1+E£%)mqﬁa&9

is invertible. Thus we can decompose W in the following way

-1
I 0 W 0 I W, W
1 1171
W= 1 2 (9.2)

w.owl o1 lo w,.-w, wilw 0 I

21711 22 721711712
It is clear that the first and the third factor in the right hand
side of (9.2) are invertible operators on H® H. From here the con-
dition 0 ¢ oP(W) is equivalent to the condition

-1 . -1 .
0 ¢ ap(W 1¥11%1,) - Notice that W,,-W, W, 1W,, is the operator

227 %, 21711712

V given in (ii).

(iii) If H is finite-dimensional then the point. spectrum GP(W)
coincides with the spectrum o(W).

(iv) The result is a consequence of proposition (1.4) of [14,p.8]
and from [14,p.60-65]. ‘
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XXXVII REUNION ANUAL DE COMUNICACIONES CIENTIFICAS DE LA
UNION MATEMATICA ARGENTINA Y X REUNION DE EDUCACION MATEMATICA

En la ciudad de Bahia Blanca, desde el lunes 21 de septiembre hasta
el sdbado 26 de septiembre de 1987, se realizaron la XXXVII Reunidn
Anual de Comunicaciones Cientificas y la X Reunién de Educacidén Ma-
temdtica, con el auspicio de la Universidad Nacional del Sur, del
Consejo Nacional de Investigaciones Cientificas y Técnicas (CONICET),
de "la Comisidén de Investigaciones Cientificas de la Provincia de
Buenos Aires y de la Municipalidad de Bahia Blanca.

Las actividades de la X Reunidén de Educacidén Matemitica comenzaron
el lunes 21 con la inscripcidn de los participantes y entrega de
material, por la mafiana, y proyeccidén de peliculas didacticas cedi-
das por la embajada de Francia, por la tarde. En los dias sucesivos
se dictaron cuatro cursos de perfeccionamiento, de cuatro clases
cada uno: "Reflexiones sobre diddctica de la geometria", a cargo
del Dr.Fausto Toranzos, de la Universidad de Buenos Aires; "Esta-
distica", a cargo de la Lic.Susana Iturmendi, de la Universidad
Nacional del Sur; "Geometria axiomdtica y geometria lineal', a car-
go del Dr.Dario J. Picco, de la Universidad Nacional de La Pampa;
"Andlisis matemdtico para las escuelas medias', a cargo del Lic.
Aldo Figallo, de la Universidad Nacional de San Juan.

Del martes al viernes hubo exposicidén de paneles con trabajos pre-
sentados por los profesores de ensefianza media, con horarios fijos
para contestar preguntas, y el jueves y el viernes se realizaron 31
comunicaciones y 3 conferencias.

La XXXVII Reunidén Anual de Comunicaciones Cientificas se inicid el
miércoles 23 de septiembre con la inscripcidén de los participan-
tes por la mafiana en el Departamento de Matemdtica de la Universi-
dad Nacional del Sur, efectuidndose por la tarde el acto inaugural
de ambas reuniones en el saldén de actos del edificio del Rectorado.
En la oportunidad hicieron uso de la palabra el Rector de la Univer
sidad Nacional del Sur, Ing.Braulio Laurencena, y el Presidente de
la Unidén Matemdtica Argentina, Dr.Roberto Cignoli. A continuacién
el Dr. Jorge Hounie, profesor de la Universidad de Recife (Brasil),
pronuncid la conferencia "Dr.Julio Rey Pastor' sobre el tema '"Reso-
lubilidad de sistemas de campos vectoriales". Luego los participan-
tes y autoridades presentes fueron agasajados con un vino de honor.

Los dias jueves 24 y viernes 25 se expusieron 79 comunicaciones
cientificas, distribuidas en cuatro grandes temas: Algebra y Lbgi-

P - - . T T T T
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Se dictaron ademds cuatro conferencias: el jueves por la mafiana
hablé el Dr.Gustave Corach, de la Universidad de Buenos Aires, so-
bre el tema "Algunos aspectos del anflisis funcional algebraico",
y por la tarde el Dr.Diego Murio, de la Universidad dé Cincinnati,
U.S.A., 1o hizo sobre "Métodos numéricos en el problema inverso
de la transmisién del calor". El viernes a la mafiana expuso el Dr.
Jorge Samur, de la Universidad Nacional de La Plata, sobre "Con-
vqrgencias de sumas de variables aleatorias dependientes'" y por

la tarde la Dra.Isabel Dotti, de la Universidad Nacional de Cérdo-
ba, disert6 sobre "Variedades riemannianas con curvatura de Ricci
de signo comstante".

El jueves de 15 a 17 hs. se realizé una mesa redonda sobre el tema
"Aplicaciones de la matemitica en la industria" en la que partici-
paron la Dra.A. Protto (CIC), el Dr.D. Murio (Cincinnati, U.S.A.),
el Dr.P.P.A. Laura (IMA-UNS), el Dr.G. Crapiste%(PLAPIQUI-UNS) y
el Dr.R. Panzone (INMABB-UNS). De 18.30 a 20.30 tuvo lugar la Asam
blea General Ordinaria de socios de la U.M.A.

Hubo en total 500 participantes, y ademds del vino de honor se los
agasajd con un concierto coral que se realizé en el Rectorado el
martes a las 21.30 hs., con una cena de camaraderia en un saldn
céntrico el dia jueves y con un concierto brindado en el Teatro
Municipal por la Orquesta Sinf6nica de Bahia Blanca el viernes a
la noche.

El sdbado 26 a las 10 hs. tuvo lugar en el saldén de actos del edifi-
cio de la U.N.S. de Avenida Alem 1253 el acto de clausura, que se
inici6 con el Himno Nacional Argentino. A continuacifn se pronun-
ci6 la conferencia "Dr. Alberto Gonzilez Dominguez'", a cargo en
esta oportunidad del Dr. Cristidn Sénchez, de la Universidad Nacio
nal de Cérdoba, quien hablé sobre el tema ";Hay que ensefiar mate-
mitica?". Para terminar el presidente de la U.M.A., Dr.Roberto Cig
noli, agradecié la cdlida hospitalidad y las atenciones recibidas
durante el desarrollo de las reuniones y felicit6 al comité orga-
nizador local por su esmerada labor, pidiendo un fuerte aplauso
para sus integrantes: Lic.Diana Brignole, Lic.Marta Casamitjana,
Lic.Graciela Guaia, Lic.Susana Iturmendi, Lic.Gloria Suhit, Dr.
Ra@il Chiappa, Lic.Edgardo Fernindez Stacco, Lic.Carlos Robledo,
Dr.luiz Monteiro, Prof.Mirta Abraham, Prof.Marta Blanco de Anta y
Prof.Analia Crippa. Finalmente expres6 el reconocimiento de la
U.M.A. a todas las instituciones que con su apoygrhitieron posible
la realizacibén de estas jornadas, en particular a?ia Universidad
Nacional del Sur, al Consejo Nacional de Investigacﬁbnes Cientifi-
cas y Técnicas y a la Comisién de Investigaciones Cientificas: de
la Provincia de Buenos Aires. '
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RESUMENES DE LAS COMUNICACIONES PRESENTADAS A LA XXXVIT REUNION
ANUAL DE LA UNION MATEMATICA ARGENTINA

ALGi;RA Y LOGICA

ABAD,M. (UNS): P-dfgebras Libnres.

Una P-dlgebra A puede ser definida como un &dlgebra {A,v,A,»,!,0,1)
del tipo (2,2,2,1,0,0) que es un dlgebra de Heyting lineal pseudo-
suplementada en la cual !(xvy) = !xv!y para cada x, y en A. Otras

definiciones equivalentes fueron dadas por G.Epstein y A.Horn (P-

algebras, an abstraction from Post algebras, Algebra Universalis 4
{(1974) 195-206). En este trabajo determinamos la estructura alge-

braica de la P-idlgebra libre P(n) con un ntmero finito de n gene-

radores libres. Si K, es la cadena con t elementos, entonces P(n)

es isomorfa al producto

n+2 e t-2 i-1.t-2 n
K.~ , donde e, = 20 v e, = t* - ] (- 1) (e-1)

t=2 i=1

para t # 2.

AMBAS,0.H. (F.C.E.y N. - UBA): Algebnras de Lukasiewicz 4 y 5 va-
Luadas como subvanriedades de Las de Heyting.

El trabajo tiene como objeto dar una axiomitica para las &lgebras
de Lukasiewicz n-valuadas que las caracteriza como subvariedad de
las dlgebras de Heyting simétricas, para los casos n=4 y n=5.

Para el caso n=4, veremos que si A es un dlgebra de Heyting simé-

trica que satisface T4 = 1 y 1~ (vx»x) =177 {x="x), donde Tn =1

es la igualdad de Ivo Thomas, entonces definiendo s x = Tlnx,

1

s, x = T1Iv(x+»x) y s.x ="7111x, resulta A un dlgebra de Lukasiewicz

2
4-valuada.

3

Para el caso n=5 los axiomas que agregamos son:

Tg= 1,y ((51%757)  (5,%75,) & (5,%+5,) & (5,%>5,5)) > (x,y) = 1

doﬁ&e s.Xx =71vx , s,x = 171a(x+vx) , s.x = Inv(wx>x) , s,x = 11x,

1 2 3 4
Para el caso n = 6 ha sido ya demostrado que los operadores de Lu-
kasiewicz no se pueden poner en términos de las operaciones de re-
ticulados.
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nomios.

Cada una de las graduaciones positivas que admite un anillo de poli
nomios sobre un cuerpo estd determinada por una estructura de Ag-
dlgebra de polinomios graduada, donde A, es el subanillo de elemen-
tos de grado 0. Asi, la clasificacidén de todas las graduaciones en
tales anillos depende de la resolucién del 'cancellation problem".

ARAﬁJO,J.O. (UNCPBA) : Sobnre ZLa Regidén Fundamental de un Grupo Lineal
Findito.

Algunas propiedades de Grupos de Coxeter son extendidas en este ca-
so a un grupo lineal finito. Sea G un grupo finito de O (R), C una

regién fundamental de G construida a partir de un vector v de R™.
Una transformacién g de G se dice fundamental si g determina un 1%
mite (n-1)-dimensional de C. Fijamos g;,...,g, €1 conjunto de trans

formaciones fundamentales de G y notamos: Ty, = g.V-v (g en G), Pg

la cipsula convexa de G.v y para w en G.v, str(w) la totalidad de

elementos u en G.v tales que (w,u) sea una arista de Poy- Se tiene:
TEOREMA, i) Si g en G es tal que d(gv,v) es minima, entonces g es
fundamental. ii) Si g en G es fundamental, g—1 es fundamental.

iii) 85,8, generan G y para g en G, rg es combinacidén lineal no

negativa de los Tg,- iv) Si para alglin j y g en G,—gj(rg) es combi-

1

nacién lineal no negativa de los r_,,, entonces g~

8i
es fundamental si y solo si gv estd en str(v). vi) Toda relaciédn

R(gl,...,gm) = 1 es deducible a partir de las inducidas por los cir-

= gj. v) g en G

cuitos sobre aristas en PGv'

Se conjetura que las relaciones inducidas por los circuitos sobre
aristas en PGV son deducibles de las inducidas por las 2-caras de

PGv que pasan poTr V.
REFERENCIAS

Benson~Grove: Finite Reflection Groups.

Bourbaki,N.: Groupes et Algébres de Lie, Cap.IV,V y VI.

ARAUJO,J.0. y CHIARADIA,R.J. (UNCPBA): Sobre el centralizador de un
ghupo de Galois.

Sea K un cuerpo y E/K una extensién galoisiana de grado n. Si

E = K(a), y £ el polinomio minimal de a sobre K, notamos con
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G = {gl,...,gn} el grupo de Galois de E/K y con a; = gi(a) las rai-

ces de f. G puede pensarse como un subgrupo de S, siendo &éste iso-
morfo a su centralizador G'. El siguiente resultado da un criterio
para caracterizar G'.
PROEOSICION. Para t € Sn y jE€ NO’ sea ht,j(Xl,...,Xn) =

T OX, . X

is t(i)7i
s6lo si ht j(al,...,an) € K para todo 1 < j <n-1.

€ K[Xl,...,Xn], entonces una permutacién t € G' si y

A partir de la proposicién precedente, se intentaria encontrar cri-
terios aplicables a un grupo de permutaciones.

REFERENCIAS
Lang,S. "Algebra'.

Van Der Waerden, B.L. "Algebra Moderna'".

CARBAJO,R., CISNEROS,E. y GONZALEZ,M.I. (PROMAR - UNR): Una nota
sobre producto cruzado.

Sea K un anillo y G un grupo ordenado cuyos elementos actdan como
automorfismos sobre K y sea a: GxG -~ U una aplicacidon (donde U es
el grupo de los inversibles de K). El producto cruzado R = K* G es
el K-mdédulo 1libre con base {uc, o € G} esto es:

R = {oéc au_: a € K vy a # 0 s6lo para un ndmero finito de aOL
La suma se define de la manera usual y el producto estd dado por

las siguientes relaciones u.a = c(a)uc, uu. = a(o,T) us o donde

o satisface condiciones de forma que el producto resulte asociati-
vo.

En [1] estudiamos el radical primo de un skew anillo de grupo.

El propdsito de este trabajo es remarcar que los resultados obteni-
dos en [1] son ciertos en esta situacidén mds general. Ademids se es-
tudia el nil radical generalizado y radical fuertemente primo de R
como también el ideal singular. Finalmente se consideran algunas
cuestiones sobre nil y nilpotencia.

REFERENCIA

[1] R.CARBAJO, E.CISNEROS, M.I.GONZALEZ. The prime radical of a
skew Group Ring, Rev.U.M.A., Vol.32, (1985).

CHIAPPA,R.A. (INMABB - UNS): Caracterizacibfn de digrafos k-adjfun-
tos (adjuntos k iterados).
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tidigrafos sin entradas y sin salidas la de los k-adjuntos de mul-
tidigrafos arbitrarios.

FIGALLO,A. (INMASJ - UNSJ): Ms-Reticutados §initos.

En esta nota damos un teorema de factorizacién para los M3-Reticu-
lados finitos e indicamos una construccién de los Mz-Reticulados
libres con un ntmero finito de generadores libres.

FIGALLO,A.V. (INMASJ - UNSJ) y ZILIANI,A.N. (UNS): Algebras tetnra-
valentes modales simétrnicas.

En este trabajo se introduce la nocién de .dlgebra tetravalente mo-
dal simétrica como un par (A,T), donde A es un dlgebra tetravalen-
te modal [1] y T es un automorfismo de periodo 2.

Se estudia el reticulado de las congruencias. Se prueba que toda
dlgebra tetravalente modal simétrica no trivial es subproducto di-
recto de dlgebras tetravalentes modales simétricas simples y final-
mente se determinan las dlgebras simples.

BIBLIOGRAFIA

[1] Loureiro, Isabel. Axiomatisation et propriétés des algébres mo-
dales té@travalentes. C.R.Acad.Sc. Paris, t.295 (22 novembre
1982) Série I p.555-557, 1982,

GLUSCHANKOF,D. (F.C.E.y N. - UBA): EL 4inteavalo [0,1] de Los nacio-
nales admite varnias implicaciones de Lukasiewicz.

En el caso de las 4lgebras de Lukasiewicz lineales se sabe que la

estructura de dlgebras de Kleene (i.e. la negacién) determina uni-
vocamente la implicacién. La pregunta natural es si, en el caso de
las dlgebras de Wajsberg, como generalizacifén infinito valente de

las de Lukasiewicz vale lo mismo.

En esta misma reunién N.G.Martinez presenta una demostracién de que
€se no es el caso, usando herramientas de teoria de modelos. El ob-
jetivo de esta comunicacibn es presentar una demostracién construc-
tiva del mismo hecho para el &dlgebra de Wajsberg cuyo conjunto sub-
yacente es el intervalo [0,1] de los racionales y cuya negacién de
Kleene es "Ix := 1-x.

Usando un método similar al del va y viene se construye otra dlge-
bra sobre el mismo conjunto y con la misma negaci6n (i.e. distinta
implicaci6n).
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GLUSCHANKOF,D. (F.C.E.y N. - UBA): Objetos inyectivos en La catego-
nfa de Las dlgebras de Wajsbeng.

En el caso de las dlgebras de Lukasiewicz n-valentes, R.Cignoli de-
mostrd (ver [1]) que los objetos inyectivos de la categoria son las
dlgebras de Post n-valentes completas.

En el presente trabajo, considerando a las dlgebras de Wajsberg co-
mo la generalizacién infinito valente de las de Lukasiewicz propias
n-valentes,se estudian los objetos inyectivos determindndose que
son los retractos de potencias del intervalo [0,1] C R.

Por Gltimo y considerando otra comunicacidén presentada en esta reu-
nidén, se muestra que a dichos objetos inyectivos se los puede con-
siderar como una generalizacién natural de las &dlgebras de Post com
pletas para el caso infinito valente.

REFERENCIA

[1] R.CIGNOLI. Representation of Lukasiewicz and Post algebras by
continuous functions, Col.Math.XXIV (1972) 127-138.

GLUSCHANKOF,D. (F.C.E.y N. - UBA): Sobxre Las generalizaciones de
Las dlgebras de Post.

Las dlgebras de Post n-valentes,modelos algebraicos del cdlculo de
Post n-valente, son casos particulares de las dlgebras de Lukasie-
wicz propias n-valentes, las que tienen como subdlgebra lineal a

la cadena de n elementos. Se ha demostrado que estas dlgebras son
coproducto de un dlgebra de Boole y una cadena de n elementos y que
son representables tanto como C(X,Ln) (donde X es un espacio de
Stone y Ln es la cadena de n elementos) como

11 1 -
{chnacA c/ a_€B y a_<a_, sii c'< c} (donde B es el con

junto de elementos complementados del dlgebra).

Para el caso infinito valente se han propuesto varias generaliza-
ciones, aunque ninguna considera explicitamente la condicibén de que
pueda definirse la implicacién de Lukasiewicz. En esta comunicacidn
se comentan dichas generalizaciones y se demuestra que la dnicas
adecuadas para representar el cdlculo de Lukasiewicz son aquéllas
donde la cadena de constantes es un dlgebra de Wajsberg lineal.

GLUSCHANKOF,D. y MARTINEZ,N.G. (F.C.E.y N. - UBA): EL teorema del
§LLtrno implicativo maximal en dLgebras de Wajsberg.

La contrapartida algebraica de las 1l6gicas de Lukasiewicz n-valen-
tes son las &dlgebras de Lukasiewicz propias. Para el caso multiva-
lente, sin restriccidén en el nlmero de valores de verdad, se han
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propuesto dos contrapartidas algebraicas equivalentes: las MV-dlge-
bras (ver [1]) y las dlgebras de Wajsberg (ver [2]). Se consideran
estas Gltimas mis naturales por tener a la implicacidén y a la nega-
cidn como sus operadores bédsices.

Se prueba la equivalencia de los siguientes teoremas:

- En toda &dlgebra de Boole existen filtros primos;

- En toda dlgebra de Wajsberg existen sistemas deductivos primos;

- En toda 4lgebra de Wajsberg existen sistemas deductivos maximales;
- En toda dlgebra de Boole existen filtros maximales.

REFERENCIAS

[1] CHANG,C.C., Algebraic analysis of many-valued logics, Trans.
Am.Math.Soc.88 (1958) 467-490.

[2] FONT,J., RODRIGUEZ,A. y TORRENS,A., Wajsberg algebras, Stochas
tica, vol.VIII, n°l (1984) 483-486.

GLUSCHANKOF,D. y TILLI,M. (F.C.E.y N. - UBA): Sobxze el concepto de
abelianidad.

A partir de un grupo abeliano G se puede construir naturalmente un
anillo, el anillo de endomorfismos de .G, End(G). Es dable pregun-
tarse, si G es un dlgebra (en el sentido del dlgebra universal) con
una @nica operacidén binaria, cuédles son las condiciones que trans-
forman a End(G) en un objeto con una estructura que generalice ra-
zonablemente a la de anillo.

Se demuestra que si * es la operacidén de G, la condicibén que da a
End(G) una estructura de semianillo es:

(a*b)#(c*d) = (a*xc)*(bxd)

Esta condicidn generaliza a la conmutatividad y asociatividad, en
particular, G seri un semigrupo abeliano si y solamente si la ope-
racidén # tiene un neutro bilitero.

EJEMPLOS. - G un grupo considerando la operacidn resta.
- K convexo de un espacio vectorial, la operacidén es
Ax+uy donde 0 < A+p <1 (A y u fijos).

GLUSCHANKOF,D. y TILLI,M. (F.C.E.y N. - UBA): Un axioma dnico para
el cdleulo intuiciondista positive.

Un sistema de axiomas para el cilculo intuicionista positivo es el
siguiente: a > (B ~+ a)

a > {8 +y) > ((a>B) > (a~>7v))

Para el caso clidsico se conocen varios sistemas de un dnico axioma
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Se propone aqui el siguiente axioma Unico para el cdlculo intuicio-
nista positivo:

((a>(((B>Y)>(8+€))>(8+(v>€))))>(((A>(uv) ) > ((A=>p)>(A+v)) ) >w) ) »w

Se destaca que este axioma ha sido obtenido por métodos combinato-
rios y su importancia reside en su aplicacidén a dichos métodos.

LEVSTEIN,F. (FAMAF - UNC): Invariantes def subgrupo N, unipotente
maximal def grupo sl(n,C).

Dentro del anillo de N-invariantes P[sl(n,C)]N se considera el sub-

anillo generado por los polinomios de peso ema, donde o es la raiz
mdxima de s1(n,C), m € Z. Este subanillo es un anillo de polinomios

en 2(n-1) generadores, los cuales se calculan explicitamente.

También se prueba una generalizacidén de la identidad de Weyl.

LUBOMIRSKY,W.W. (F.C.E.y N. - UNP): Interpretacién geométrica de La
confeturna de Goldbach.

Se construye el reticulo primo ; formado por todos los puntos de
coordenadas (p,p'), que es simétrico respecto de la diagonal prin-
cipal. Se construye el grafo de Goldbach G, uniendo entre si todos
los nodos del reticulo primo mediante aristas ubicadas sobre las
subdiagonales normales a la diagonal principal. Se obtiene un gra-
fo unidimensional también simétrico pero no conexo.

Se define el grafo ampliado de Goldbach G' en forma constructiva,
agregando nodos de coordenadas (1,p), (p,1) y otros nodos auxiliares,
y trazando ciertas aristas mediante un algoritmo que define el con-
torno de G' en una forma conveniente, manteniendo la simetrfia. G'
resulta ser un grafo planar, que puede ser conexo o no. Esta cons-
truccién geométrica permite visualizar la naturaleza de las difi-
cultades en la demostracidén eventual de la conjetura de Goldbach.

Se demuestra que para que se verifique la conjetura de Goldbach es
suficiente que el grafo ampliado G' sea conexo. Esta condicidn no
es necesaria, lo que se muestra con un ejemplo.

MARTINEZ,N.G. (F.C.E.y N. - UBA): Dualidad de Priestley para Las
W-dlgebras.

Las dlgebras de Wajsberg tienen una estructura subyacente de dlge-
bras de Kleene y pueden pensarse entonces como reticulados con una
operacién binaria adicional: la implicacién.

- - - - - - e 4 a4 o — . . -
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de Wajsberg es un espacio de Kleene con una operacién binaria P= Q
y adecuadas condiciones topolfgicas adicionales. Para las dlgebras
n-valentes y las cadenas arquimedeanas esta operacién binaria pué
de ser ficilmente descripta. Se caracterizan, ademds, las congruen
cias del dlgebra como ciertos subconjuntos cerrados del espacio.

MARTINEZ,N.G. (F.C.E.y N. - UBA): Teonfa de Modelos: una aplica-
cifn en Las W-dLgebras.

R.Cignoli probé que dada una estructura de reticulado, puede defi-
nirse a lo sumo una implicacidén de dlgebra de Wajsberg n-valente
compatible con el orden.

Este resultado es falso en el caso general, cuando el dlgebra tie-
ne infinitos valores de verdad. )

Aqui se prueba que tampoco la estructura de dlgebra de Kleene es
suficiente para determinar la implicacién.

La demostracifén se basa en una aplicacidén del teorema de definibi-
lidad de Beth y la eliminacidén de cuantificadores para las &dlge-
bras de Kleene totalmente ordenadas y sugiere un método bastante
general (aunque no constructivo) para tratar el problema de la uni-
cidad de estructuras.

RYCKEBOER,H. (F.C.E.y N. - UBA): Expresiones regularnes decidibles-k.

Las expresiones regulares son una de las formas m4s claras y cémo-
das de definir lenguajes regulares (o de tipo 3 en la clasifica-
cién de Chomsky). Cuando se los quiere utilizar con tal propdsito
es necesario, como se mostrd en un trabajo anterior (1985) que fue
ran no-ambiguas, concepto que en tal oportunidad se definid y se
mostrd el modo de determinarlo. Para poder generar en forma auto-
mitica los programas aceptores de la expresién regular y poder de-
terminar apriori la memoria necesaria para tal proceso es necesario
definir una propiedad adicional la decibilidad-k. Se muestra ade-
mis la forma algoritmica de determinarla.

SAVINI,S.M., SEWALD,J.A. y ZILIANI,A.N. (UNS): Algebnras de Heyting
siméitnicas I,.

En este trabajo se determinan las &dlgebras de Heyting simétricas I
simples y se estudian sus respectivas subdlgebras. Se demuestra
que toda dlgebra de Heyting simétrica I, finita, no trivial, es
producto directo de dlgebras simples. Se determina la estructura

del dlgebra de Heyting simétrica I con un nimero finito de genera-
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dores libres y se calcula el ndmero de sus elementos.

BIBLIOGRAFIA

Monteiro Antonio, Sur les algébres de Heyting symétriques. Portu-
galia Mathematica. Vol.39, Fasc.l-4, 1980.

TILLI,M. (F.C.E.y N. - UBA): Una generalizacibn de La nocibén de
bien debajo.

En una relacidn binaria R, la transitividad y reflexividad implican
R = Rz, pero la inversa no es cierta en general (por ejemplo (R,<)).

Afirmar R = R? es equivalente a afirmar que R es transitiva y densa,
es decir que se puede expresar con la férmula

vx vz 3y (xRy A yRz < xRz)

Ahora, si R es una relacidén binaria cualquiera, se puede definir
una nueva relacibén binaria E, reflexiva y transitiva:

ycz ssi v x(xRy = xRz)

Si R = R2, se tiene que x = g y, donde el supremo se toma respecto
YRX

a la relacién L.

Esta relacidén R generaliza la nocidn de bien debajo (ver Ref.). Sin
embargo, al haberse definido L totalmente en primer orden y consi-
derando el rol central que juega la nocién de bien debajo en los
modelos del cdlculo A (no expresable en primer orden), es natural
agregarle a R una propiedad adicionai:

XR]L)Jya=gXRYa

(donde D#0 es un conjunto dirigido, Yo €Dy se piensa a R como la

funcidén caracteristica del grafo de la relacidn).

REFERENCIA

GIERZ,G. ,HOFFMANN,K.H. ,KEIMEL,K. ,LAWSON,J.D. ,MISLOVE,M. ,SCOTT,D.S., A com-
pendium on continuous lattices, Springer Verlag, 1980.

TIRAO,J.A. (FAMAF - UNC): Una {4iLitracibn de un dlgebra de Linvarian-
tes asocdiada a un ghrupo de Lie semisimple.

Sea G un subgrupo algebraico de Gl(n,C) definido sobre R y simétri-
co. Sean g = kep la correspondiente descomposici6én de Cartan del
dlgebra de Lie de G, K el subgrupo de Lie conexo de G con dlgebra
de Lie k, a una subdlgebra abeliana maximal contenida en p y M el

centralizador en K de a. Para estudiar los K-invariantes en S'(g)
o o o S ¥ ¢ - L o L
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les M-invariantes sobre k. En este trabajo se define una filtracidn
interesante de B y se identifica el dlgebra gr(B) cuando dim a = 1.

ANALISIS MATEMATICO

AIMAR,H. (PEMA - INTEC - CONICET): Reordenada de una funcibn omo
en espacfos de tipo homogéneo.

Aplicando lemas de cubrimiento de tipo Wiener a un adecuado proce-
so de seleccidén de bolas, se extiende el métodc de A.P.Calderdn pa-
ra el estudio de la reordenada de una funcidén de oscilacién media
¢ al contexto de los espacios de tipo homogéneo.

BOUILLET,J.E. (UBA - IAM - CONICET): Evofucilr hajo u_ = a(u) .

de pertunrbaciones compactas del estado u = constante.

Sea a continua, no decreciente. La funcibn w(x,t) = (1/t)v(x/t),
v funcién par definida mediante (x;t)z = IV(O)QE%El- (v(0) de-

+c0 v
pende de M = I vdx), es solucién de wt = (a(tw))x , w(x,0) = M§(x).
- X

Sea uo(x) tal que u_-C tenga soporte compacto; sea u solucidn de

u = a(u) (en D'), u(x,0+) =u (x).
t XX o

C+§
Entonces (1) |j 9%§§l| < 4o , § >0, u(x,t)-C tiene soporte

c-§6
c+6 X
compacto; (2) Si I da(r) _ ., y U (x) = I (u_(z)-C)dz = 0 en
c-s r-C o I o

(-»,a] , Uo(x) >0 en (a,b), entonces u(x,t) >C en (-w,a] , t >0

(i.e. el soporte de u(x,t)-C no es acotado a izquierda) (andloga-
mente, mutatis mutandis, para soporte no acotado a derecha y/o
u<Q@.

Se emplea una variante de la técnica de [V]: resultados de compa-
racién de soluciones para las ecuaciones integradas Ut = cx(Ux)x y
Wt = a(th)x.

[vl] J.L.Vvizquez, Trans.AMS. 277(2), June 1983; 285(2) Oct.1984;
286(2) Dec.l1984,

CAPRI,O.N. y SEGOVIA,C. (UBA - IAM): Behaviourn cof LT-Dini singular
Linteghrals in wedlghted Ll—Apaceé.

Singular integral operators K with kernels satisfying an LT -Dini
condition of the type introduced by D.S.Kurtz and R.L.Wheeden are con-
sidered here. Weighted norm inequalities and weak type estimates
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for the maximal singular integral operator K* are obtained in Theo-
rem 1. The convergence in'Lé of the truncated singular integrals
Kcf to Kf is proved in Theorem 2 under the assumptions that f and
Kf belong to Lé and W&' € A,

DEFERRARI,G. (F.C.E.y N. - UBA): Generalizacidén del CdlLculo Homo-
monrgo.

Sea A un dlgebra de Fréchet conmutativa, a = (a,,...,a_) una n-u-
1 n

pla de elementos de A, sp(a) su espectro relativo y para x € A,
sp(a,x) el espectro de x relativo a a. En primer término se trata-
rd la nocidn de '"propiedad de extensién (p.e.u.) Gnica" y 'de a-re
presentabilidad" en relacidn con la sucesidén de cohomologia de cier
tos haces. En este contexto se prueba:

TEOREMA 1. Si a tiene la p.e.u., entonces A es a-representable.

TEOREMA 2. Sea A a-representable, K C ch compacto del sp(a),
Ig = {x € A/ sp(a,x) C K}, 0(XK,A) los gérmenes de funciones anali-

ticas a valores en A sobre K, LA(IK) = {f: IK - IK A-lineales}. En-

tonces 3 6,: 0(K,A) ~ LA(IK) morfismo de A-dlgebras tal que
eK(Zi) = a;.

TEOREMA 3. Si K = K1 U K2, entonces LA(IK) tiene elementos idempo-

tentes no triviales.

DICKENSTEIN,A. y SESSA,C. (F.C.E.y N.,UBA - CONICET): Estructura
analitica del espacio de corrnientes resdduales en C.

Se ha estudiado el problema de dotar de estructura de variedad ana-
litica compleja a las corrientes residuales de soporte compacto en
C, es decir, todas aquellas distribuciones de R? que son sumas fi-
nitas de polinomios en derivadas holomorfas de distribuciones del-
ta. Se ha demostrado que para obtener tal estructura es necesario
considerar solamente las corrientes de un orden global n fijo. Pa-
ra cada n € N, la estructura analitica del espacio de corrientes
residuales de orden global n, notado ﬂh(C), se define a partir de

una biyeccidn con un abierto de sym™(C) x C®, y se obtienen los si-
guientes '"esperables' resultados:
e
i) Para cada ¢ holomorfa en C, la aplicacién ﬁh(C) 4 C, e¢(R) =
= R(4¢) es analitica.

ii) Sea W una variedad compleja y g(w,z) una l-forma meromorfa en
W +91 Alte m e W £330 Reclalm 23Y] & & e Fn+nnecpc 1a anli
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DOBARRO,F.R. (F.C.E.y N. - UBA): EL espectro de un producto alabea-
do de vaxriedades de Riemann.

Recordando que los autovalores del operador de Laplace-Beltrami de
una variedad de Riemann contienen una amplia informacidén sobre la
geometria de dicha variedad, estudiamos el espectro de un producto
alabeado cuyos factores son compactos.

Extendemos un resultado andlogo al probado para productos usuales
en -(B-G-M) que describe los autovalores y autofunciones de un pro-
ducto alabeado, lo hacemos aplicando resultados generales sobre

operadores de Schrddinger en una variedad de Riemann compacta (D).

Notando que el primer elemento no nulo del espectro de una v.r. es-
td ligado a la curvatura (Cha), nos ocupamos de determinarlo expli-
citamente (D).

REFERENCIAS

(B-G-M) M.Berger-P.Gauduchon-E.Mazet, Le spectre d'une variété
Riemannienne, Lecture Notes in Math., Vol.l194, Springer,
1971,

(Cha) I.Chavel, Eigenvalues in Riemannian Geometry, Acad.Press,
1984.

(D) F.Dobarro, Tesis Doctoral presentada en FCEN,UBA, Productos
alabeados de variedades de Riemann (a defender en setiembre
de 1987).

FIALKOW,L. y SALAS,H. (SUNY at New Paltz y UNSL): Mayoaizacibén y
Factondizacibn en C*-Algebras.

En cualquier C*-idlgebra, la ecuacifn a = bc (factorizacidn) impli-
ca aa* < Abb* para algdn A > 0 (mayorizacién). Estudiamos una cla-
se especial de C*-dlgebras, llamadas MF dlgebras, para las cuales
mayorizacién implica factorizacidén. El1 motivo de nuestro estudio
es un teorema de R.G.Douglas que dice que L(H) es una MF 4lgebra.

En este articulo mostramos que cualquier W¥* 3dlgebra es una MF dlge-
bra. Esto se debe a que imidgenes *-homomdérficas de MF dlgebras tam-
bién lo son. Estos resultados pueden usarse para resolver sistemas
de ecuaciones de operadores lineales en dlgebtras de von Neumann.
También caracterizamos aquellas MF dlgebras A que satisfacen

C(X) € A C L”(X) en caso que X C C tenga un sélo punto de acumula-
cién.

GALINA,E. y VARGAS,J. (IMAF - CIEM, UNC): Espectro del operadorn de
Dinac en el semiplano superion.

Sea G/K un espacio simétrico de tipo no compacto. Sea V una repre-
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sentacidén irreducible de XK y sea V el fibrado sobre G/K de espino-

res a coeficientes en V., Sea D: LZ(V) - LZ(V) el operador de Dirac.
Por trabajos de Schmid, Connes y Moscovici se sabe que D tiene un
nimero finito de autovalores. Para el caso G = S1(2,R) y K = S0(2)
hemos calculado estos autovalores, descripto sus autoespacios en
términos de representaciones de G y también calculamos el espectro
continuo de D.

GODOY,T. (FAMAF - UNC): Coeficientes de Minakshisundaram Pledlfel
para openradon del caloxr.

Si M es un espacio localmente simétrico de curvatura no positiva,
de tipo cldsico, A el operador de Laplace Beltrami sobre M, se en-
cuentran férmulas explicitas para los coeficientes de la expansién
asintética de Minakshisundaram Pleijel de tr(e-sA) para s ~+ 0*.

KORTEN,M.K. (F.C.E.y N., UBA - CIC): Undicddad de Solucibn Autose-
mefjante para Cientas Ecuaclones de Difusibn Generalizada.

Una solucidn (débil) de la forma u(x,t) = u(|x| t'l/(N+1)) para

N-1

la EDP E(u(x,t))t=V.(|an(u(x,t))| va(u(x,t))) (1), con E, o

mondtonas no decrecientes, N >0 y n = |x]| /(D S

0~ 0 fijo,
satisface (en D') la EDO - [n™/(N+1)]1E(u(n))' =

= (nn_l|a(u(n))'|N_1a(u(n))')' (2). Consideremos el problema de

valores iniciales y de contorno para (2) con u(no) =1,
lim E(u(n)) = 0, (3).
n—H-OO
TEOREMA 1. Si u, U satisfacen (2 vy (3) vy
. - -1 . -1 ~ -1 .~
lim n® oo ¥ eyt = 1im 2 Ha@m) 1N la@m))r , es
N>+ N>+
u = 1.

TEOREMA 2. E_l({O}) = {0} y o inyectiva son suficientes para unici
dad de solucidén de (2), (3).

EJEMPLO. Sea o(u) = u; E(u) u+1/2 (u < -1/2), = 0 (Ju|] <1/2),
= u-1/2 (u > 1/2). Se exibe una familia de soluciones ux(n) de (2),

(3) tal que lim n® Ha(u, (M) '[N o(u, ()" = -x € [c(n,N,n,),00 #
'n-)-+oo
t 0.

TEOREMA 3. Si n=N=1 en (2), en [B] se probdé monotonia de V(n) =
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u dnico y o es inyectiva. Técnicas conocidas ([B]) permiten enton-
ces probar existencia de solucidén al problema de ''zona pastosa'
autosemejante con energia prescrita y ancho inversamente proporcio
nal al flujo. Valen los teoremas 1 y 2 de unicidad.

[B] J.E.Bouillet, Soluciones Autosemejantes con intervalos de
constancia de un problema de conduccidn t&rmica, Comunicacién
a la UMA , 1983. Rev.UMA 31 (1,2) (1983), 62-63.

LAMI DOZO,E. (UBA, IAM - CONICET): Autovalores con peso y cuavatu-
na escalan.

Damos un resultado de existencia y unicidad para un problema en
autovalores lineal eliptico con peso en una variedad compacta. De-
ducimos las curvaturas escalares de un producto alabeado de una
variedad compacta por otra variedad de curvatura cero.

MARANO,M, y CUENYA,H. (UNRC): Aproximantes de Padé mufitipuntuales.

El (m/n) aproximante de Padé en un punto de una funcién f suficien
temente diferenciable es la funcién racional de grado {m,n) que
tiene orden de contacto m+n+1 con la funcién en ese punto. Una de-
finicidn andloga puede darse en un conjunto finito A de puntos.

En este trabajo se estudia la propiedad que tienen los aproximan-
tes de Padé de ser, bajo ciertas condiciones sobre f, limite de
los mejores aproximantes racionales de f en pequefios intervalos de
igual amplitud cuando estos intervalos se reducen al conjunto A.

MARQUEZ,V. (F.C.E.y N. - UBA): EL problema de La electropintura
como £imite de problemas parabblicos.

Sea @ C R® un dominio anular con frontera exterior S y frontera in
terior I', ambas cl. m1 problema (PQ), aproximante al de la electro

pintura, consiste en hallar un par de funciones w*,n% ,

u* € H! (@x (0,T)) N L™@x (0,T)), h* € L™(I x (0,T)) que satisfa-
gan:

(1) au‘z= au® en 9x (0,T) ; (2) u® =1 en S x(0,T)

a a t (s
(3) 2 = enrx (0,1 ; (4) h%(x,t) = o) + I el _ghyar
v h 0 h™(x,1)
en Tx (0,T) ; (5) u*(x,0) = ug(x) en @, donde o > 0 ((1) cen a=0,
(2), (3) y (4) son las ecuaciones del problema de la electropintu-

ra), e y T son constantes positivas, v es la direccién normal in-
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terior a @ sobre 'y 0 <o, <o, Gy u® funciones dadas que satis-
facen ciertas hipdtesis;

TEOREMA. Sea (u®,h®) la dnica solucién débil de (Pa) con dato ini-

cial que satisface Hu:H - < K, para todo o tal que 0 < a <A,
L (Q)
Entonces u® — Y en H1»0(a x (0,T)) y h* —+ h en Lz(Fx (0,T))
o0 o+0

donde ¥ € H'(2x (0,T)) nL7(2x (0,T), h € L”(Tx (0,T)) y (¥,h) es

la Gnica solucidén débil del problema de la electropintura.

RICCI,R. (Univ.Firenze, Italia) y TARZIA,D.A. (PROMAR - CONICET - UNR): Componrta-
miento asintético en La ecuacibn de medios porosos con absorbimiento.

P

Se estudia el siguiente problema: (1) ut—(um)xx +u =0, x>0,

t >0; (2) u(o,t) =1, t>0; (3) u(x,0) = uo(x), x > 0.
Si 0 <p <m, existe la solucién estacionaria u_ = u_(x) de (1) y
(2), la cual tiene soporte compacto en (0,+w).

Si m+p < 2, se demuestra la existencia de supra y sub-soluciones
para la ecuacidn (1) que satisfacen la condicidén (2) y que se acer
can exponencialmente a la solucién estacionaria. Ademds, si el da-
to inicial u, verifica cierta hipdétesis, la solucidn u(x,t) de
(1)-(3) converge a u_(x) en la forma:

/u(x,t) - u_(x)/~a exp(-bt) , con a,b > 0.

SALINAS,0. (PEMA - INTEC - CONICET): Operadores de Schriodingen de-
genenados.

Consideremos el operador.
n P
Au -vus= J D (atI(x) D_u(x) - V(x)u(x)

i,j=1 *i 3

tal que los a'd satisfacen

o

n P
IxI* lel? < ] atdedee; <clx|® [g]? vx e B(O,R), vEER,

i,j=1

donde a € ]-n,n[ (fijo) y C es una constante. Por otra parte, V es
un potencial tal que

lim sup I v ] dy = 0

r+0 xeB(0,R) ?|x-y|<r |x-y|PT2*¢®

Para soluciones débiles de la ecuacidén Au = Vu, se puede probar

una desigualdad de '"tipo Caccioppoli', que permite, a su vez, pro-
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bar una desigualdad de Harnack y un médulo de continuidad local pa-
ra dichas soluciones.

SANZIEL,M.C. y TARZIA,D.A. (PROMAR - CONICET - UNR, I.M."B.Levi'):
Cdlculo numénico sobre algunos problemas elipticos mixtos con phre-
sencia de cambio de fase.

En este trabajo se comprueban numéricamente resultados tedricos

(ver Tabacman-Tarzia, misma Reunidn) para la existencia o no de un
cambio de fase en funcidén de los valores del coeficiente de trans-
ferencia de calor a en la porcidn de frontera T'; y del flujo de calor q en

Iy, para un valor dado de temperatura exterior b >0 en ry.

Para ello, sé resuelven numerosos problemas elipticos de tipo mixto
usando el software cientifico MODULEF.

TABACMAN,E.D. y TARZIA,D.A. (PROMAR - CONICET - UNR, I.M."B.Levi'):
Problemas elipticos mixtos con presencia de cambio de fase.

Se considera un problema estacionario de conduccién de calor en un

dominio acotado con frontera regular ' = T,LK UT con med(Fl) >0

1 22
y med(rz) > 0. Sobre r, se impone una ley de tipo Newton con coefi-

ciente de transferencia a > 0 y temperatura exterior b > 0, y sobre
r, se considera un flujo de calor saliente q > 0.

Se encuentran condiciones necesarias y/o suficientes para o y q de
manera de obtener un cambio de fase en Q, es decir, un problema es-
tacionario de Stefan a dos fases.

Cuando o -+ +« se reencuentran los resultados teb6ricos obtenidos en
Tarzia, Mecdnica Computacional, Vol.2 (1985), 359-370.

TILLI,M. (F.C.E.y N. - UBA): Sobre ef concepto de denivada en Los
espacios de Kiothe.

Para los espacios de Banach existen los conceptos de derivada fuer-
te y de derivada débil, los que generalizan el concepto clidsico de
derivacibn sobre espacios de dimensién finita.

Si A es un cardinal cualquiera, se define el conjunto I(A) como la
interseccién del cono positivo con la bola unitaria del espacio
LI(A) y se dice que f: E +~ F es A-diferenciable si existe u € L£(E,F)
tal que para toda g: I(A) = E afin continua (g=x0 + y), h: I(A) = F
tal que h = fog es tal que h'(0) = u.y (derivando en la "direccidn"
de I(0)).

Si E es Banach, w-diferenciable se identifica con fuertemente dife-
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renciable y l-diferenciable con débilmente diferenciable.

Se generaliza este concepto de diferenciabilidad para 1os-espacios
de KG6the de la forma

>4

={aeR¥/ vbear, a.beXx}

donde R(N) cXc rY , X espacio vectorial y X C RY cualquier sub-
conjunto.

TRIONE,S.E. (F.C.E.y N. - UBA): Tnvensidn de operadores ultrahipen-
b6Licos de Bessel.

Sea Ga = Ga(P * jo,myn) la distribucién causal (anticausal) defini-
1 a-n L
da por Ga(P tio,m,n) = Hu(m,n)(P iio)2 2 Kn_a[m(P'iio)Z] , donde

2
m es un nGmero real positivo, a € C, KU designa la funcidén modifi-

cada de Bessel de tercera especie y Hy(m,n) es la constante defini

LT T o] 1l n-a
29 Y2t 2207)
da por Ha(m,n) = o
en?

Las distribuciones GZk(P +io,m,n), donde n = entero = 2 y k=1,2,...,

son soluciones causales (anticausales) del operador de Klein-Gor-

don, iterado k-veces:
2 2 2 2

kG, b =6 ; Kf=(2_+ ... +2 L S S A
2k 3% 2 2 2 3x 2

1 P p+l n

K

Sea B%f el operador ultrahiperb6lico de Bessel definido por la fér
mula B®f = Gy#f, £ € S.

Nuestro problema consiste en la obtencidén de un operador T =

= (BO‘)_1 tal que si B%f = ¥, entonces ™% = f.

En esta Nota probamos que T = G-a’ para todo a € C.

Observemos que la distribucién Ga(P +io,m,n) es un andlogo causal

(anticausal) del nicleo radial debido a N.Aronszajn, K.T.Smith and

A.P.Calder6n. E1 caso particular radial de nuestro problema fue re-
suelto por V.A.Nogin, para a # 1,2,...

URCIUOLO,M. (IMAF - UNC): Integrales Singulares sobre Superficies
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Dado el operador T*f(x) = Sup| j K(x-y)f{y)do], se demuestra 1a
o €>0 |x=-y|>e

continuidad del mismo de LP(dso) en LP(do), con K € ¥ (R®-{0}) im-

par y homogénea de Grado -k, o la medida en R" que da el 4rea de
una superficie S de dim k, k < n, que cumple ciertas propiedades
que generalizan la nocifn de curva:s "arco-cuerda", definidas por
Guy David.

GEOMETRIA Y TOPOLOGIA

AMBROSIC,N.B. (F.C.E.y N. - UBA): Aplicacionzs del teorema de Heffy
topolbgico.

En el afio 1930 E.Helly generaliza su teorema de¢ interseccidn de con
vexos, sustituyendo la condicidn de convexidad por la "trivialidad
homolégica'. Este teorema ha sido poco utilizado. Se presentan dos
aplicaciones de este resultado a la Geometria de conjuntos estrella
dos:

(I) Nueva demostracidén del teorema de Krasnoselsky en el plano.
(I1) Demostracibén diferente de un resultado de Marilyn Breen sobre
conjuntos finitamente estrelladocs.

En la continuacifn de este trabajo se prevé extender estos resulta-
dos a dimensifn mayor que 2.

BIRMAN,G.S. (UBA - CONICET): Medida invariante de variedades del
tipo G/HxK.

A pesar de que la densidad de G/HxK no puede escribirse en términos
de las densidades de G/H y de G/K, obtenemos que la medida de
G/HxK, m(G/HxK), puede expresarse en t&rminos de las medidas
m(G/H) y m(G/K).

Ejemplos de esta situacién son las grassmannianas, los espaciocs ho-
mogéneos dos puntos, es decir, los espacios proyectivos cuaternib-
nicos, espacios hiperb6licos cuaternidnicos y Q?.

BREGA,A.0. y TIRAO,J.A. (FAMAF - UNC): Sobre fa deteaminacibn de
un dlgebra graduada.

Sea G un grupoc de Lie conexo, no compacto, semisimple y con centro

finito y sea g la complexificacidén del 4lgebra de Lie de G. Sea

G = KAN una descomposicidén de Iwasawa de G, k y a las complexifica-
ciones de las dlgebras de Lie de K y A respectivamente y M el cen-

tralizador de a en K. Sea C = S'(b,)M el anillo de funciones polino-
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miales M-invariantes sobre k. Nos interesa determinar el dlgebra

graduada gx(C) asociada a una filtracidn C = gOCn introducida por
nz

Tirao. Para determinar esta dlgebra uno necesita establecer el si-

guiente resultado: "Existe un vector E € k, una subidlgebra de Car-

tan h de k y un orden en A(k,h) tales que, para cualquier K-mddulo

irreducible de dimensién finita V con v # 0 existe un n € N tal

k
que PVt = v * y E

para todos los grupos de Lie cldsicos de rango uno.

n+1.VM = 0". Este resultado ha sido verificado

BRESSAN,J.C. (F.F.y B. - UBA): Separabifidad en T-espacios de con-
vexdidad T, .

En un trabajo del autor de esta comunicacién, publicado en Rev.
U.M.A. 31 (1983), 1-5, se estudian algunas condiciones equivalentes
de separabilidad para el caso en que se trabaje con una funcién

K: P(X) » P(X) que satisfaga los cuatro primeros axiomas de operado
res de cdpsula convexa. Las diversas caracterizaciones de los T-es-
pacios de convexidad T;, dadas en otra comunicacién, hacen vilidas
las equivalencias de las condiciones de separabilidad para estos

espacios.

En la presente comunicacidn se agregan otras condiciones de separa-
bilidad equivalentes a las dadas por el autor en el trabajo ante-
riormente citado. Uno de los resultados obtenidos es: Si (X,C) es
un T-espacio de convexidad T; y definimos para A C X,

C(A) = N{C € C: A CC} y para (a,b) € X2 C(a,b) =N{CEC:acCybec
entonces son equivalentes: 1.- Si a; € C(a,p) y x € C(a,b), enton-
ces existe X, € C(a;,b) tal que x; € C(x,p). 2.- Si C,D son subcon-
juntos estrellados de X y p € X, entonces C({p} Umir(C)) NnD = @
oCnC({p} Umir(D)) = @#. 3.- Si A,B son subconjuntos convexos de
X, disjuntos, entonces existen C,D subconjuntos convexos complemen-
tarios tales que A CCy B CD. 4.- Si A e Cy B es una componente
convexa de X-A, entonces X-B € C. 5.- Si A,B son subconjuntos estre
llados de X, disjuntos, entonces existen C,D subconjuntos estrella-
dos complementarios tales que A ¢ C, B ¢ D, mir(A) C mir(C) vy
mir(B) C mir(D).

BRESSAN,J.C. (F.F.y B. - UBA): Diversas caracterizaciones de Los
T-edpacios de convexidad T,.

La caracterizacidn del mirador de un subconjunto de un espacio vectorial real,
dada por F.A.Toranzos (1967), es utilizada, por K.KoZodziejczyk

(1985), para definir los T-espacios de convexidad como aquellos es-
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para todo S € X, el mirador de S es la interseccién de todas las
componentes convexas de S. Si (X,C) es un espacio de convexidad Tl’
obtiene que (¥X,() es un T-espacio de convexidad si y s6lo si es un
JD-espacio de convexidad. En la presente comunicacién se caracteri-
zan los T-espacios de convexidad T; mediante una funcién K:P(X) + P(X)
que cumpla los cuatro primeros axiomas de operadores de cdpsula con
vexa, o una funcifén B:X% + P(X) que satisfaga los tres primeros
axiomas de los operadores de bandas de los sistemas axiomidticos da-
dos’ por el autor de esta comunicacidén en Rev. U.M.A. 26 (1972), -
131-142, mediante los cuales demostrd dicha caracterizacién del mi-
rador en su Tesis doctoral (1976)..Uno de los resultados obtenidos
en la presente invesﬁigacién es: Si (X,C) es un espacio de convexi-
dad y para (a,b) € X% definimos C(a,b) =N{CeC: aeCybecl},
entonces son equivalentes: 1.- (X,C) es un T-espacio de convexidad
Ty. 2.- 81 § C X, entonces S = U{C: C componente convexa de S} vy
mir{S) = N{C: C componente convexa de S}. 3.- Se cumplen las tres
condiciones siguientes: (i) Si a € X, entonces C(a,a) C {a}l.

(ii) C € C si y sb6lo si para todo (a,b) € Cz, C(a,b) € C. (iii) Si
a; € C(a,p) y x; € C(al,b), entonces existe x € C(a,b) tal que

x, € C(x,p).

DOTTI,I.G. y MIATELLO,R.J. (FAMAF - UNC): Isometrias de tipo inte-
niokh y rephresentaciones de grupos.

Dado un grupo de Lie conexo compacto y simple G con métrica inva-

riante a izquierda, el conocimiento de U = {x € G: I, es isometria}
es importante, entre otras cosas, en la determinacién del grupo de
isometrfas de G. Interesa por lo tanto estudiar los posibles U aso
ciados a métricas invariantes en G. En esta direccién hemos proba-

do

a) Sea ¢ simétrica definida positiva respecto de -B, B forma de
killing. Entonces u = {X € g: -B(X, [oY,Z]l+[0Z,Y]) = 0, Y,Z € g}
donde u y g denotan las dlgebras de Lie de U y G respectivamen-
te y la métrica estd dada por <X,Y> = -B(X,0Y).

b) Si H es un subgrupo conexo y cerrado de G tal que

vy = {X € g: [h,Vol = 0} satisface [VO,VOI = V, entonces existe

una métrica invariante a izquierda en G tal que U, = H (U, deno
ta componente conexa).

c) Existen subgrupos cerrados de cada grupo de Lie compacto simple
simplemente conexo y rango > 2 que no son realizables como U de
métricas invariantes.
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DRUETTA,M.J. (FAMAF - UNC): Puntos fLfos de Lsometrnias en el Angi-
nito en espacios homogéneos.

Sea M un espacio homogéneo simplemente conexo de curvatura no posi-
tiva. M admite un grupo soluble G que actla simple y transitivamen-
te Xi?n consecuencia M puede representarse como el grupo de Lie G
con una métrica invariante a izquierda de curvatura no positiva.

Si g es el dlgebra de Lie de G entonces g = [g,g] @ a donde a, el
complemento ortogonal de [g,g] en g respecto de la métrica, es una
subﬁlgebra abeliana de g.

Se describe el conjunto de puntos fijos de G en el infinito (M(«))
y se clasifican todas las isometrias de M definidas por elementos
de G cuando M no tiene factor de de-Rham euclideo. Los elementos
de [G,G], el subgrupo de Lie conexo de G con dlgebra de Lie I[g,g],
son parabdlicos y los elementos hiperb6licos de G son los conjuga-
dos a exp(a), donde exp denota la aplicacidn exponencial de G.

FORTE CUNTO,A.M. (F.C.E.y N. - UBA): Bidsqueda de puntos de visibi-
Lidad mdxima.

Se intenta la formulacién de un algoritmo que permita encontrar un
punto de visibilidad mdxima en un conjunto compacto S del plano cu-
ya frontera sea una curva simple y suave de Jordan. En cada paso de
este algoritmo el operador conoce solamente la forma de la estrella
del punto donde estd ubicado. Con ese dato se construye una 'regidn
factible de desplazamientos" dentro de la cual la visibilidad no
disminuye. Dicha regidén resulta tener un nGmero finito de "lados"
que son segmentos o arcos convexos de la frontera de S. Se demues-
tra que la regidén factible es precisamente la '"célula de visibili-
dad" del punto en cuestidn, y que un Optimo es alcanzable después
de un ntmero finito de desplazamientos. Este enfoque algoritmico de
un problema tedrico tiende a obtener una descripcidén satisfactoria
de los fenémenos de visibilidad afin en el plano.

GARCIA,A. (FAMAF - UNC): Relacibn entre subvarniedades neflexivas y
g-neﬂlexiuaa.

Sea (M,{s_} ) un espacio k-simétrico. Una subvariedad V-reflexiva

X" xeM
(reflexiva) es el conjunto de puntos fijos de un automorfismo (iso-
metria) involutivo de M.

Si G es la clausua en I(M) del grupo generado por {sy: x € M}, G
actfia transitiva y diferenciablemente en M y el espacio homogéneo
M = é/éa es reductivo respecto de la descomposicidén g = R® M don-
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por o(g) =s_ g s7L.

a a
Cuando la anterior descomposicidén es naturalmente reductiva y M es
simplemente conexo, encontramos condiciones para que una subvarie-
dad V-reflexiva sea reflexiva y reciprocamente.

OLMOS,C.E. (CIEM - FAMAF - UNC): Inmensiones Lisométrnicas de varie-
dades homogéneas.

Sea M variedad Riemanniana homogénea munida de una conexién canéni-
cay sea i: M >~ R® un imbedding isométrico con segunda forma para-
lela respecto de la conexién candnica. Se demuestra que el grupo de
transvecciones se extiende a grupo de isometrias de R™ y que M tie-
ne la siguiente propiedad que caracteriza a este tipo de inmersio-
nes: Dada una curva c en M que une p con q existe isometrfa de R"
que fija M, manda p en q y restringida al espacio normal a4 p reali-
za el transporte paralelo respecto de la conexidén normal a lo lar-
go de c.

REYES,W. (Inst.Prof.de Chillin, Chile): Nota sobre cientos planos
is6ckinos de R4,

Dados dos planos de R4, estos conforman entre si un par de &dngulos
que pueden calcularse en funcidén de las coordenadas de Pliicker de
los planos. En particular, los dngulos entre los dos planos pueden
ser iguales, y en este caso los planos se dicen zZsdeclinos. Se ca-
racterizan por medio de sus ecuaciones los planos isdclinos con un

plano fijo. Estos quedan repartidos en dos familias isométricas
con la esfera S2.

SANCHEZ,C.U. (FAMAF - UNC): Inmersiones de Variedades Casi-Comple-
jas.

En este trabajo se prueba el siguiente resultado:
Sea M™ una variedad Riemanniana conexa y compacta isométricamente

: +

inmersa en R™ 9, si Mn admite una estructura casi compleJa que con-
muta con el operador forma de la inmersién entonces la inmersidn
es justa (tiene curvatura total absoluta minima).

Como corolario se obtiene una nueva demostracién de un resultado
de R.Bott referido a la homologia de los espacios homogéneos GQ(T)

donde T es un toro en G y C(T) denota al centralizador de T en G.
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TIRABOSCHI,A.L. (FAMAF - UNC): Un nesultado de incrustacibn para
rnepresentaciones de grupos de movimiento.

Sea M un grupo de Lie de movimientos, i.e. M es producto semidirec-
to de un grupo de Lie compacto K y un espacio vectorial V real; se
puede construir una serie principal no unitaria para estos grupos,
induciendo de ciertos subgrupos, v.g. estos subgrupos son el pro-
ducto semidirecto del centralizador en K de un caracter de V en

C* (nGmeros complejos sin el cero), por el espacio vectorial V.

En este trabajo he demostrado que cualquier representacidén de M es
subrepresentacidén de alguna representacidén en la serie principal.

TORANZOS,F.A. (F.C.E.y N. - UBA): Teoremas de dimensién del mirna-
dor y de tipo-Krasnoselsky.

La mayoria de los resultados importantes de la teoria de conjuntos
estrellados en dimensién finita son de los siguientes tipos:

[a] Teoremas de descripcidén del mirador.
[b] Teoremas sobre la dimensién del mirador.
[c] Teoremas de tipo-Krasnoselsky.

En este trabajo demostramos que a partir de un teorema de descrip-
cién del mirador puede obtenerse con facilidad un teorema acerca

de la dimensidn del mirador, y con algo mis de dificultad, varios
teoremas de tipo-Krasnoselsky correspondientes a distintas amplia-
ciones y generalizaciones del conocido teorema de Helly sobre in-
tersecciones de conjuntos convexos. Se presentan numerosos ejemplos
de estas construcciones, en la forma de teoremas ya conocidos o
nuevos.

DUBUC,E. (F.C.E.y N. - UBA): Una teorfa axiomdtica de morfismos
etales.

Morfismos etales. (homeomorfismos locales, difeomorfismos locales,
etc.) son clases de morfismos que se tienen en muchas categorias

en la préctica de la Geometria Algebraica,Geometria Analitica (es-
pacios analiticos), Topologia y Geometria Diferencial. En todos es-
tos casos, los objetos geométricos estudiados se pueden considerar
como objetos de una determinada categoria de haces (topos de Grothen
dieck). A,Joyal propuso una serie de axiomas sobre una clase de
flechas de un Topos (basados en propiedades de los diversos ejem-
plos) como base para el desarrollo de una teoria abstracta de mor-
fismos etales y dejo planteado como primer problema bédsico el de

la completitud de estos axiomas. Se presenta aqui el desarrollo de



garse a demostrar el teorema de completud. Se introduce un axioma a-
dicional, vilido en los ejemplos y se demuestra un teorema fundamen
tal de factorizacién. Como consecuencia de deduce un teorema de Com
pletud y la existencia de una solucién al problema del espectro ge-
neral (resultado que mejora lo conocido en la literatura). Sin em-
bargo, el teorema de factorizacidn es esencialmente mids fuerte que
el de Completud. Queda abierto el problema de la validez de este
Gltimo sin el axioma adicional.

MATEMATICA APLICADA

AIMARETTI,R. (F.C.E.e I.-UNR), GONZALEZ,R. (I.M."B.Levi",UNR) y
VAZQUEZ,0. (F.C.E.e I.-UNR): Técnicas Cuadnrdticas en el Diseiio de
Sistemas Lineales Multivariables Discnetos con Respuesta en Tiempo
Findito.

El problema del disefio de controles en realimentacién que induzcan
respuestas del sistema en tiempo finito es uno de los temas cldsi
cos en el estudio de sistemas lineales de tiempo discreto (dead-
beat control).

El problema puede tener mGltiples soluciones y existen variados
procedimientos algebraicos para calcularlas. En este trabajo desa-
rrollamos una técnica de solucién para este problema, basado en la
programacidén dindmica. Dos enfoques numéricos se aplican para resol
ver las ecuaciones recursivas que dan la solucién del problema en
nuestro enfoque:

a) E1 cdlculo de seudo-inversas a través de la descomposicién en
valores singulares.

b) Uso de técnicas de perturbacién (regularizacidén) con vista a em
plear simples métodos de inversién de matrices eliminando el
cémputo de seudo-inversas.

En ambos casos se emplean procedimientos de precondicionamiento
con el objetivo de mejorar la performance numérica de los algorit-
mos de cdlculo de inversas y seudo-inversas.

El programa de cémputo estd basado en el empleo de las rutinas
SSVDC y SGEDI del sistema LINPACK, para calcular seudo-inversas
haciendo uso de la descomposicién en valores singulares o las in-
versas ordinarias en el problema perturbado. Mostramos varios ejem

plos de aplicacién que ilustran la efectividad del método propues-
to.

AVILA,0.J. (F.C.E. - UNSa): Probabilidades aplicadas a Teorfa de
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gragos.

Es usual en problemas tratados con Teoria de grafos, utilizar mode-
los estadisticos con métodos de comparaciones apareadas. Dado que
también es usual emplear grafos especiales en los mismos, es nece-
sario contar con propiedades y teoremas que permitan su manejo en
forma clara. ‘

En este trabajo se considera un grafo G(n) con n nodos y se calcu-
la la probabilidad y(n) de que sea irreducible, es decir que no
pueda particionarse en dos conjuntos no vacios Z y W tales que to-
dos los nodos en el segundo precedan a todos los nodos en el primero.
Ademis se obtiene una propiedad para Y(n) y una forma de aproximar
la funcién eX*, usando esta probabilidad.

CENDRA,H. (UNS): Principios Variacionales y Potenciales de CLebsch.

El movimiento de un fluido en su descripcidén lagrangiana en una
regidén D € R3 viene dado por una funcién ¢(X,t) = x donde X, x re-
presentan la posicién inicial y final de una particula fluida y t
es el tiempo transcurrido. La condicién de incompresibilidad con-
siste en la igualdad |3x/3X| = 1. Tomando como densidad lagrangia-

na la energfia cinética %|aw/ax|2, de acuerdo con el cdlculo de va-

riaciones, variaciones arbitrarias &§¢ con las condiciones
6¢(X,to) =0, 6¢(X,t1) = 0 dan, después de algunos cdlculos, las

ecuaciones del movimiento. En cambio si se parte de la descripcién
. L. . . . 1
euleriana del movimiento, siendo v la velocidad euleriana y fvz la

densidad lagrangiana, se comprueba enseguida que variaciones arbi-
trarias 8v con condiciones de extremos fijos e incompresibilidad
V.v = 0 habituales conducen a la siguiente restriccidn sobre la ve
locidad: v = v¢. Como se sabe que hay soluciones de las ecuaciones
de Euler que no son irrotacionales, resulta obvio que este princi-
pio variacional no daria las correctas ecuaciones del movimiento.
El deseo de, no obstante, disponer de principios variacionales que
involucren la descripcién euleriana, y no lagrangiana,del movimien
to ha llevado a introducir los potenciales de Clebsch, denotados
aqui o, B.

Se prueba que la densidad lagrangiana
2
e ? e At ¢ 2k, 1) vix, 1) B(x, 1)

da las correctas ecuaciones del movimiento. Se pueden generalizar
estos resultados para el caso de fluidos compresibles, isentr6pi-
cos o no. En realidad se puede dar un enfoque geométrico a la cues
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sico de interés.

COMPARINI,E., RICCI,R. y TURNER,O0. (Ist.U.Dini, Florencia, Italia):
Penetracién de un so0lvente en un polimero no homogéneo.

Se considera un problema (P) de frontera libre que surge del mode-
lo de absorci6n de solventes en polimeros vidriosos. E1 problema
tiene simetria plana, pero no es homogéneo en la direccidn de avan-
ce del frente. En el trabajo se demuestra la existencia y unicidad
de la solucién del problema (P) para todo T positivo, la dependen-
cia continua con respecto al dato f, y el comportamiento asintdti-
co de la frontera libre.

FILIPICH,C.P., LAURA,P.A.A., ROSSI,R.E., REYES,J.A., JOUGLARD,C.E.
y ROSALES,M.B. (UTN, UNS, IMA-CONICET): Optimizaciones def Método
de Elementos Finitos en el Cdlculo de Autovalores.

La idea de Lord Rayleigh de incluir un pardmetro exponencial y en
las funciones coordenadas polindémicas ha sido utilizada reciente-
mente en formulaciones de elementos finitos lograndose en general,
y con notable precisibén, una economia considerable tanto de memoria
como de tiempo de mdquina. Por otra parte en el Método de Elementos
Finitos se ha observado que la superposicién de dos funciones de
forma, una de las cuales no modifica el cumplimiento de las condi-
ciones de horde esenciales, pero incluye no s6lo el pardmetro y si-
no ademds un factor de optimizacidén adicional, conduce a una efi-
ciencia computacional decididamente mayor que a la obtenida median-
te la inclusibn exclusiva de y. El presente trabajo exhibe las me-
todologias en cuestién y presenta diversas aplicaciones.

GNAVI,G. (F.C.E.y N. - UBA): Estabifidad de haces convergentes en
simetnla esfénica.

Se estudia el sistema de ecuaciones

o = - =

(Bt - Vs Br)va = (-e/m)E , a 1,2

(3, + Vg 3 )Ng + Ng 3_vy =0 , oa=1,2
2

2 o o -

Vi3 E-4me agl(Na v, * Y, Na) 0,

(e, m, V: y N; son constantes) que describen un problema de pertur-

baciones lineales de un sistema fisico formado por dos haces de electrones que
entrecruzan en un centro, en presencia de un fondo neutralizante
de iones en reposo.
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El problema tiene simetria esférica. La variable r representa la
coordenada radial y t el tiempo. Las incégnitas son la velocidad de
cada-haz vy, su densidad Na/r2 y el campo eléctrico E. La condicidn
de contorno en el origen es E\G(O,t) = 0. Se muestra que el siste-

ma admite soluciones autosimilares del tipo f(r/t). Se encuentran
representaciones de las soluciones a través de contornos integra-
les en el plano complejo en términos de funciones de Gegenbauer.
Se demuestra la estabilidad del sistema frente a perturbaciones de
pequefia amplitud.

GONZALEZ,R. y MEDINA,M. (PROMAR - CONICET, UNR, I.M."B.Levi"): So-
bre La solucibn numérica de un problema de controf Gpitimo de una
difusidn bidimensional.

En este trabajo presentamos una aplicacidén de la metodologia pre-
sentada en [1] a un problema donde el estado del sistema es bidi-
mensional y en el que puede gobernarse simultidneamente el término
de difusién y el drift. E1 problema es solucionado numéricamente

introduciendo aproximaciones del espacio funcional Wl’w(Q) por me-
dio de elementos finitos y esquemas especiales de discretizacién
para las derivadas parciales de orden 1 y 2 que permiten verificar
un principio de midximo discreto (PMD).

Mostramos los resultados obtenidos para la funcidén de costo 6ptimo,
la estructura de las politicas (sub-Optimas) en realimentacidn y
(por simulacidén) la evolucidn del sistema bajo estas politicas.

[1] R.GONZALEZ and E.ROFMAN. Stochastic control problems. An al-
gorithm for the value function and the optimal policy. Acepta-
do para su presentacidn en 13th IFIP Conference on System Mo-
deling and Optimization. Tokio, Japan. Aug.3l - Sep.4, 1987.

GONZALEZ,R. y ROFMAN,E. (I.M."B.Levi'", UNR): Problemas de controt
estocdstico en tiempo continuo. Un algoritmo para su solucibn nu-
ménica.

En este trabajo se propone un procedimiento para el cdlculo numé-
rico de la funcién de costo 6ptimo v y de las posibles politicas &p
timas U de problemas de control estocdstico en tiempo continuo.

El fundamento del método propuesto es la caracterizacidén de v como
el ‘elemento mdximo del conjunto de subsoluciones de la ecuacidn de
Hamilton-Jacobi asociada al problema de control 6ptimo tratado. De
esta forma, el problema original es equivalente al problema auxi#
liar P: Hallar el elemento midximo de W.
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de un Principio de Maximo Discreto (PMD) para las ecuaciones dife-
renciales discretizadas. En nuestro trabajo usamos esquemas espe-
ciales para discretizar las derivadas parciales de primer y segundo
orden de las funciones en consideracidén. Estos esquemas verifican
un PMD, lo que permite demostrar que existe una Gnica solucidn vy
para cada problema P, y la convergencia de vy hacia v. Ademds el
PMD permite que v, pueda ser calculado usando un algoritmo de tipo
relajacidn, que incrementa las funciones w;, € Wy en los vértices

de la triangulacién utilizada, hasta que se alcanza la solucidn a-
proximada vy .

GRATTON,F.T. y GNAVI,G. (F.C.E.y N. - UBA): Flujfos Magnetohidrodi-
ndmicos con Simetrnfa de Translacibn.

Se da una reduccién de las ecuaciones de la magnetohidrodindmica
disipativa (i.e. incluyendo viscosidad y resistividad) para movi-
mientos incompresibles con una coordenada de traslacidén z ignorable.
E1l problema queda definido por cuatro funciones reales £, n, vy B
(flujo de masa, flujo magnético en el plano (x,y), componente z de
la velocidad y campo magnético, respectivamente) de dos variables

espaciales (x,y) € R y una temporal t € R, mediante las ecuaciones
(at - \)A)AE = - [S,AE] + [n,AT]] » (at_ \)mA)T] = [Eyn] ’
(3t - VA)V = [gavl - [TI,B] > (at - \)mA)B = [gyB] - [TI,V] ’

donde A es el operador Laplaciano y [ ] indica el conmutador o pa-
réntesis de Poisson, v y v, son constantes. Se encuentran solucio-
nes exactas de este sistema de ecuaciones no lineales en derivadas
parciales. En particular, se presentan soluciones que describen
procesos de conveccidén y difusidén, relevantes para el estudio de

la aniquilacidén de campos magnéticos en plasmas de la fisica espa-
cial.

LAURA,P.A.A., FILIPICH,C.P., GUTIERREZ,R.H., ERCOLI,L. CORTINEZ,
V.H., BAMBILL, D.V. y ROSSIT,C.A. (IMA - CONICET, UNS): EL Método de
Rayledigh Optimizado.

En 1870 Lord Rayleigh sugirié su ahora cldsico método para obtener
cotas superiores de autovalores. Dicha metodologia fue luego exten-
dida por Ritz para calcular autovalores superiores. Por otra parte
Rayleigh, y como nota al pie de pdgina de su famosa obra Theory of
Sound,previé la inclusidn de un pardmetro exponencial en las fun-
ciones coordenadas de modo de poder optimizar el autovalor en cues-
tidén. En este trabajo se presentan tanto el desarrollo de la va-
riante del Método de Rayleigh como aplicaciones a problemas de vi-
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braciones libres, estabilidad eldstica, etc. Los autores han amplia
do su aplicacidén a situaciones que no corresponden a valores pro-
pios como ser vibraciones forzadas, problemas de equilibrio, etc.

LOPEZ,M.C. y SCHIFINI,C.G. ( F.C.E.y N. - UBA): EL problema equi-
variante Lnvenso y La ecuacibn de KLein-Gordon.

Se considera una densidad escalar concomitante de un tensor métri-
co hasta orden 1 y de un escalar hasta orden 2 tal que dicha
densidad sea la expresién de Euler-Lagrange correspondiente a una
magnitud (no necesariamente densidad escalar) concomitante del ten
sor métrico hasta el orden 0 y del escalar hasta el orden 1. Se
prueba en ese caso que existe una densidad escalar equivalente a
la magnitud dada, o sea que tiene la misma expresidén de Euler-la-
grange. Esto muestra que para expresiones diferenciales del tipo
Klein-Gordon, el problema equivariante inverso se resuelve por la
afirmativa. Con esto, simples consideraciones fisicas muestran una
casi unicidad de la ecuacién de Klein-Gordon supuesto que se obtie-

ne a partir de principios variacionales.

MEDINA,M.A. y GONZALEZ,R.L.V. (PROMAR - CONICET - UNR, I.M."B.Le-
vi"): Aplicacibn del sistema MODULEF a problemas de optimizacibn
en tenmotrans fernencia.

Para regimenes térmicos estacionarios sin cambio de fase se consi-

deran los siguientes problemas de optimizacién de flujos:

1) Maximizar el flujo neto a través del dominio (determinacidn de
q, flujo 6ptimo) con la restriccién u(x) >0 v x € @, u(.) tem
peratura en el dominio.

2) Hallar A (mixima cota de la densidad de flujo que no permite
cambio de fase).
En otros términos, determinar A tal que v q(x) <A =u(x) >0
vV X € Q.

3) Dada una determinada forma de flujo q,, obtener u > 0 si q(x) =
=ug,(x) yu<u=u(x) =20 vy x€Q.

En este trabajo se muestra el cdlculo de q, F(q), A y u para algu-
nos ejemplos, mediante la utilizacidén del método de los elementos
finitos, a través del sistema MODULEF.

MILASZEWICZ,J.P. y MOLEDO,L.P. (F.C.E.y N. - UBA): AfLgo mds sobre
matnices no negativas.
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que el radio espectral de T, y en R™, no nulo y de coordenadas no
negativas, Ay en R™ tal que si y; = 0 entonces dy; = 0; llamamos x
y Ax a los vectores que satisfacen (sI - T)x =y y (sI - T)Ax = Ay.

Si suponemos que para cada componente totalmente conexa K del gra-
fo de T hay un nodo i en K tal que Ay; >0 (resp. Ay; <.0), vale
entonces (ij)/xj < max{O,max{(Axk)/xk: Ayk > 0}} para todo j,

1<j <n (resp. min{O,min{(Axk/xk: Ayk < 0}} < (ij)/xj, para todo

j, 1 <j <n).

NEUMAN,C.E. y COSTANZA,V. (INTEC - CONICET - UNL): Control &Gptimo
impulsional determinisita de un sistema de Lotka-Volterra en RZ.

Dado un sistema de control con estado y € @ C R2> o * Pplanteamos
el problema de
T N - .
(1) maximizar J(x,Z,T) = q(x-x,) + J £(y(s),s)e™ " %ds+ | (D*K(y(s;)-xy,2;))e €81
0 i=0

donde So = 0, existe N € Z20 tal que Sy T Ty y(so) =X >Xx, € 2 C

c R2>0. En cada instante sj € {si: 0 <i <N} el estado del siste-

ma es sometido a un cambio zj € {zi: z; € A C Rz 0 <i <N} vy,

<0’
para cada i(0 < i < N-1) el sistema evoluciona en el intervalo

[Si’si+1) seglin la ecuacién diferencial ordinaria con valores ini-

ciales
dyl(s)/ds = yl(s) (a-byl(s)-cy?(s))
2 2 1 2 S; <SS <s;4
] dy“(s}/ds = y“(s)(p-cy (s)-ay“(s))
(2,1i) 1 1 1
y (s;) =y (s;-)+z;

y2(s;) = y2(s;-)+z?

1

donde a,b,c,p y q son constantes reales positivas (obtenibles en
general mediante datos censales). Discretizamos el problema ((1),
(2,i)(0 <i <N-1)), luego definimos los funcionales discretizados

Ji’j(x,Zj,T) y sus funciones asociadas (con valores reales)

vi - sup{Ji’j(x,zj,T): Zj,T} y Vv = sup{Vi: 0 <1i}, y construimos
algoritmos para generar aproximaciones satisfactorias de V con el
objeto de obtener las funciones Z*j(x) y T*(x) tales que

vi - gbdx, 2t x), T ().

Este problema tipo se preseﬂta, por ejemplo, cuando se desea mane-
jar la evolucién de especies naturales que crecen en competencia.
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NORIEGA,R.J. y SCHIFINi,C.G. (F.C.E.y N. - UBA): Una {6rmula cons-
tructiva para £os escalares concomitantes de una métrica y un bi-
vecton.

Es sabido (Noriega,R.J.-Schifini,C.G.) Gen.Rel.Grav., vol.16,N°3,
293 (1984) que todo escalar concomitante de una métrica gip y de

un bivector Fij es una funcidén de T, = pii E ..y Té = Fid »p__| Es

] ij
sabido también que basta conocer los escalares analiticos. Como to
P i1 i, ih
to escalar analitico es una suma de trazas T, = F . F ...F
h i, iy i

entonces se pueden demostrar las férmulas de recurrencia

Ty T, = 8(Ty_, Ty + 2 T,) y

T . T, = -4(T

T; + T T, + 4 T,

h-2 h-2 "2 h

—_— i i i
donde T, = F' 1 ...Flh‘! *Fl? . Esto da un método constructivo pa-
h ¥ in i

ra escribir toda traza en funcidn de T,y T;} Se demuestra entonces

que Typ ;1 = Tppy =0 ¥V h €Ny que

1 1~ yh-1
Tan| 7272 &l2 T2
= YheN
T AT S T
2h 22 2 24 2 2

OVEJERO,R.G. (F.C.E. - UNSa): Filsica Geométrica.

En comunicacién presentada a la XXXVI Reunién Anual de la U.M.A.

se mostrd en base a un ejemplo concreto la conveniencia de introdu-
cir espacios proyectivos como soporte para la formulacién hamilto-
niana de la mecinica, dado que en ellos se respeta naturalmente su
estructura simpléctica.

Prosiguiendo en esa tesitura, en la presente se muestra que la exis-
tencia de una velocidad 1imite para el movimiento de una particula
y de una unidad natural para la accidén se siguen directamente de
las propiedades geométricas del espacio soporte determinadas por

la invariancia del diferencial de accién, proporcionando asi las
leyes bdsicas de las mecidnicas relativista y cudntica, englobédndo-
las de esta manera en una f(inica estructura 16gica con la mecdnica
clésica.

RUBIO SCOLA,H.E. (F.C.E.e I. - UNR): Integnracibn numérica de siste-
mas de ecuaciones diferenciales Lineales nigidos (stiff problLems)
basada en el uso de La funcibn signo matricial.
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Los problemas rigidos (stiff problems) estdn caracterizados por in-
volucrar fenémenos con escalas de tiempo muy diferentes entre si.
Las componentes del sistema que poseen un amortiguamiento muy répi-
do, tienen al cabo de un primer transitorio corto, una relacién al-
gebraica con las restantes variables. Si se intenta integrar numé-
ricamente el sistema de ecuaciones diferenciales con un método tra-
dicional serd necesario usar un paso de integracién muy pequefio
(del orden de la constante de tiempo mds rdpida del sistema). Para
lograr un método mis eficiente de solucién numérica es necesario
poder determinar la mencionada relacién algebraica y emplear un mé-
todo de integracidén con un paso de integracién del orden de la cons
tante de tiempo de evolucidn de las restantes variables independien
tes del sistema.

En este trabajo desarrollamos un método de integracién de proble-
mas rigidos basado en el empleo de la funcidén signo matricial. Se
aplica la funcién signo matricial al jacobiano del sistema (conve-
nientemente modificado) de forma de separar (localmente) el siste-
ma en dos partes, una de evolucidén rdpida y otra de evolucidén len-
ta. Esta descomposicidén permite determinar la relacién algebraica
arriba mencionada y aplicar un método standard de integracidn so-
bre las restantes variables (lentas). Mostramos en diferentes apli-
caciones la factibilidad y eficiencia del método propuesto.

RODRIGUEZ,R. (F.C.E. - UNLP) y BRUNINI,A. (F.A.y G. - UNLP,CONICET):
EL "descubrimiento" de Unrano.

Se presenta la experimentacién llevada a cabo para testear la efi-
cacia de esquemas numéricos, desarrollados por P.E.Zadunaisky y
uno de los autores, para la estimacién de perturbaciones que afec-
tan un sistema de ecuaciones diferenciales ordinarias de segundo
orden.

El problema elegido fue la localizaci6én de un objeto celeste masi-
vo desconocido, cuya existencia se presume, a partir de las pertur
baciones gravitatorias provocadas sobre otros objetos celestes. En parti-
cular se realizd una simulacién numérica que permitidé 'descubrir"
Urano a partir de las desviaciones '"observables'" de Saturno y Ja-
piter. La simulacién de las observaciones fue realizada, contami-
nando los datos exactos, con errores al azar con varianzas realis-
tas.

La determinacién de las coordenadas esféricas de Urano resultd de
una precisidén suficiente, como para permitir la localizacidén vi-
sual del planeta.



SﬁINADEL,V.W.de (F.C.E.y N. - UBA): Difeomorfismos y control Gpti-
mo.

El objetivo de este trabajo es mostrar cémo, mediante un difeomor-
fismo de estado, se puede resolver un problema de control dptimo,
obteniendo puntos de equilibrio de Nash de ciclo cerrado por medio
del Principio de Pontrjagin.

Se demuestra que para diferentes difeomorfismos, las diversas re-
presentaciones del mismo control y cada estrategia de control, dan
origen a la misma trayectoria de estado.

TORANZOS,F.A. y CASTAGNINO,H.E. (F.C.E.y N., F.M. - UBA): Modelo
geométrico-dindmico def aneurisma de ventrfculo.

El aneurisma de ventriculo es una de las lesiones mids frecuentes
de la forma crénica del mal de Chagas y secuela habitual de la car
diopatia isquémica. Consiste en un abultamiento regional del cora-
z6n producido por adelgazamiento de la pared del ventriculo izquie
do. En este trabajo se formula un modelo que describe las distin-
tas etapas que dan origen a dicha anomalia. E1 esquema parte de 1la
consideracién, a nivel celular e histolégico, de la fatiga compre-
sora que debe soportar una célula muscular cardiaca que pierde pa-
tolégicamente su contractibilidad por alteracidn fisicoquimica del
sarcémero, pero conserva su elasticidad. El1 resto del tejido, que
se contrae normalmente, produce un mecanismo de contagio y una fa-
1la estructural que se propaga longitudinalmente hasta cerrarse
sobre si misma, dando lugar a una zona aislada de la sefial contric
til circundante. Asi comienza la formacién aneurismdtica. Este mo-
delo dindmico-funcional se correlaciona adecuadamente con los Glti
mos hallazgos histolégicos, las "fibras onduladas" en los limites
del saco aneurismitico.

VILLA,L.T., QUIROGA,0.D. y MORALES,G. (INIQUI - CONICET, F.C.T. -
UNSa): AlLgunas consideraciones matemdticas en nreactores tubulares.

Se considera un problema de valores de contorno para un sistema a-
coplado no lineal de dos ecuaciones diferenciales ordinarias, como
un modelo estacionario de un reactor tubular ideal con temperatura
de pared constante. Se obtienen cotas para el perfil axil de tem-
peratura y condiciones necesarias y suficientes para la existencia
de un punto caliente.
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FERREYRA,E. (FAMAF - UNC): Desiguafdades con pesos en norma de Lo-
nentz para cdlerntos operadores integrales.

X
Dado el operador Kf(x) = J K(x,y)f(y) dy , generalizacién del ope-

rador de Hardy, se dan condiciones sobre las funciones de peso no ...
negativas v(x), w(x) y sobre el niicleo K(x,y) que aseguran que

K: L5285 ((-=,»),v(x)dx) — LPI((-=,=),w(x)dx)

es acotado para ciertos valores de r,s,p Y q.

HOFFMANN,R.E. (Universitdt Bremen, Repfiblica Federal de Alemania):
EL Limite de Hausdornff en La teorlfa de Los nreticulados continuos.

Para una red (xj) en un reticulado completo L,

jed
sup{inf{xk|j <k €J}|j €J} es el l¢fmite inferior "lim inf" vy
sup{inf{xk|k € A} |A € J, A es confinal en J} es el quasi-lfmite
superior, q-lim sup. E1 1<Zmite de Hausdorff x de (Xj)jeJ existe sii

x = lim inf (xj)jeJ = q-lim sup (xj)jeJ' Esas nociones se extienden

a filtros de una manera natural.

Un reticulado completo L es continuo sii L satisface el axioma (MC)
("meet-continuity", x A VD= V{xa d|d € D} para cada x € L y cada
subconjunto dirigido D de L) y el limite de Hausdorff es inducido
por una topologia; L es quasi-continuo (o un reticulado continuo
generalizado) sii la modificacidén pseudo-topolégica del 1limite de
Hausdorff (en el sentido de G.Choquet) es inducido por una topolo-
gia (es decir, en esa topologia los ultrafiltros son convergen-
tes exactamente a su limite de Hausdorff); L es hiper-continuo sii
lim inf = g-1lim inf para cada red; L es completamente distributivo
ssi L es distributivo y para cada red, lim inf = gq-1lim inf vy

lim sup = q-1im sup. Ademds, el limite de Hausdorff en el reticula-
do 0(X) de los subconjuntos abiertos de un espacio topolégico X es
una "pre-topologia'" (= una convergencia abstracta + tal que, para
cada familia (Fi)iel de filtros sobre X, Fi + x.€ X para cada

ie€elI#@ implica que iQI Fi + Xx) sii es una topologia sii 0(X) es

un reticulado continuo.



114

COMENTARIOS BIBLIOGRAFICOS

The fascination of statistics, edited by Richard J. Brooks, Gregory
Arnold, Thomas H. Hassard and Robert M. Pringle, Marcel Dekker, Inc
New York and Basel, 1986.

This book is specially designed for students of statistics and prac-
titioners in statistics. Researchers in applied sciences will find so-
me of the most common techniques in statistics clearly exhibited
with applications in different fields of science. These examples

are also useful for teachers in statistics, they will find a range
of examples on which to draw.

The contributors to this book are not all statisticians but they

clearly deal with statistics in their professional activities. Each
of them write on an aspect of statistics in a readable fashion which
allows nonexperts to understand the aim of the technique described.

The volume is divided in seven sections. Each section has an overall
introduction and presents some papers on the subject presented.

The first one deals with the notion of probability and conditional
probabilities introducing descriptive statistical methods to esti-
mate a probability, as the histogram and the normal approximation.

The second one treats the problem of condensing and recovering the
information given by the data, specially in high dimensions, by
techniques like classification, pattern recognition, cluster analy-
sis, multidimensional scaling and factor analysis.

The third one concerns testing hypothesis and treats the problem of
sequencial analysis.

Section 4 studies the estimation problem and presents the models as-
sumed in each example.

In section 5 the problem of experimental design is discussed.

In section 6, statistical methods are applied to different situa-
tions in order to predict some future events.

The last group of chapters concerns the theme of statistical model-
ling which completes section 6 in the sense that once a model has
been chosen and tested, it can be used for predicting.

The papers of this volume survey various aspects of statistics in a
well presented fashion and with interesting applications in diffe-
rent fields ot science.

Graciela Boente

4
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