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T is in general non compatible with the vector space structure, it has the remark­
able advantage of a simpler descriptionj for instance it is easy to characterize the 
T -closed sets. 
In each case we derive sorne properties of these topologiesj ion particular we prove 
that V = L(theorem 5.1 below), and also that g = V (in a mOl;e general setting, as 
theorem 4.1 shows)j next, we shall be interested to find condiOtions that guaran,tee 

fI 
the remaindei- equality T = g of topologies. Since it is clear that this equality is 
equivalcnt to the assertioll tlmt. T is compatible with the group structure, it turns 
out that this.qucstion involvcs the continuity of the sum map E x E -:-+ E and a 
full discussion of the conditions that relate in general the product topol�gy T xT 
in E x E with the inductive limit Ol the sequence En X En. This can be done, for 
instance, when all the maps En -:-+ En+l are compact mappings (theorem2.9 and 
its consequence 5.2 part b) in the locally convex setting), a condition fulfilled in 
the quoted concrete applications. 

1. PRELIMIN ARIES 

We start with an órdered set lj a direded or inductive system X == (Xi,Jij) over 
l is a family Xi of objects of a category e, together with maps f¡j oí e, defined 
for i :$ j, and such that: 

(L1) Jik = Jik o Jij, when i :$ j :$ k, and 
(L2) f¡¡ = identity of Xi, for each i E l. 

A morphism �: X.= (Xi,Jij) � (1';,gjj) = y is a. collection oí e-morphisma 
Uj: Xi -:-+ 1'; such th�t Uj o ¡jj = gij o U¡ for all i":$ j in lj the directed systems 
over l of objects and morphisms of e, together with this notion of morphisms 
conform a new category denoted by Dir(e, l) . . The directed or inductive limito 
L(X) of a directed system X = (X¡,Jij) is an object X of e, and a family of-C­
mOl"phisms Ji: Xi -:-+ X, such that Ji o f¡j = Ji holds for each i :$ j, and süch that 
fOl" any object Y of e and any family of e-morphisms U¡: Xi -:-+ Y which verifies 
Uj o J¡j = Ui for every i :$ j, there eOxists a unique morphism U: X -:-+ Y such that 
u o Ji = U¡ for aH i E l. 

o Clearly this X is unique, up to e-isomorphismsj however tht': existence oí directed 
limit íor objects oí Dir(C, l) depends on sorne particular properties oí e' and l. 
We say that C admits directed limits over l when every object oí Dir(e, l) has 
directed limito This fact can be stated as foHows: there is an obvious inclusion 
functor e = el: C -:-+ Dir(e, l), defined by the rulee(A) = (A, identity oí A), anO. 
eU)¡ = J for J: X -t Y. Then the previous defi�ition can be formulated as o 

e - HOln(L(X), Y) = Dir(e, l) - Hom(X, eeY)) 
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for every pair of objeets X and Y. 
Hence e admits direeted limits over J if and only if � has L as a left adjoint funetor; 
this is the so caUed "universal property" of the direet limit funetor. 

Remarks 

1.1. The notation L(X) = limX¡ is usual. 
--t 

102. Assume that J has a greatest element, say w. Then for every objeet X we 
have lim X¡ = Xw, together with the morphisms fi = fiw, for i E J. 

--t 
1.3. When J is discrete, that is i = j {=? i � j, the direeted limit is called "direet 
sum", with the traditional notation L(X) =¿iE¡ Xi. We say that e admits direet 
sums over a set J when there exists the direet limit funetor Dir(e, J(discrete» -t e. 

From now on we as sume familiarity with the standard formal facts about inductive 
limits in categories (see [6] for instance); we only state here the following faets to 
be used sistematically in the sequel: suppose F: e ---t e' is a covariant funetor; if 
we denote by F¡ the obvious extensión of F as a funetor Dir(e,I) ---t Dir(e' ,1), 
then we have-

Lemma 1.4. Jf both e, e' admít ínductíve límit3 over J, then there exí3t3 a natural 

morphí3m lim F(X¡) -t F(lim Xi) for all X. Jf F hQ,3 a ríght adjoínt, then thí3 
, --t  --t 

morphism i3 a natural isomorphim. 

Proof, The first assertion is obvious; for the second one we consider the right 
adjoint G"of F, and observe that G¡  is a right adjoint of F¡. Then 

e' -' Hom(L'(F¡(X», y') = Dir(e',1) - Hom(F¡(X), �(Y'» 

= Dir(e , J) - Hom(X, �(G(Y'» 

= e - Hom(L(X), G(Y'» 

= e - Hom(F(L(X», y') 

holds for every pair of objectsX and y' . .  Hence L' o F¡ = F o L, as desired D 

Example 1.5. a) In the category of sets the inductive limit of any direeted system 
X = (Xi,Jij) can be obtained by a  standard process (see [2]). 

b) If A is a commutative ring with identity 1, and A denotes the category of A­

modules and homomorphisms, we can construet the induetive limit of any objeet 
lE = (Ei, fij) in Dir( A, 1) as follows: first we construet the direet sum E9 iE¡ E¡ = 

S(lE) as the submodule of the product module I1iE¡ E¡ which consists of all families 
x = (X¡)¡El such that supp(x) = {i E J : Xi =1= O} is finite, together with the 
monomorphisms hi: E¡ -t S(lE) defined by (h¡(x)h = x ifi = k, and O otherwise. 
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Now, for i::; j we set d¡j: E¡ ---tS(E) as d¡j(x) =h¡(x)-hj(f¡j(x)); let N¡j be the 
image of dij ,  and let N be the submodule generated by a11 the Nij with i ::; j in 
J. Finally the quotient module q: S(IE) ---t E = S(IE)jN and the homOlllorphisms 
Ji = q o hi : Ei ---t E give the inductive limit of lE. Note that E is geJ.].erated by the 
sub modules Ji (Ei), so that E = UiEl Ji (E¡) when J is a directed seto This shows 
also that the set E coincides with the il1ductive limit of the inductive systcm X of 
sets, when J is clirccted. 

2. INDUCTIVE LIMITS OF TOPOLOGICAL SPACES 

We cOllsider here inductive limits in the category T of topological spaces 3.nd 
continuous maps. Let X = (Xi, Jij )  be a directed system in T and let X be its 
inductive limit in the category of sets. We obtain the inductive limit of X in T if 
the finest topology for which a11 the maps Ji: Xi ---t X are continuous is given to 
X (the so-ca11ed final topology on X for the family f¡). 
In particular, if J is discrete, then we obtain the "topological sum", that is the set 
¿iEl Xi with the obvious topology: a set U is open {:> U n Xi is open in Xi for 
every i E J .  

It is clear from the definitions that the topology of X is also the quotient topology 
of this topological sum via the canonical map p: ¿iEl Xi ---t X, since A e :x is 
open (closed) {:> Ji- l (A) is open (closed) in Xi for every i E J. 

Lcmma 2.l. Let (Ui) : X � Y be a rnap of inductive systerns of topological spaces, 

and suppose each rnap u¡: Xi ---t Y¡ is a quotient rnap. Then the induced rnap 

U: �Xi ---t � Y¡ is also a quotient rnap (here "A ---t B is a q�otient" rneans 

that B has the finest topology which rnakes the rnap continuous). 

Proof. This fo11ows from the definition of the open sets in the inductive limit O 
Now suppose X is the limit of an inductive system X = (Xi, Jij) of topological 
spaces and continuous maps, together with the maps Ji: Xi ---t X (i E I). If A 
is a subspace of X,  then we have an inductive subsystem A = (Ai, JijIAi), where 
Ai = fi- l (A). Hence the identity map �Ai ---t A is a bijective continuous mapi 
in other words, the induced topology of A is surely weaker than the limit topology 
derived from A. We note that irÍ general these two topologies in A are distinct. 
However: 

Lemma 2.2. Jn the previous situation, assurne that A is locally closed in X. Then 

lim Ai = A as topological spaces. ---+ -

ProoJ. This is very easy -if A is open, or if A is closed. The general case follows 
from this since a locallY closed set is closed in an open set O 
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These kind of complications mean that the analogous of 2.1 is false when we replace 
"quotient" by "subspace"j in fact, if X is any T2 (Hausdorff) space and we consider 
the directed system of the finite subspaces F of X, then limP = (X,discrete). 

--t 
On the other hand, now suppose for each i E I we have a subspace Si, in such 
a way that f¡j(S¡) e Sj when i � j in I, and éonsider the inductive system 

§= (Si,J¡jIS¡). 

Lemma 2.3. In the previous situation ,  assurne that J í s  a directed set and that 

all S¡ are open. Then the subspace S = UEl f¡(S¡) oi X ís open and ít identifies 

with thetopological space lim Si. 
--t 

Proof. Firsl. note that A¡ = Uj�¡ f¡-/(Sj) is open in Xi, S¡ e Ai if i E I, and that 
f¡I/(Ak) = A¡ for i � k in 1. Hence S = U¡E1f¡(A¡) and f¡-l(S) = A¡ for each 

. i E J and the remainder follows from 2.2 O 

Corollary 2.4. II I í s  a directcd set, and �: X � 1{ is a rnorphisrn in T such 

that al l the rnaps U¡: Xi � JI; are open, then the rnap u: lim X � lim 1{ ís also 
--t --t 

open. 

Remark 2.5. By the construction aboye we can define a basis for the neighbor­
hood system of a point a E X when l is directed, as follows: pick an i E J and a 

point a¡ E X¡ such that f¡(a¡) = a. Then for anyj 2': i we sct aj = fij(a¡), and 
select for each j 2': i an open set Uj e Xj in a basis of the neighborhood system 
oí aj, such that fjk(Uj) e Uk when i � j � k, and finally set U = Uj�¡ fJ(Uj). 
Then U i!:i a neighborhood of a, and any neighborhood of a in X contains a set of 
this kind. 

The difficulti<h encountering when questions of subspaces appear in inductive limo. 
its occur also 'wh�n we consider cartesian products. In fact, suppose X and 1{ are 
inductive systems of topological spuces, and sct X = lim X" Y = l¡m Yj. Then we --+ --t 
have another inductive systcm X x 1{, and hence a natura1.contiÍmous bijection 

induc
.
ed by the obvious map of Li j(X¡ x Yj) onto (L¡ Xi) x (Lj Yj), which is 

compatible with the equivalence telations in both spaces. 
In the sequel we analyze this map under suitable·conditions. 

. . 
. Theorem 2.6. JI Y is a locally cornpact space, then for any inductí1Je systern X 
of topological spaces the natural map 

lim(X¡ x Y) � (limX¡) x Y 
--t --t 
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is a homeomorphism. 

Proof. A di red argument is possible, but we prefer a more structural one, following 
the ideas of lemma 1.4: let F: T � T be thé functor given by F(X) = X x Y 
OH spaces and F(u)· = u x idy OH mups. Now F has a lcft adjoint funetor, 
which assocÍates to each space Z the space Ce(Y, Z) of continuous maps with the 
compact-open topology (see [1]) D 

I 

It should be noted that any attempt to develop further results of this type require 
sorne assumptions on the spaces Xi 01' else on the maps fij involved. In this sense, 
a very useful notion is the following: 

Deftnition 2.7. A continuous rnap f: X � Y bctwccn T2 (or Ifausdorjj) S]JaCC8 
is compact if for every x E X there exists a basis B( x) of neighborhoods of x such 

that f(U) has compact closure for every U E B(x). 

Remarks 2.8. a) If f is a compact mapping, K e X is compact, and n is a 
neighborhood of K, then there exists a neighborhood V of K such that K e Ven 

and f(V)- is compact in Y. 

Proof. We have an open covering Vx (x E K) such that Vx e n and f(Vx)- is 

compact for each x E K. Then we have a finite subcovering Vi (i = 1, ... ,n) and 

V = U��1 Vi sol ves the problem. 

b) If Ui: Xi -t Yi (i = 1,2) are compact mappings and J(i � Xi are compact sets, 
then for any neighborhood n of J(1 x J(2 in Yl X Y2 there exist neighborhoods VI 

of J(l, V2 of K2 such that J(1 x K2 C VI X V2 e n, and also each ui(Vi)� (i = 1,2) 

is compacto 

Proof. Since each Ki (i = 1,2) is compact, wc have open sets Ui (i = 1,2) such 
that K1 x K2 e U1 x U2 en. Then a) gives the desired Vi e Ui for i = 1,2. 
Theorem 2.9.' Let (X;, fij), (Yi, g ij) be inductive systerns of T2 topolagical spac'?s, 

and assume that 

. (1) 1 is a denumerable direCted set,
. 
and 

(2) All maps !ij, gij are campact mappings. 

Thenthe natural cantinuous bijection 

is a homeamorphism. 

Proaf. Since any countable directed set has a cofinal sequence, we can assume 
without 10ss of generality that 1.= N. Let a E X = limXn, bEY = limYn and . --t . --t 



lel. W be a neighborhood of (a, b) in �(Xn X Yn); we must show that there exists 
a I lcighbol'hood U (resp. V) of a (resp. b) such that U X V e W. 
Now we can assume that a E fo(Xo), b E go(Yo), hence Un X g,,)-l(W) = Wn 
is (lpen in X" X Y;t for each n. In particular (ao,bo). E Wo, where fo (ao ) = a, 
gu(bu) = b; then we have an open neighborhood Uo (resp. Vo) of ao (resp. bo) such 
tlmt Uo X Vo e Wo, and fOl(UO) X gOl(VO) e W1 is compact in Xl X Y1• 
If W(' assumc that there are open neighbol'hoods Ui, Vi of ¡Oi(ao), gOi(bo), defined 
fol' O ::; i ::; n in such form that 

(In) U¡ X Vi e W¡ (O :s i :s n ) , 

(2n) f¡j(Ui) e Uj, rJij(V;) e Vj (O :s i :s j :s n), 
(3n) fn,n+l(Un) X gn,n+l(Vn) e Wn+1 is compact in Xn+1 X Yn+l. 

By using 2.8 we can define U n+ l , Vn+1 in such a way that ln+l, 2n+l, 3n+1 hold. 
Finally we set 

00 
TT I I r ITT ) V = U J¡�V¡ , 

i=O 
in order to complete the proof (see 2.5) 

v = U rJ¡(V;) ¡=o 
o 

Corollary 2.10. Let X = (Xn,fnm) be a direcied system over N of H ausdo rjf 

i opological spaces, such that ever y fn,n+l is a compa ci map ping. 1f we denote by 
Rnm the equi v,o,lence relatíon 

(x, y) E Rnm � fnm(x) = fnm(Y) 

well defined f or n ::; m, then the following as sertions are eqtL ivaleni: 

(í) X = limX¡ is H ausdo rjf, 
� (ii) U:=" R"", i.� clo.'�ul in X" X X" for cnf.h n 2:: o. 

In pU1:tic'lJ,lar, lim X" ís JI u1Lsdorjj if ull the ml/.]Js f .. ,7I+l are injeciive. 
--t 

Pro of. According with 2.8 the diagonal b. e X x X is closed if and only if itis 
closed as a su bspace of lime Xn X X n), and this occurs if and only if (f n X f n) -1 (�) 

--t 
is closed in Xn X Xn for each n 2:: O. Now observe that this set coincides with 

U::'=nRnm O 

3 .  INDUCTIVE LIMITS OF TOPOLOGICAL ABELIAN GROUPS 

Here we consider the category. TAG of abelian topological groups, with morphisms 
the continuous homomorphisms of groups. As we have seen in 1.10, with A = Z, 
if (Gi, f¡j) is an inductive system in TAG, then we can form the abclian group 
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G = lim Gi and consider in G the finest topology compatible with the group 
� structure that makes cOlltillUOUS a11 the hOlllolllorpltisms ji: G¡ -+ G. This shows 

that the category TAG has inductive limits over any ordered set J. 
Alternatively we can form first the "TAG-direct sum" S = EBiEI Gi, that is, the 

algebraic direct sum of 1.11 with the finest topology compatible with the group 
structure which makes a11 the homomorphisms h¡: G¡ -+ S continuous. Secondly, 

recaHing that. the quotient topology is compatible with the group structure, we see 

that the quotient topological group S/N coincides with the inductive li�nit G. 

Remarks 
3.1. From general considerations it fo11ows that if (Gi, f¡j) is an inductive system 
in TAG, and for each i E l we have a subgroup H¡ e G¡ such that f¡j (Hi) e Hj 

when i � j in l, then the homomorphisms Pi: Gi -+ Gil Hi induce a quotient 

homomorphism p: lim G¡ -+ lim G;j H¡j the kernel of pis the -algebraic- subgroup 
. � � 

limH; of limG¡. 
� � 
We note that, in geIleral the topology of this subgroup is weaker than the topology 
of � Hi in TAG (see 5.2 c». 
3.2. If (Gi,jij), (H¡,g¡j) are inductive systems in TAG, then we have a natural 

isomorphism lim(G¡ x H¡) � (lim Gi) x (lim Hi)j this is c1ear, since in the category 
� . � � 

TAG the finite sums and finite products coincide. 
3.3. If (G¡, jij) is an inductive system of abelian topological groups, the topol­
ogy of the topological group G = lim G¡ can be defined by a set of invariant 

� 
seudometrics: the set of aH translation invariant seudometrics d in G such that 
x I--t d(x,O) = Nd(X) is continuous in O. Equivalently, the set of aH invariant 

seudometrics d in G such that Nd o j¡: G¡ -+ R. is continuous in O for each i E 1. 
3.4. If (G¡)¡EI is a family"'pf topological abclian groups, then their direct sum G in 
TAG is sirnply the a.lgebraic dire�t sum, with thefinest compatible topology such 
that a11 inc1usion maps G¡ -+ G are continuous. Clearly G is also theiIiductive 
limit TAG-� SF, where SF = EBkEF Gk for every finite set F e l. 

Now we can also consider the algebraic direct surn as a subgl'oup (with the induced 
topology T) of the topological abelian grollp P, the cartesian pl'oduct of the family 
G¡ with the so ca11ed "box-topology", a neighborhood basis of O in Pis the family 
of all products 1tE[ U¡ ([4]), where U¡ is a neighborhood of O in G¡ fol' each i E l. 

In general this topology T is weaker than the topology of the TAG-direct sumo 
Nevel'theless we have: 

Proposition 3.5. lj l is a denumerable direct set, the'f!- the topology T induced 

by the box-topology in the algebraic direct sum S is equal to the direct sum topology 

in TAG. 
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Proof. Again we can restrict ourselves to the case I = N, and of course it suf­
fices to show that every O-neighborhood U in the direct sum topology G is a 

O-neighborhood in T. There exists a sequence Un (n � O) of O-neighborhoods in 
the direct sum topology such tlmt Uo = U amI Un+1 + U,,+l e U" for each 11 � O. 
Now let 5n = TI7=1 G¡ (n � 1), and also let in: 5n -t G be the obvious map 
for each n � 1. Clearly aH in are continuous, hence for each n > O there exist 
O-neighborhoods 1I;n (1 ::; i ::; n ) in G¡ such that VI" x ... x V: e i;;-l (U,,). If we 
set V = 5 nn�l Vl, then clearly we have V e U, since U1 + ... + Um e U for. 
every m> O O 

Now let (Gi, jij) be an inductivc systcm of abdian topological groups, and let G 
be the topological group lim G¡ j we denote by G' the inductive limit of the groups 

--+ 
Gi as topological spaces. Clearly the identity map G' -t G is continuous, since 
this means that the finest group topology defined by the jij is weaker than the 
finest topology defined by the same maps. 
Note that in G' the maps x I-t. -x and x I-t x + a (a E G') are both continu­
ous. However G' is not a topological group; in general, more precisely: G' is a 

topological group {:> these two topologies are the same. 

Theorem 3.6;· Let (G¡, jij) be an inductive system of topological abelia.,(,groups, 

and assume that 

(1) I is a denumerable directed set, and 

(2) The homomorphims jij are compact mappings. 

Then G' is a topological g1'OUP, and G = G'. 

Proof. This follows from theorem 2.9, since under these hypothesis the continuity 
of the sum map G' x G' -) G,. (x, y) I-t X + Y is a con sequen ce of the conLinuity of 
a11 the SUlll rnaps Gi X G¡ -t G¡ O 

Renlark 3.7. With minor modifications aH the previous considerations are also 
true for general, non necessarily commutative, topological groups. 

4. INDUCTIVE LIMITS OF TOPOLOGICAL VECTOR SPACES 

We denote by TVSk the category of topological vector spaces over a valuated non 
discrete field k, with continuous liriear maps as morphismsj for E, F topological 
vector spaces over k, we denote by Lk (E, F) the vector space of a11 continuous 
linear maps u: E -t F. 
'The category TVSk has inductive limits over any ordered set Ij for (Ei,!ij) an 
inductive systcm in TVSk, we can form first as in 1.5 b) the algebraic limit E 
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of the vector spaces and then we consider in E the finest topology of topological 
vector space which makes contintlous an the linear Iúaps f;: Ei -) E. It is easy to 
see that this topology can be described by thé set of all quasi-norms q in E such 
that q o J; is continuous for each i E 1 ([8]). 
We precede the proof of the following result by a f o rmal a rgumentation . First, we 
define a funetor v: TAG -) TVSk by the rule v(G) = TAGfI- Ho m(Dk, G), where 
O denotes the forgetful funetor TVSk -) TAG; here v(G) is a k-vec to r space when 
we define (ah)(x) = h(ax) for a E k, x E k, h E v(G). The topol o gy of v(G) has 
the sets lv( E, U) as a basis of neighborhoods of O, where W( E, U) is the set o f  all 
hE v(G) such that h(l:!..) e U; here we set l:!.. = {>' E k : 1>'1 < E}. This topology 
is compatible with the vector space strueture, since: 

(i) W(E, U) + W(E, U) e W(E, U + U), 
(ii) W(E, U1 n U2) e W(E,Ut) n W(E, U2), 

(iii) W( E, U) is balanced (01' "equilibrée"), 

( i v) W( E, U) is absorbing; 

in fud, the continuity of h E v( G) implies that fo r a given neighborhood U of O 

in G, there exits 1 > O such that h( l:!.r) e U. Since k is no n disc rete we can take 
a E k, a i= O such that la lE < " hence l:!.th E W(E, U) if 0 <  t < lal. 

Of course we define v(u) for a homomorphism u: G1 -) G2 by the rule v(u)(h) = 

u o h, for every h E v(G1). 
Note that the natural transformation in the TAG category 

fG: D(v(G)) -)·G 

is well defined by f G(h) = h(l), for every h E G. Glearly Ker f G is a closed 
subgroup of v(G), and if S is a subspace of v(G), then S e Ker fG implies S = O. 

Note also the natural transformation in the TVSk category 

j E: E -) v(D(E)) 

defined by the rule jE(X)(>.) = >.x (x E E, /\ E k). 

Nowv is a right adjoint of D. In faet we can define two natural group homomo r­

phisms 

f: TAG - Hom(D(E),G) -) Lk(E,v(G)), 

g : Lk(E,v(G)) -) TAG - Hom(D(E),G), 
according with the following formulas: 

g(u)(x) = u(x)(l) = fG o u(x) (x E E). 
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Clearly 9 o f is the identity, and it is easy to see that f o 9 is injective (since 
f(g( u)) = O implics that u (E) is a subspacc of Kcr ra). Hellce f, 9 are reciprocal 
isomorphisms. 

Theorem 4.1. Let (Ei, f¡j) be an ináuctive system of topological k -vector spaces 

and continuous linear maps. Then TA G�limDEi = TVSk -limEi, in other words --? --? 
in the algebraic inductive limit E, the jinest topology compatible with the group 

structure which makes continuous all the fi is also compatible with the k-vector 

space structure. 

Proof. It is a consequcnce of the preceeding construction' and lemma 1.4 O 

Remarks 

4.2. A direct and more elementary method of proving 4.1 is to show -in a previous 
lemma- that the halanccd hull V of a neighborhood of Q in the topological groúp 
Eo = TAG- �Ei is also a neighhorhood of O, since the maps>. -+ Ax, x -+,Ax are 
continuous in this topology. After this lemma, it follows that Eo is a topological 
k-vector space, hence the result 4.1. 

4.3. When k is a locally compact field, 4.1 is a direct consequence of '2.6, which 
i:'J.plies the automatic con.tinuity of the map k x Eo -+ Eo; 
4.4. For (Ei)iE/ an arbitrary family of topological vector spaces, the box-topology 
in I1iE! Ei in general is not compatible with the vector space structure (the sets 

I1iE! U¡ fails to he absorbent) j but it is easy to see that the restriction B of this 
topology to the algebraic direct sum S makes this subspace a topological vector 
spacej in general (S,B) is weaker than the TVSk-direct sum topology. But when ' 

J is a denumerable directed set it follows from 3.5 ancl4.
'
1 that (S, 8) is the clirect 

ImlIl in the TVSk -category. 

5.' INDUCTIVE LIMITS OF LOCALLY CONVEX TOPOLOGICAL VECTOR 
SPACES 

Here k = IR. or e, and we look the category LCS of locally conVex topological 
vector spaces as a full subcategory of TVSk. For (Ei,fij) an inductive system 
in LCS, we consicler in the algebraic incluctive limit EL the finest locally convex 
topology which makes continuous all those maps fi j this construction shows that 
LCS has incluctive limits over any order!':!d seto 

A basis of O-neighborhoods in the inductive limit E can be found by taking the 
convex hull of the sets UiEI U¡, where each U¡ is an absolutely convex neighborhood 
of O in E¡ for each i E J. 
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Alternatively we can describe the topology of the inductive limit as the topology 
defined by aH the seminorms p in EL, such that p o f¡: E¡ -t IR is continuous for 
each i E J. 
For instante, in any real ot complex vector space V we can éonsider the topology of 

�E¡, where the E;'s run over all the finite dimensional subspaces of V (provided 
with the unique compatible Hausdorff topology)j this topology is the finest locally 
convex topology in V, aRd it is defined by all seminorms in V. In special, the 
LCS-direct sum C(1) equals � CF (here F denotes aH finite subsets of I), and it 
is defined by all seminorms p: C( 1) -t R.. 
For (Ei, f¡j) é111 illduetivc systcm iu LCS, in gcucra.l thc idcntity map TVSk -

lim E¡ -4 LCS -lim Ei is only continuousj the two topologies in the.algebraic limit --t --t 
EL are in general different. The best result in this direction is the'following:' 

TheoreU15.1. Jn the previous situatiQn, assume that J is a denumerable directed 

seto Then the two topologies in EL are equal; in ot�er words the inductive limit is 

the same in TVSk and in LGS. ' 

Proof. Again we can restrict ourselves' to the case J = N, and we must prove 
under this hypothesis that TVSk -� E¡ is locaHy c�nvex. We give' the steps of 

the proof: 
. 

a) First case: here we assume 'that the order of J is discrete, in other words we 
must prove that the TVSk-direct sum lE is locally convexo But this follows quickly 
from 4.4 since the sets E n Il;EI u¡ ate convex when aH the U¡ are convexo 

b) General case: Note that L = TVSk -limE¡ can be identify with E/N, where --t , N is the kernel of the natural map (X¡)iEI 1--+ ¿¡El J¡(X¡), and J¡: E¡ -t L are the 
callonicakIlaps. Since thc quoticnt of a locally convex space is also locally cgnvex 
the gcneral case ,follows from a) aboye O 

Remarks 5.2. a) Let En (n. � O) be a sequence of locá.lly convex spaces, and 
let Un: En -t En+! (n � O) be a continuous linear map. We obtain an inductive 
system lE, by setting Unm = Um-l o . . .  o Un for n � m. lf E denotes the algebraic 
inductive limit, with the 'maps Jn: En -t E, then 4.1 and 5.1 show that the three 
limit topologies (defined when we consider lE alternatively in the categories TAG, 
TVSk or LCS) are the same. 

b) lf we assume that all maps Un are compact, then 3.,6 implies that these topologies . . , . 
are also equal to the topology of T - limEn ' In partic.ular a setA e E is dosed 

--t . . 

<=> J;;l(A) is dosed for every n � O. This is a very streng-form of theorem 6 of 
[5]. 
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c) In the situation of b) , if S e E is a closed vector subspace, and we consider 
. f.hc imlndivc ::;y::;tcUl defillcd hy lllc Hub::;pa.ccs ¡,-;I (S) = S"' tllCll lClllllHt 2.2 amI 
the previous remarl< imply that the topology of LCS-lim 5n coincides with the ---+ . 
induced topology of S. This fact is in general false, even in the case of strict 
inductive limits, if we drop some hypothesis about the maps Un (see [7] for an 
example) . 

Remark 5.3. In especial, in the vector space � (N) (01' in C(N» the topology 
defined by saying that a set A is closed (resp. open) when A n V is closed (resp. 
open) for each finite dimensional subspace V is a locally convex topology. This 
fact fails when the algcbraic dimcnsion is not countablc (scc bclow) . 

6. SOME EXAMPLES 

6.1. Thcorcm 5.1 is in gCllcral falsc WhCll 1 is a llOll-dcllumcra.blc sct . . For instancc, 
if 1 is non-denumerable , then we can consider in E.= lR (í) the two topologies TI, T 2 
defined as the inductive limit over the finite dimensional subspaces in the category 

. TVS and LCS respectively. Then TI is defined by a11 the invariant seudometrics 
continuous on finite dimensional subspaces (or else by a11 the quasi-norms in E, . 
[8]), and T2 is defined by a11 the seminorms in E; they define the direct sum of 
1 -copies of the scalar fie1d in the two categories and we can see· that they are 
different topologies. In fact, TI is pot locally convexo 

Proof. Let q(x) = ¿iEl !x; ll/2,a cor:tinuous invariant metric in E; then the set 
{x E E : q(x) :::.; l} is not a O-neighborhood in T2• On the contrary, if p is a 
seminorm in E with q :::.; p, then we must have 1 :::.; p(Ci) fOl' each vector Ci of the 
canonical basis of E. Also for soine n the set G = {i E l: n :::.; p(Ci) :::.; n + 1} is 
infinitc, let no be the first n for which this fact is true. Hencc for every finite set 
Fe G the vector XF = ¿iEP (n1F ) Ci, where np = cal'd F;  gives q(:CF) = v:nF:::'; 
p(XF) :::.; n�!l 01' n�,(2 :::.; no + 1 for �very finite F e G, which is clearly absurdo 

6.2. The fo11owing example shows that the considerations of 5.2 are false if we 
. drop sorne hypothesis about the maps of an inductive system. 
Let in: �n -+ �n+I, in(>'!, ... ,>'n) = (>'l, ... ,>'n,O) be t�e canonical inclusion 
and let En = f l X � n. N ow we have a denumerable direct system of Banach 
spaces defined by the maps id X in: En -+ En+l' AIgebraically the limit space is 
E = f l X � (N) , and 5.2 implies the equality of all limit "topologies in � (N) ; hence the 
identity map lim(fl X �n) -+ f1 X �(N) is an isomorphism in the categories TAG, ---+ . 
TVS and LCS. We sha11 see that this fact is false for the category T; in fact we 
construct a map u :  E -+ eco continuous in lim En and discontinuous in el X � (N) • 

---+ 
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For this, let F: .el � IR be the continuous rnap defined by F(x) = IIxlloo when 
IIxlloo + IIxlll ;:>: '1, and F(x) = 1 - IIxlll when IIxlloo + .lIxllt ::; 1j then for every 
positive a in IR set Fa(x) = aF(a-lx), and finally for each n ;:>: 1, let fn � FI/n. 
Note that inf{fn(x) : IIxlh = l/n} = O, since inf{F(x) : IIxlll '= 1} = O.  

Now define u as u(x, A) = (An/ fn(X))n'?,l, which is clearly continuous on' � En, 

but U = {(X, A): lIu(x, A) 1100 ::; 1} is �ot a O-neighborhood in.el x IR(!\Oj suppose 
the contrary, then for sorne serninorrn p in IR (N) and sorne positive r we rnust have: 
fn(x) ;:>: An for every n, w�en IIxllt +p(A) ::; r. But this is absurd, since we can talce 
k E N such that l/k::; 1/2r and then select sorne positive a such that the vector 
b E  IR(N) given by b � L:�=l aei verifies p(b) ::; 1/2r. This in turn rneans that for 
every x E .el such that IIxlll = l/k we rnust have fk(X) ;:>: a, a contradiction. 
Note that the aboveru'gurnent irnplies that the set U is a O-neighborhood in the 
space 7 _�(.el x IR"), but U is llotaO-llcighb�rhood in thc space.el x (7 _�IRn)j 
this shows that the conditions about the spaces or the rnaps in theorerns2.6 and 
2.9 are non superfl�ous. 
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We study the existence of solutions for the equation of prescribed mean curvature 
when the surface is the graph of u: fi --t R, with mean curvature H(x, y, u(x, y)) . 
We give conditions on the boundary data in order to. obtain at least one solution for 
the quasilinear Dirichlet problem ( 1 ) below , with H a give� continuous function. 

1NTRODUCTION 

We c�msider the quasilinear Dirichlet problem in a bounded domain n· e R2 with 

an E e2 
3 

(1) { (1 + u�)uxx + (1 + u�)uyy - 2u";uyuxy = 2H(x, y, u) (1 + lV'uI2) '" 

u(x,y) = <p(x,y) on en 
in n 

where JI : fi x [E, E] --t R is continuous for sorne E > O and <p E W2,p(n) is the 

boundary data. 

The problem aboye is the mean curvature equation for nonparametric surfaces which 

has been studied in general for hypersurf�ces in Rn+1 by Gilbarg, Trudinger, Simon, 
Serrin,  Díaz, Saa and Thiel among other authors. For Hindependent of u it has 

been proved [GT] that there exists a solution for any smooth boundary data if the 
mean curvature JI' of en satisfies: 

lI'(Xl, oo. , xn) � �lIH(Xl' oo. , x,,) 1 n-
for any (Xl, oo . , X,,) E en, and H E el (fi, R) satisfying the inequality: 

I H<pI:$ - ID<p 1 
1. 1-E l 
n n n 
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for any cp E CJ (n, R) and sorne f > O .  The sharpness of the geornetric condition 
on the curvature of on is shown by a non-existence result ([GT], corollary 14.13): 
if H'(x¡, ... ,xn) < n�1IH(x1, ... ,xn)1 for sorne (X1, ... ,X�) and the signof H is 
constant, then for any f > O there- exists g E COO(n) such that IIglloo:5 f for which 
the Dirichlet 's problern is not solvable. 

On the other hand, Díaz, Saa and Thiel [DST] studied the general quasilinear elliptic 
equation div(Q(IV'uI)V'u)+ ¡(u) = g(x¡, ... , xn) in Rn under Dirichlet and Neurnann 

conditions. They studied e:l!istence and uniqueness of the problern for nonincreasing 
. ¡ by findillg apriori uoullds fOl'V'tt. The case q(t") = (1 + 1"2)-1/2 corresponds to 

thcmcall CUl'vatul'C cquatioll (1), alld thc cOllditioll on f becamcs: "'(u);::: o. 

In the pl'esent paper we study the problern by topological methods, obtaining a 80-

lution under sorne restrictions on IIHlloo and IIcpll2,p but avoiding the conditions on 
the curvature 'of on. The condition �� � O will not be necessary either. 

The general Plateau problem and the Dil'ichlet asociated problem, have beenstudied 

hl [AMR],[BC],[HJ.lLD�M],[MRl [Sl],[S2],[WG], etc. 

The quasilinear operator associated to problem (1) is strictly elliptic since its eigen­

values are >. = 1 and A = 1 + Ip12, where p = (u."u,) (see [GT] chapter 10). 
The main result is the following theorem 

TnEOREM 1 
Let p > 2 and assume that IIcpIl2,,, and lIHIILoo(ox[i,E]) are small enough with respect 
to In l , the Sobolev's constant and the apriori boundsfor 6. in fl. Then there exists 
at least one solu�ion u E. W2,"(n) of (1). 

SOLUTIONS BY FIXED POINT METHODS 

First we note that tt is a soluíion of (1), if and only if w = u - cp is a solution oi the 
following equation: 

(2) 

(1 +(w, + CPII)2)wu + (1 + (W., + cp.,)2)W"y_ 2(w., +�.,)(w" + CPYiw.,� 
( . ) ' . = 2H(x,y,w + cp) 1+ IV'(w + cp) 12 - (l+.(w" +�,,)2)�%:II 

-(1 +(W., + cp.,)2)cpllll + 2(w., + cp.,)(w" + cp")cp.,,, in n 
w=o onon 

For each 1'. E C1(n) such that IIv +cplloo :5 f we consider the elliptic� linear pirichlet . 
. proble� associated toequation (2) 
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(3) { L¡¡ (V) = F(v) 

v=o 

in n 
on an 

wh�re 

and 

3 
F(v) = 2H(x ,  y , V + cp) (1 + I\i'(v + cp ) 1 2) ! - ( 1  + (vy + cpy)2 )cpu - ( 1  + (vx + CP:rY )Cpyy 

+2(vx + CPx )(vy + CPy)CPxy 

The linear equation (3) has a unique solution v E W2,p(n) n W� ,p(n) (see [GT] , 

theorem 9.15) .  Thus, if we consider the Sobolev imbedding W2,p <......t el with imbed­

ding constant k (i.e. l I u l l l ,oo :::; k l Iu I l2,p ) '  we may define an operator T : B, ( -cp) e 
el (O) --t el(O) given by T(v) = v if v is the solution of (3) for v . 

We'll see that the operator T has at least one fixed point in el , and this will give 

a solution of the original problem (1 ) .  

Our main tool will be  the Schauder fixed point theorem (see [GT] theorem 11 . 1  and 

corollary 1 1 .2) .  We prove first the following lemma and proposition. 

LEMMA 2 

TIJCJ'c cxists a COllstmJt  e (dcpCJJdiJJg' OJJ}Y on In l , }J )  m¡cl n > o sucll t}¡at j[ 

I Iv + cpll l ,oo :::; R 

.then [01' every w E W2,p(n) n W� ,p(n) 

Proof 

We can write 

Lv(w) = �w + Sv(w) 

where S¡¡(w) = (vy + cpy ?wu + (vx + CPx) 2Wyy - 2(vx + CPx )(vy + <py )wxy . 

The operator � satisfies the hypotheses of [GT] , lemma 9. 17 ,  then there exists a 

constant el (independent of w )  such that 
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I Iw l l 2 ,p :::; el l ltiwl lp 

for aH w E W2,p(n) n W� ,P(n) . Then 

and being 

we obtá.in 

The second rnernber of the last inequality is positive if I Iv + <p l lt ,�  :::; R < 2Jc., and 
' e ' I 

setting e = i _ 4�lR2 the lernrna holds. 

In the foHowing proposition we'll find O < R < 2Jc¡, f such that T( B R( -<P )) e 
B R( -<p) e el (O). 

PROPOSITION 3 
Let p >  2 and assume that 1 I<p 1 l 2 ,p' and I IH II Loo (i'ix [E ,EJ ) are small enough. Then there 

exists R :::; f such that if 

tllen 

I IT(v) + <p1l 1  00 :::; R , 

Furthermore, the operator T is continuous in the closed ball B R( -<p) ,  and its range ' 

is a precompact set o  

Proof 

Assurne that I Iv + <p1l 1 ,00 :::; R < 2:7cx ' Then 

and 
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We look for a number R such that 

or, equivalentIy, such that f(R) :::; O ,  where 

It is clear that f :::; � 
R2 

in the interval (O, � )  , where 
1 - 4 1 2v C1 

P achieves a minimum in Ro = v'l�Cl and peRo ) .:::; O if l ICP l l 2 ,p and I IH l loo are 

small enough. Then f(Ro) :::; O .  
In order to complete the proof we must see that T is continuous and compacto Indeed, 

for ü ,  v E BR( -cp) : 

But 

3 

I IF(ü) - F(v) l I p :::; 1 1 2H(x , y, ü + cp) - 2H(x , y, t + cp» (1 + IV(ü + cp) 12f " I Ip 

+ 1 I 2H(x , y, v + CP)« (1 + IV(ü + cp) 12) i 
_ (1 + IV(v + cp) 12) i

) l I p 

+ II (  (Üy+cpy)2 -(Vy +cpy)2 )CPxx I I p+ II (  (üx +CPx )2 -(Vx +CPx)2 )cpyy I Ip+2 1 1 (  (üx +CPx )(Üy +cpy)­

(Vx + CPx)(Vy + CPy» <Pxy l lp  :::; 2 I 1H(x , y , ü + cp) - H(x ,  y ,  V + cP ) l I p ( l + R1?/'J. 

and 
. +6R( 1  + R2) ! (R + I Icp lh ,eo) l Iü - Vll l ,oo ln I 1 /P I IH l loo + 8Rllü - vl lt.oo l lcp l l 2 ,p 
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Being H uniformely continuous and l I u  - v i I I  )Q ::; k l l u  - V Il2 ,p , the continuity follows. 

Moreover , fixing any v E BR( -y;» we see that T(BR( -y;» ) is bounded in W2,p , and 

the r.esult follows from the compactness of tlle imbedding W2,P(11) <--t CI (n) . 
REMARK 
In the situation oE proposition 3, iE we write P(R) = 4CI R3 - R + a ,  the smallness 
oE H and y;> can be stated in the more precise condition a � 3�122Gl . 
P roof of theorem 1: From proposition 3 we know that the operator T satisfies 

the assumptions of Schauder fixed point theorem (see [GT] corollary 1 1 .2) . Thus, we 

ootaill a fixcd point 'W E W2 ,P(H) n W� " ' (H) fol' tlle opcrator T ,  which corresponds 

to a solution of equatión (2). 
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ABSTRACT : We consider a game with two choiccs, two playcrs and infinitcly number 
of rounds (repeated game) . A small error probability occur due to mistakes in 
implementation or in perception. We compute the payoff matrix by means of a 
perturbation apprciach using the isomorphisms between the transition matrices. 

1. INTRODUCTION. 
We consider a game with two players 1 and II and two choices (strategies) a¡ ,a2 for 1 and 
b¡ ,b2 for II . The process of choosing one option of each player is called one round. The 
game which contains more than one round is called repeated game. For each round of 
the game, we have four possible out comes (a¡,b¡),(a¡,b2),(a2,b ¡) and (a2,b2) . If player 1 
options a¡ (i= 1 ,2) and player II options bj 0=1 ,2), then player 1 gets payoffvalue a¡j and 
player n gets payoffvalue bji . Therefore in each round, player I has 2x2  matrix A=(aij) ­
called the payoff matrix of player 1 and player II has 2x2 matrix B=(bij) called the payoff 
matrix of player n. The game in this case is described by two matrices - A and B 
(asymmetric game or two population game) . In the case when player n has the same 
possible strategies and payoff values as player 1, i . e. a¡ = b¡ ,  a2 = b2, the game is 
described by symmetric payoff matrix (symmetric game or one population game) . 

If there is a chance of moves in the game, then when player I plays a¡ against player n 
who plays bj, the payoff depends on the outcome of the chance move. So we multiply 
each payoff by the probability of the chance event that will give rise to it, and add all 
these products together. This gives the average or expected payoff. 

There are two models of the game, simultaneous model and alternating mode!. In 
simultémeous model, both players choose their options at the same timewithout knowing 
the choice of the oth�r, otherwise the garue is aiternating. In this work, we shall be 
interested in infinite repeated simultaneous one population garues (simultaneous and 
syrnmetric) . 

Key words. Game Dynamics, Perturbation, Binary Representation, IsomQrphism, Transition Matrix. 
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2.SIMULTANEOUS 2x 2-REPEATED GAME. 
If we consider a symmetric 2x2-game with two pure strategies C and D, then the payoff 
matrix is given by 

C D 

� (� !) ( 1 )  

The letters indicate that we have primarily in mind the Prisoner' s Dilernrna, where C 
stand s for Cooperate, D for Defect see [6] . The payoff value R for Reward, S for the 
Sucker payoff, T fo,- Temptation and P for Punishment. These payoff values 

, corresponding to the four possible outcomes (C,C),(C,D),(D,C) or (D,D), where the first 
position denQtes thc option chosen by the player and the second that of the co-player, If 
we numbered the outcomes by i= I ,2,3 ,4, then we have 24 transition rules that can be 
labeled by the quadruples (Ul ,U2,U3,U4) of zeros and ones, Here, Ui is 1 if the player plays 
C and ° if he plays D after out come i (i= 1 ,2,3 ,4), Thus (0,0,0,0) is the rule that always 
defects (ALL D), while the rule ( 1 ,0,0,0) with initial state C plays Grim, see[5] : after a 
single D of the adversary, it never reverts to C again. The rule ( 1 , 1 ,1 , 1 )  plays always 
Cooperate (ALL C). ' There are 1 6  rule altogether, which we number from ° to 1 5 , using 
the integers given in binary notation, by Ul U2 U3 U4 . The strategy corresponding to rule i 
will be denoted by Si .Thus So is ALL D, Ss iS, Grim and S lS is ALL C. The Si strategies 
are exactly the 1 6  comer points, of the four dimensional strategy space formed by all 
(P l,P2,P3,P4) strategies where Pi is the probability to play C after the corresponding 
outcome of the previous round. 

3. ISOMORPHISMS OF MARKOV MATRICES. 
The Markov matrix or transition probability matrix is the matrix' M denoted by M 
= < E, T > where E is a finite nonempty set of states and T is the transition matrix of 
probabilities. IfE = { eo,el , . . .  ,e,.} and T = (Pij), then 1\.1 is given by: 

e o  e l , e , 

P oo P . I P o. 
P I O P I l ' P I . 

M =  (2) 

P •• P .I . . . P .. 

The, transition probabilities Pij satisfy the conditions 
• 

L P ij = 1 and Pij � ° (ij = O, I ,  . . . , r) . j=O 
If we have Markov matrices M =< E, T >, M ' =< E ', T' > with E ={eo,e¡, . . . ,e,.} ,  

E'  = {e� , e ; , . . .  , e ; } and T = (Pij), T' = (pij ) respectively, then for each one-one mapping 
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'I' from the index set I = {D, l ,  . . .  , r }  onto I, we can define a one-one mapping él> from E 
onto E'  such that 'I' (i) = k iff él> (ei) = e� V i,j E 1 .  

This leads to the following definition 

Definition 1. A Markov matrix M= < E, T > is called isomorphic to M '  =< E ', T' > if 
there exist one-one mapping él> from E onto E I such that Pij = P�( i)'I'(j ) (i . e. the probability 

of going from state ei E E  to state ej EE in one step equal to the probability of going from 
state él> (ei) E E' to él> (eJ E E' in one step) .  In this case we write M = M' , which 

<l> 
means M is isomorphic to M' by él> .  

Dcfillitioll 2. The vector 11 = (1l' o '  1l' ¡ , . . .  , 1l' r ) ,  whcrc 1l' i satisfy the following conditions 
r r 1l' i � D , ¿ 1l'i = 1 and 1l'j = ¿ 1l'i P ij is called a stationary probability distribution ofM . í=O i=O 

Theorem (Isomorphism theory for Markov matrices). 
Let 11 and 11' be stationary distributions ofM= <  E, T > and 1\1' =< E ', T' > respectively. 
If TI is uniquely defined and M == M '  , then 1l' i = 1l'�(i) . <l> 

Proof. We have n = (1l'0 , 7l'¡ , . . .  , 1l'r )  and n' = (1l'� , 7l'; ,  . . .  , 1l' ; ) , then 
r r 

7l'i � D, L 7l'i = 1 and 1l'j = L7l' iP ij i=O i=O 
r r 

7l'; � D , L 7l'; = 1 and 1l' j = L 1l';P;j i=O i=O 
From (4) we obtain 

r 
, � "  1l' 'I'(j) = L.. 1l' 'I'( i) P'I'( i)'I' (j) 'I'(i )=O 

By rearrangement of (5) we can write 

i=O 
Sínce Pij = P�( i)'l'( j) , then 

i=O 

(3) 

(4) 

(5) 

(6) 
From (3) imd (6), since stationary distribution of M is uniquely defined, we 
get 1l' i ':' 7l'�(i) 'D 

4.GROUP OF ISOMORPHISMS BETWEEN MARKOV MATRICES. 
The game between the two players , Po = (P ¡ ,P2,P3 ,P4) and Qo = (q¡ ,q2,q3,q4) where Pi 
and qi are the probabilítíes to play e after outcome i (i= 1 ,2,3 ,4) , is a Markov process 
given by the transition probability matrix between the four states R,S,T and P from one 
round to the next 



[P , q , 

Mo = 
P 2 q 3 

P 3 q 2 
P4 q4 
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p ¡ ( 1 - q ¡ ) 

P 2 ( 1 ":" q 3 ) 

P 3 ( 1 - q 2 ) 

P4 ( 1 - q4 ) 

(l - p ¡ )q ¡ (1 - p , )( I - q , )] 
( 1 - p 2 )q 3 ( 1 - P2 )( 1 ..,.- q 3 ) (7) 
( 1 - pJq 2  ( 1 - P 3 )( 1 - q 2 ) 

( 1 - p4 )q 4 (1 - p4 )( 1 - q 4 ) 

where for example ( 1 -P2)( 1 -q3) means that the transition probability from state S to 
state P . The stationary distribution ITo = (" ¡ , " 2 ' " 3 ' "  4 ) is the- left-hand eigenvector 
corresponding to the eigenvalue 1 of Mo in (7). Therefore the payoff for strategy Po is 
then given by 

In (7), if  we replace p ¡ by P2, then to get an isomorphism between Mo and the resulting 
matrix (other transition matrix), we find that Po must become p¡ and Qo must become Q¡,  
where p ¡= (P2,P ¡ ,P4,P3), Q¡= ( 1 -Q3, 1 -q4, 1 -q¡ , 1 -q2) .  The resulting matrix is given by 

The matrix in (8) is the transition matrix of P ¡ against Q ¡ .  We note that Mo :::: M¡ 
. <1>, 

where <P ¡ (R, S,T,P)= (S,R,P,T), to simplify we denoted this function by <P I  = (�,R,P,T), 
and for \{J¡ ; \{J¡ ( 1 ,2,3 ,4)= (2, 1 ,4 ,3) by \{J¡ = (2, 1 ,4,3 ) .  lf IT o is uniquely defined, then (by 
isomorphism theory for Markov matrices) the payoff for strategy p ¡ against strategy Q ¡  
is 

R "2 + S ,, ¡ + T "4 + P "3 . 
Using the same way to get the al! isomorphic matrices to Mo, we get 
i. Mo :::: M2 ; M2 is the transition matrix of P2= ( 1 -P3 , 1 -p4, 1 -p ¡ , 1 -P2) against 

<1>. 
Q2 = (Q2,q ¡ ,q4,q3) and <P2 = (T, P, R, S) . 
i. Mo == M3 ; M3 is the transition matrix of P3 = ( 1 -p4, 1 -p3, 1 -p2, 1 -p ¡) against 

<1>3 
Q3 = ( l -q4, l -q3, l -q2, l -q ¡) and el> 3 = (P, T, S, R) . 
Also we can show that Mo :::: Mr ; Mr is the transition matrix Of Qk against Pk ,where 

� . 

r = k mod 4 ;  r = 4,5 ,6,7 and <P 4 = (R, T, S, P) , <1>5 = (T, R, P, S) , <Pó = (S, P, R, T) 

<P7 = (P, S, T, R) . 

Remarks : 
(i) lf IT o is uniquely defined, then we can find the stationary distribution ITn for Mn 
; n = 0, 1 ,  . . . ,7  (by using isomorphism theory for Markov matrices). 
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(ii) We see that the set { <P o ' <I> 1 , <I> 2 , <I> 3 '  <I> 4 , <I> 5 ' <I> 6 ' <I> 7 } is a group with respect to 
compositi�n.We call this group the group of isomorphisms between Markov matrices. 

5. EQUIV ALENCE CLASSES OF MARKOV MATRICES .  

From the group isomorphisms of the transition matrices, we have the following table 

Po So  S I S 2 S 3 S4 S5 S 6 S7 Ss S9 S 1 0 S i l S I'2 S 1 3 S 14 S 1 5 Qo 
PI S o  S 2  S I S 3  S s  S I O S 9  S i l  S 4  S 6  S5 S 7  S 1 2 S 1 4 S 1 3  S 1 5 Q 2 
P2 S I 5 S i l  S 7  S 3 S I 4  S I O  S 6 S 2  S I 3 S 9  S 5 S I  S I 2 S 8 S 4  So Q I  
p) S I 5 S 7 S I ' S ) S ' 3  S 5 S 9  S , S ' 4 S (,  S 1 0 S 2 S 1 2  S 4  S H S o Q) 

Table 1 .  
This table represents the strategies Po,Qo and the corresponding strategies p¡ ,P2,P3 ,Q¡ ,Q2 
and Q3 (which determine in section 4) . For instance if Po=S7,QO=S 13, then P ¡=S l l , Q¡=Sg, 
P2=S2, Q2=S 14 and P3=S ¡ , Q3=S4 . 
We denoted the Markov matrix corresponding to the game between the two players S¡ 

. and Sj{i,j= 0, 1 ,  . . .  , 1 5) by M\ . The set [� ] = { Mj I M� � Mj l is called the equivalence 

dass of M� ,where the . isomrphism relation for the transition matrices make equivalence 
relation. By using Table 1 we get for example 

and 
e J  = {M� ,M;4 ,M�1 ,M�3 , M� , M ;4 ,M� I , M�3 } 

[ 4 ] {M4 MS M I 4 M\ 3 M I 2 M I 2 M I 2 M 1 2 } 1 2 - 1 2 ' 1 2 ' 1 2 ' 1 2 ' 4 '  8 '  1 4 ' 1 3 ' 
In this 'case there are 43 equivalence classes, which are given by 

([� ] , [ � ] ,  [ � ] ,  [ � ] ,  [ � ] ,  [ � ] , [ � ] ,  [� ] ,  [ � ] ,  [�2 ] , [ :  ] ,  [� ] , [ � ] , [� ] , [� ] , [� ] ,  
[ � ] ,  [� J ,  [� ] ,  [ : 0 ] ,  C 2  ] ' [ : 3 ] '  [ : 4 ] , [ i ] , [ ! ] ,  [� ] ,  [ � ] ,  [ �2 U: ] , (; ] ,  [ :  J ,  [ ; ] ,  
[ � J ' [�O ] ' [:2 J ' [�3 J , [ �  ] ' [ � ] , [�O ] ' [�2 ] , [ � ] , [�J and C ; ]) 

6.THE PAYOFF MATRIX CORRESPONDING TO THE ERROR IN 

IMPLEMENTATION. 

If we ass�me that our game has an error in implementation in each mave, then there i.s a 
probability for a mistake ' in each strategy. If e>O denotes the probability of a mistake in 
implementing a strategy, then Sj becomes SiCe), which is given by the quadruple obtained 
(U ¡;U2,U3,U4) by .replacing ° with e and 1 with 1- e . For instance the transition rule of the 
Grim strategy Sg =( I ,O,O,O) becomes S8(e)=( 1 - e,e,8,e) . 
Thus, according to the equivalen ce classes we can find the 256 entries in 1 Gx 1 6  payoff 
matrix corresponding to the errors in implementation by finding 43 entries. 

If P =S¡(e) and Q = Sj(E), then the transition probability matrix M becomes M(E) . We can 
write this matrix in the form 

M(E) = M + E B¡  +E 2 B2 (9) 
where M is a stochastic matrix, B ¡  and B2 have row sum O. We may view M(E) as a 
perturbation ofthe matrix M and treat the problem offinding the left eigenvector rI(E) of 
M(e) as a perturbation problem. Thus rI(e) can be written in the form 
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I1(E) == IT + E X + E 2 Y + . . . ( 1 0) 
where the stochastic vector IT is a solution of the equation ITM == II . The components 
of the vectors X and Y must sum up to O. Writing M == 1 +Bo (where 1 is the identity 
matrix) and using (9) and ( 1 0), the eigenvalue equation IT(E) M(E) == IT(E) implies, 

. upon comparing powers in E, the three equations 
rIBo == O ( 1 1 )  
XBo + ITB I == O ( 1 2) 
YBo +XB¡ + rIB2 == O ( 1 3) 

The payoff for the player using Si(e) against an opponent using Sj(E) is given by (we shall 
neglect E 2 ) 

. 

A(S¡(E) ,Sj(E» == IT[�lj + Ex[�l 
P . p) 

( 1 4) 

For P == S4(E) against Q == S 12(E): by solving the three equations ( 1 1 ) , ( 1 2) and ( 1 3) 
(subjected to the condition that the components of IT sum up to 1 ,  while those of X and 
y sum up to O) we get 

IT == ( 0, 1 /6,3/6,2/6 ) and X == ( 6/9, 1/9, -6/9,- 1 19 ) .  
Thus 

A(S4(E), S 12(E» == -(¡ ( 1 2E R + (3+2E) S + (9- 1 2E) T + (6-2E) P) . 
Since M�2 == M!2 , then (by Isomorphism theory) we get 

<1>, 

A(S n(E) , S4(e» == -(¡ «3+2E) R + (6-21» S + 12E T + (9- 1 2E) P) . 

By these calculations, we obtain the vectors IT for aIl 1 6  strategies which are in Table 2 .  
The vector IT for Si against Sj is (í'rp 1t  2 '  í'r3 ' í'r  4 ) ,with í'r ¡  = h¡ (h l  + h2 + h3 + h4 rl and 
(h¡ ,h2,h3,�) is given by the element in the i-th row and j-th column of Table 2. Table 3 
represents the vectors X for all 1 6  strategies. By using Tabie 2, Table 3 and equation 
( 14) we can obtain the payoff matrix corresponding to the errors in implementations. 

7. THE PA YOFF MATRIX CORRESPONDING TO THE ERRORS IN 
PERCEPTlON. 

We have assumed that there are errors in implementing a move. We can also analyse the 
effect of errors in perception -in rnisunderstanding the other' s e or a D ,(see[ l ] , [ 4]) .  
This type of errors can sometimes lead to quit different results .  Let us denote by E the 
probability 01' mistaking the other player ' s  previous move, and by AE the probability 01' 
mistaking one' s own previous move (usually 0<A<1 ) . The perturbation of the tit for tat 
strategy S lO is ( I -E,E, l -E,E), just as with IPistakes in implementation, the perturbation of 
S9 is ( 1 -( 1+A)E , ( 1+A)E, ( 1 +A)E, I -( 1 +A)E) ; that of S8 is ( l -( 1+A)E,e,AE,O), while So and 
Sl5  are not affected by the perturbation at aH. In general, the strategy (U¡ ,U2,U3 ,U4) turns 
into 
( 1 -( 1  + A)E )(U¡,U2,U3,U4)+E(U2,U¡ ,U4;U3)+AE(U3,U4,U ¡ ,U2)+AE 2 (v, -v,-v, v), 
where v == U¡+U4-U2-U3 . 
In this case, the table which represents PO,P I ,P2,P3 ,QO,Q¡ ,Q2 and Q3 is Tabie 1 (as the 
same table in the previous case) . Thus we have the same 43 equivalence classes, i .e .  we 
can find the 256 entries in 1 6x  1 6  payoff matrix corresponding to the errors in perception 
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by finding 43 entries (clear by isomorphism theory) . Again, one can use the same 
perturbation method as before to find the payoffvalues. For P = S4 against Q := S I2 , for 
instance, one obtains 

. 

n = (0,A, 1 +3 A., 1 +2A)/(2( 1 +3A.» and X = A 2 ( 1 +3 A,-A,- 1 -3A).)/(2( 1 +3 A) 2 ) .  
We can obtain the vectors n for all 1 6  strategies from Table 4 .  The vector n for S¡ 
against Sj is (Jl" 1 , Jl"2 , Jl"3 , Jl"4 ) ' with Jl" ¡  = n ¡ (np n2 , n 3 , ll 4 rl and (n 1 , n 2 , n 3 , n 4 )  is given 
by the element in the i-th TOW and j-th column of Table 4. We can obtain the vectors X 
for aIl 1 6  strategies from Table 5 .  The vector X for S¡ agaiost Sj is (XI ,X2,X3,X4), with X¡ = 

m¡ (n i  , n 2 , n 3  , ll 4 r2 where (m¡,m2,m3,ill4) and (n i ' n 2 , n3 , 04 ) are given by the element in 
the ¡-th row andj-th column of Table 5 and Table 4 respectively. 

S¡ is outcompeted by Sj ifboth A(Sj,S¡) � A(S¡,S¡) and A(Sj ,Sj) � A(S¡, Sj), with at least 
one inequality being strict. Writing S¡« Sj if S¡ is outcompeted by Sj . 

For Prisoner' s Dilemma game by using the Axelrod' s payoffvalues (T = 5 ,  R = 3 ,  P = 1 
and S = O) with E = 0.00 1 , A = 0 .0 1  we get that 
So « -
S I « SO, S4, SS 
S2 « S9, S IO, S l l  
S3 « SO,S4, SS,S9, S l l 
S4 « SO, S8 
Ss « SO,S i , S2, S4,SS ,S9 
S6 « SO,S ¡ ,S2, S3,S4, SS, SS, S9,S IO, S I l , S I2 
S7 « SO,S I , S2,S3, S4, SS, SS, S9,S l l , S ¡2 
Ss « -
S9 « SO, S ¡ ,S4,S 8  
S IO « S9, S l l  
S¡ ¡  « SQ, S ¡, S4, SS, SS, S 12  
S 12 « SO, S I )S2, S4,SS,S9 
S 13 «  So,S  I ,S2,S3,S4, S S ,S7, SS, S9,S 12 
S I4 « SO ,S I ,S2,S3, S4,S S,S7, S8, S9,S I2,S I3 
S IS « 50,S I ,S2,S3,S4,S S,S7,SS,S9,S 12,S I3 

We see that al! strategies eXcept So and Ss are outcompeted by at least one other 
strategy. The strategies So and Ss can outcompete the greatest number of rival strategies 
(cxactly 1 2) .  On the other hand, every strategy except S6, S l4 and S ¡S can out compete 
sorne other strategies. There are only two heteroclinic three-cycle which are S2 S l l  Ss 
and S2 S l l S 12 : these are triples of strategies Si, Sj and Sk where S ¡  « Sj, Sj « Sk and 
Sk « S¡ . 



S s s s S s s S s s s s s s s S 
So (0,0,0, 1 )  (0,0, 1 , 1 )  (0,0,0, 1 )  (0,0, 1 , 1 )  (0,0 , 1 ,2) (0,0, 1 ,0) (0,0, 1 , 1 )  (0,0, 1 ,0) (0,0,0 , 1 )  (0,0, 1 , 1 )  (0,0,0 , 1 )  (0,0, 1 , 1 )  (0,0, 1 , 1 )  (0,0, 1 ,0) (0,0,2, 1 )  (0,0, 1 ,0) ! 

, S I (0, 1 ,0, 1 )  (1 ,0,0, 1 )  (0, 1 , 1 , 1 )  ( 1 ,0,0, 1 )  (0,2, 1 ,2) ( 1 ,0, 1 , 1 )  (0,0,1 ,0) ( 1 ,0,2, 1 )  (0, 1 ,0, 1 )  ( 1 ,0, 1 , 1 )  (0, 1, 1 , 1 )  ( 1 ,0, 1 , 1 )  (0, 1 ,2, 1 )  (0,0, 1 ,0) (0,0,1 ,0) (0,0, 1 ,0) 

S2 (0,0,0, 1 )  (0 , 1 , 1 , 1 ) (0, 1 , 1 ,2) (0, 1 , 1 ,0) (0,0,0 , 1 )  ( 1 ,0, 1 , 1 )  (0,0,0 , 1),  ( 1 ,0, 1 , 1 )  (0,0,0, 1 )  (0, 1 , 1 , 1 )  (0, 1 ; 1 , 1 )  (0, 1 , 1 ,0) ( 1 ,0 , 1 ,2) ( 1 ,0, 1 ,0) (2,0,2,1) ( 1 ,0 , 1 ,0) 

S3 (0, 1 ,0, 1 )  ( 1 ,0,0 , 1) (0, 1 , 1 ,0) ( 1 , 1 , 1 , 1 )  (0, 1 ,0, 1 )  ( 1 ,0,0, 1 )  ( 1 , 1 , 1 , 1 )  ( 1 ,0,0, 1 )  (0, 1,0, 1 )  ( 1 , 1 , 1 , 1 )  (0, 1 , 1 ,0) (0, 1 , 1 ,0) ( 1 , 1 , 1 , 1) ( 1 ,0, 1 ,0) ( 1 ;0,1,0) ( 1 ,0 , 1 ,0) 

S4 (0, 1 ,0,2) (0, 1 ,2,2) (0,0,0, 1 )  (0,0, 1 , 1 )  (0, 1 , 1 ,2) (0,0 , 1 ,0) (0,0, 1 ,2) (0,0 , 1 ,0) (0, 1 ,0,2) (0, 1 ,2,2) (0,0,0, 1 )  (0,0, 1 , 1 )  (0, 1 ,3 ,2) (0,0, 1 ,0) (0,0,2, 1 )  (0,0, 1 ,0) 

Ss (0, 1 ,0,0) ( 1 , 1 ,0 , 1 )  ( 1 , 1 ,0 , 1 )  (1 ,0.0, 1 )  (0, 1 ,0,0) ( 1 , 1 , 1 , 1 )  ( 1 , 1 , 1 , 1 )  ( 1 ,0, 1 , 1 )  (0, 1 ,0,0) ( 1 , 1 , 1 , 1 )  ( 1 , 1 , 1 , 1 )  ( 1 ,0, 1 , 1 )  (0, 1 , 1 ,0) (0,0, 1 ,0) (0,0 , 1 ,0) , (0,0, 1 ,0) 

S6 (0, 1 ,0 , 1 )  (0, 1 ,0,0) (0,0,0, 1 )  ( 1 , 1 , 1 , 1 )  (0, 1 ,0,2) ( 1 , 1 , 1 , 1 )  (0,0,0 , 1 )  ( 1 ,0, 1 , 1) (0,2,0 , 1 )  (0, 1 ,0,0) ( 1 , 1 , 1 , 1) ( 1 , 1 , 1 ,0) ( 1 , 1 , 1 , 1 )  (2, 1 ,2,0) (2,0,2, 1)  (I ,IY,l,O) 
:> S7 t') (0, 1 ,0,0) (1 ,2,0, 1 )  ( 1 , 1,0, 1 )  ( 1 ,0,0, 1 )  (0, 1 ,0,0) ( 1 , 1 ,0, 1 )  ( 1 , 1 ,0 , 1 )  ( 1 ,0 ,0, 1 )  (0, 1 ,0,0) (0, 1 ,0,0) ( 1 , 1 , 1 ,0)  ( 1 , 1 , 1 ,0) ( 1 ,2, 1 ,0) (2, 1 ,2,0) ( 1 ,0, 1 ,0) ( 1 ,0,1 ,0) 

S8 (0,0,0 , 1 )  (0,0, 1 , 1 )  (0,0,0 , 1 )  (0,0, 1 , 1 )  (O,Ó,I ,2) (0,0, 1 ,0)  (0,0,2, 1 )  (0,0, 1 ,0) (0,0,0 , 1 )  ( 1 ,0,2,2) (0,0,0 , 1)  (1 ,0,2,2) ( 1 ,0,2,3) ( 1 ,0,2,0) (1 ,0,2, 1 )  ( 1 ,0,2,0) 

S9 (0, 1 ,0, 1 )  ( I � I ,O, I )  (0, 1 , 1 , 1) ( 1 , 1 , 1 , 1 )  (0,2, 1 ,2) ( 1 , 1 , 1 , 1 )  (0,0, 1 ,0) (0,0,1 ,0) (1 ,2,0,2) ( 1 ,0,0,0) ( 1 , 1 , 1 , 1 )  (1 ,0,0,0) ( 1 , 1 , 1 , 1 )  (2,0, 1 ,0) ( 1 ,0,2,0) ( 1 ,0 , 1 ,0) 

S I O (0,0,0, 1 )  (0, 1 , 1 , 1 )  (0, 1 , 1 , 1 )  (0, 1 , 1 ,0) (0,0,0, 1)  ( 1 , 1 , 1 , 1 )  ( 1 , 1 , 1 , 1) ( 1 , 1 , 1 ,0) (0,0,0, 1 )  ( 1 , 1 , 1 , 1 )  ( 1 , 1 , 1 , 1 )  ( 1 , 1 , 1 ,0) ( 1 ,0,0, 1 )  ( 1 ,0,0,0) ( 1 ,0,0,0) ( 1 ,0,0,0) 

S l 1 (0, 1 ,0, 1 )  ( 1 , 1 ,0 , 1 )  (0, 1 , 1 ,0) (0, 1 , 1 ,0) (0, 1 ,0 , 1 )  ( 1 , 1 ,0, 1 )  ( 1 , 1 , 1 ,0) ( 1 , 1 , 1 ,0) ( 1 ,2,0,2) ( 1 ,0,0,0) ( 1 , 1 , 1 ,0) (2, 1 , 1 ,0) (2, 1 ,0 , 1 )  ( 1 ,0,0,0) (1 ,0,0,0) ( 1 ,0,0,0) 

S 1 2 (0, 1 ,0 , 1 )  (0,2, 1 , 1 )  ( 1 , 1 ,0,2) ( 1 , 1 , 1 , 1 )  (0,3,1 ,2) (0, 1 , 1 ,0) ( 1 , 1 , 1 , 1 )  ( 1 , 1 ,2,0) (1 ,2,0,3) ( 1 , 1 , 1 , 1 )  ( 1 ,0,0, 1 )  (2,0, 1 , 1 )  ( 1 , 1 , 1 , 1 )  (2, 1 ,3,0) (3,0,2, 1 )  ( 1 ,0 , 1 ,0) 

S 1 3 (0, 1 ,0,0) (0, 1 ,0,0) ( 1 , 1 ,0,0) ( 1 , 1 ,0,0) (0, 1 ,0,0) (0, 1 ,0,0) (2,2, 1 ,0) (2,2, 1 ,0,) (1 ,2,0,0) (2, 1 ,0,0) (1 ,0,0,0) ( 1 ,0,0,0) (2,3 , 1 ,0) (2, 1 , 1 ,0) (2,0, 1 ,0) (2,0 , 1 ,0) 

S 1 4 (0,2,0 , 1 )  (0, 1 ,0,0) (2,2,0, 1 )  ( 1 , 1 ,0,0) (0,2,0 , 1 )  (0, 1 ,0,0) (2,2,0 , 1 )  ( 1 , 1 ,0,0) ( 1 ,2,0, 1 )  ( 1 ,2,0,0) ( 1 ,0,0,0) (1 ,0,0,0) (3,2,0, 1 )  (2, 1 ,0,0) ( 1 ,0,0,0) ( 1 ,0,0,0) 

S 1 5 
. 

(0, 1 ,0,0) ( 1 , 1 ,0,0) ( 1 , 1 ,0,0) ( 1 ,2,0,0) (0, 1 ,0,0) (0, 1 ,0,0) ( 1 , 1 ,0,0) ( 1 , 1 ,0,0) (0, 1 ,0,0) ( 1 , 1 ,0,0) ( 1 ,0,0,0) (1 ,0,0,0) ( 1 , 1 ,0,0) (2, 1 ,0,0) ( 1 ,0,0,0) ( 1 ,0,0,0) 

Table.2 



-
"'1 

So 
So (0, 1 , 1 ,-2) 

SI I (2,-3,2,-IY4 

S, (0,2,1,-3) 

SI 
(2,2,-3,- 1 )14 

(-3,2,2,-1 )/2  

(6,-5,-2,1)/9 

S, 
(0,1 ,2,-3) 

, (6,-2,-5, 1 )/9  

( 1 ,0,0,1)/2 

S, S. 
( 1 , 1 ,- 1 ,- 1 )/2  (3,6,-1,-8)19 

S, S, 
( 1 ,0,-3,2) ( 1 , 1 ,- 1 ,- 1 )/2  

(-2,1 ,2,- 1 )  ( 1 5,-1 4,3,-4)/2' (-4,6,-1 ,- 1 )'9  (1 ,2,-',2) 

( 1 ,-2,-1,.2) ( 1 , 1 , 1 ,-3) (-4,6,-1 ,-1)19 (2,1,2,-5) 

S, 
( 1 ,0,-3,2) 

(0,1,-1,0)/2 

(-2,6,1,-5)19 

S, ( 1 ,- 1 ,1,-1)/2 (-2,2,1 ,- 1 )  ( 1 ,- 1 ,-2,2) ( 1 ,- I ,- I , ly'6  (2,-2, 1 ,- 1 )/2  (- 1 , 1 , 1 ,- 1 )  (0,0,0,0) (- 1 , 1 ,2,-2) 

S. {3,-1 ,6,-8}9 ( 1 5.3,-14,--4)125 ( 1 , 1 , 1 ,-3) (2,1 ,-2,- 1 )/2  (1 ,0,0,-1 )12  

S, ( 1 ,-3,0,2) (-4,-1,6,-1 )'9  (-4,-1,6,- 1 )'9  (- 1 , 1 , 1 ,-1 )  ( 1 ,-4,1,2) 

S, ( 1 ,-1 , 1 ,-1)/2 ( 1 ,-5,2,2) (2,2,1,-5) (0,0,0,0) (9,-1,6,-14)'9 

S, 
S, 

(1 ,-3,0,2) 

(0, 1 , 1 ,-2) 

(0,- 1 , 1 ,0)/2 

( 1 ,2,-2,-1 )/2  

(-2,l,6,-5)tY (- 1 ,2, 1 , -2) ( 1 ,-3,0,2) 

(0,1,2,-3) ( 1 ,2,-1,-2)/2, (3,9,-2,-1 0)'9 

( 1 , 1 ,-4,2) (9,6,- 1 ,-14)'9 ( 1 ,0,-3,2) 

(0,0,0,0) (0,0,0,0) (-1,6,-1 ,-4)'9 

(0,0,0,0) (2, 1 , 1 ,-4) (O,2,-I,-Iy3 

(-1 ,- 1 ,6,-4)'9 (O,-I,2,- I y3  

( 1 , 1 ,-4,2) (6,9,-14,- 1 )'9  

(-1 ,2,2,-3)/2 

0,1 ,-3, 1 )  

S,  
(0, 1 , 1 ,-2) 

S, SIO 
( 1 , 1 ,- 1 ,- 1 )/2  (0,1,2,-3) 

Si l  Sil 
(2,2,- 1 ,-3)14 ( 1 , 1 ,- 1 ,- 1 ,)12 

S13 SI' SI ' 
(1 ,0,-2, 1 )  (6,3,-8,- 1 )/9  (1 ,0,-2, 1 )  

( 1 ,-2,2,- 1 )/2  (-1,2,-1,0)/3 (6,-4,-1 ,- 1 )/9  (-5,6,1,-2)19 (6,- 1 ,-6, 1 )18  (2,0,-3,1)  ( 1 , 1 ,--,-3, 1 )  (2,0,-3, 1 )  

(0,2,1,-3) (2,-1,0,- 1 )/3  (6,-4,- 1 ,- 1 )/9  (2,-3,-1 ,2)12 (- 1 ,6,1,-6)18 (-2,1,-1,2)12 (- 14,15,-4,3)125 (-3,2,-I ,2y4 

( 1 ,- 1 ,2,-2)/2 (0,0,0,0) ( 1 ,- 1 ,- 1 , 1 )  (2,-2,-1 , 1 )  ( 1 ,- 1 ,- 1 , 1 )/8  (-1 ,1 ,-2,2)12 

(3,-2,9,- 1 0)'9 (3,0,-I,-2Y' ( 1 , 1 ,2,-4) (2,1,-1 ,-2)/2 (6,1,-6,-1)'9 (2,1 ,-5,2)/2 

( 1 ,-4�I,2) (0,0,0,0) (0,0,0,0) (-1,6,-1,-4)19 ( 1 ,- 1 ,- 1 , 1 )  (2,1,-4,1) 

(6,-14,9,-1 )'9  ( 1 ,-4,2,1 )  (0,0,0,0) (-I,-I ,O,2y3 (0,0,0,0) (-2,O,-I,3YS 

(-2,2,-1 , 1 )/2  (- 1 , 1 ,- 1 , 1 )/2  

(9,3,-1 0,-2)/9 ( 1 ,0,-2, 1 )  

(2,1,-4,1) (2,0,-3,1)  

(- 1,3,-2,OY5 (- 1 , 1 ,- 1 , 1 )12  

( 1 ,-3, 1 , 1 )  (2,-5,2,1 )  (-1 ,- 1 ,-4,6)'9 (1 ,-5,-2,6)'9 ( 1 ,-6,-1,6)18 (-4,3,- 14,1 5)/25 (- 1 ,2,-2, 1 )/2  (-I,2,-3,2Y4 

( 1 ,2,2,-5)/2 (0,3,-2,-ly5 0,1 ,2,-4) (3,15,-4,-14).125 ( 1 ,6,-1,-6)19 (-2,3,-10,9)19 (0,1,-1,0)/2 (-1 ,3,-8,6)19 

S, ( 1 ,- 1 , 1 ,- 1 )/2  (- I ,- I ,2,Oy3 (2,0,-1 ,- 1  y3 (0,0,0,0) (3,-I ,O,-2YS (0,0,0,0) (1,2,-4,1) (2,2,-5, 1 )  (0,-2,3,-1 y, (-4,1 , 1,2) (0,0,0,0) (-5,1 ,2,2) (0,0,0,0) (-14,6,-1,9)'9 (-1 .9,-14,6)'9 (- 1 , 1 ,-1 , 1 )/2  

810 (0,,2.1,-3) (6,-1 ,-4,- 1 )/9  (6,-1,--4,- 1 )/9  ( 1 ,- 1 ,- 1 , 1 )  ( 1 ,2,1,-4) (0,0,0,0) (0,0,0,0) (-I ,-4,-1,6}19 ( 1 ,2,1,--4) (O,a,O,O) (0,0,0,0) (-1,-4,-1,6)19 (- 1 , 1 , 1 ,- 1 )  (-4,1,2, 1 )  (-4,1,2,1) (-3,1 ,2,0) 

Si l  (2,-1 ,2,-3)14 (-5,1 ,6,-2)19 (2,-1,-1,2)12 (2,- 1,-2, 1 )  (2,- I , l ,-2y.2 (-1,-1 ,6,-4)19 (-l,O,-I,2Y3 (1 ,-2,-5,6)19 (3,-4,15,-14)/25 (-5,2,1,2) (-1,-1 ,-4,6)19 (-I,O,O,I}12 (-6;1,6,- 1 )/8  (-3, 1 , 1 , 1 )  (-3,1 ,2,0) (-3,1 ,2,0) 

S'2  ( 1 ,- 1 , 1 ,- 1 )/2  (6,-6,-1 , 1 )/8  (-1 , 1 ,6,-6)/8 ( 1 ,- 1 ,- 1 , 1 )/8  (6,-6, 1 ,- 1 )19  (1,-1,- 1 , 1 )  (0,0,0,0) ( I ,- I ,-6,6)1lJ ( 1 ,- 1 ,6,-6)/9 (0,0,0,0) (-1 , 1 , 1 ,- 1 )  (-6,6, 1 ,-1)/8 (0,0,0,0) (- 1 , 1 ,-6,6)/9 {-6,6,-I , I )/9  {-I , I ,- I , I )12  

SI 3 ( 1 ,-2,0,1 )  (2,-3,0, 1 )  (-2,-1 . 1 ,2)/2 (-I,-2,1,2}12 (2,-5,1,2}12 (2,-4, 1 , 1 )  (-2,-I,O,3YS (-4,3,-14,1 5)/25 (-2,-10,3,9)19 (-14,-1 ,6,9)19 (-4,2, I , I )  (-3, 1 , 1 , 1 )  (-1 ,-6,1,6)19 (-1,0,0,1)/2 (-1 0,9,-2,3)19 (-8,6,-1 ,3)19 

S'4 {6,-8,3,-I )/9  ( 1 ,-3, 1 , 1 )  (-14,-4,15,3)125 (-2,-1,2, 1 )12  {9,-10,3,-2)/9 (2,-4,1 , 1 )  (-I ,-2,3,OY5 (-1,-2,2,1)12 (0,-1 , 1 .0)12 (-1,-14,9,6)19 (-4,2,1 , 1 )  (-3,2,1,0) (-6,-1 ,6,1 )/9  {-I O,-2,9,3)19 (-5,2,2,1 )/2  (-2,1 , 1 ,0) 

S" ( 1 ,-2,0,1 )  (2,-3,0, 1 )  (-3,-I ,2,2y4 (-1 ,- 1 , 1 , 1 )/2  ( 1,-2,0, 1 )  (2,-3,0, 1 )  (-1 ,- 1 , 1 , 1 )/2  (-I ,-3,2,2y4 (-1 ,-8,3,6)'9 (-1,- 1 , 1 , 1 )/2  (-3,2,1,0) (-3,2,1,0) (-1 ,- 1 , 1 , 1 )/2  (-8,-1,6,3) (-2,1 , 1 ,0) (-2, 1 , 1 ,0) 

Table.3 
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r') 
r'1 

So S 1 S2 � S4 Ss S6 S7 

So (0,0,0,0) (0,0,- 1 , 1 )  (0,0,1 ,- 1 )  (0,0,0,0) (0,0,0,0) 
,

(0,0,-1 , 1 )  (0,0,0,0) (0,0,-1 , 1 )  

S 1 (0,- 1 ,0,1 )  2(-2-2',1+1.,1 +1.,0) (3+JA,-I ,-4-6A.,2+3A) 2(-I-JA,A,I +JA,-A) , (21.,-1-31.,21.,1-1.) (-12-41.-1.',12+21.,1.'-21.,41.) (1 ,2+1.,-5-21.,2+1.) ( I+AX-I ,O,2,- I )  

S2 (0,1,0,- 1 )  (3+JA,-4-61.,-1,2+JA) (0,-1-1.,-1-1.,2+21.) 2(1.,-1-31.,-1.,1+31.) (1.,1,1.,-1-21.) (-3-21.,3+31.,1.,-21.) (2+1.,1 ,2+1.,-5-21.) (-1,3+JA,2+31.,-4-6A) 

S3 (0,0,0,0) 2(- I-JA,I+31.,1.,-A) 2(1.,-1.,-1-31.,1+31.) (0,0,0,0) 2"<1 ,-1 ,0,0) 2(I+AX-l , I , I ,-I ) (0,0,0,0) 2(-1.,1.,1+31.,-1-31.) 

S4 (0,0,0,0) (2A.,2A,- 1-31.,1-A) (1.,1.,1,-1-21.) 2"<1,0,-1,0) A'(1+AXO,-I ,- I ,2) (0,0,-1 , 1 )  (2,.,2",-",-31.) (0,0,- 1 , 1 )  

Ss (0,- 1 ,0, 1 )  (-12-4,.-,.',,.'-21.,12+21.,41.) (-3-2A,A.,3+31.,-2A) 2(I+AX-l ,I , I ,- I )  (0,-1 ,0,1 )  (O,Q,O,O) (0,0,0,0) (41.,12+21.,1.'-21.,-12-4,.-,.') 

S6 (0,0,0,0) ( 1 ,-5-2',2+,.,2+,.) (2+A.,2+I.,I ,-5-2A) (0,0,0,0) A(2,-1,2,-3) (0,0,0,0) (I +AX2,I , I ,-4) (1+2",6+JA,-2-",-5-4A) 

S7 (0,- 1 ,0, 1 )  ( 1+,.X-l,2,O,-I )  (-1 ,2+31.,3+31.,-4-6,.) 2(-1.,1+31.,1.,-1-31.) (0,-1 ,0,1 )  (41.,1.'-21.,12+21.,-12-41.-1.') (1 +2',-2-1.,6+3,.,-5-41.) 2(1+,.XO, 1 , 1  ,-2) 

S8 (0,0,0,0) (0,21.,-1 -1.,1-,.) (0,0, 1 ,- 1 )  2A<O,I,O,-I) 1.'(1+31.,1+31.,1-1.,-3-51.) (1.,1.,-1-31.,1+1.) ,.(2,2,-3,- 1 )  (1.,,.,- 1-21., 1 )  

S9 (0,0,0,0) (-4-51.,-2-I.,6+JA,I+2,.) (6+31.,1+2,.,-5-41.,-2-1.) (0,0,0,0) ,,<2,-1 .5,1,- 1 .5) (0,0,0,0) (1 +AX1,2,-4, I )  (2+A.,2+A,-5-21.,1 )  

S l O (0,1,0,- 1 )  (3+31.,-21.,-3-2,.,,.) (12+21.,41.,-12-41.-1.'''''-21.) 2(1+,.Xl,- I ,-I , I )  (1.,1+1.,1.,-I-JA) (0,0,0,0) (0,0,0,0) (A,-3-2,.,-2,.,3+JA) 

S 1 1  (0,1,0,- 1 )  (-4-6A.,2+31.,3+31.,-1 )  2(1+I.Xl,0,-2,1 )  2(1+31.,-1.,-1-31.,1.) (21.,1-1.,0,-1-1.) (-21.,1.,3+31.,-3-21.) (-2-1.,1+21.,-5-4I.,6+JA) (2+31.,-1 ,-4-61.,3+JA) 

S 1 2 (0,0,0,0) 2(4+21.,-4-2,.,-1-1.,1+1.) 2(-I-I.,I+I.,4+2A.,-4-2A) (0,0,0,0) 2).'(1+JA,-1-31.,-1.,).) 2(I+AX1 ,-I ,- I , I )  (0,0,0,0) 2(1+1.,-1-1.,-4-21.,4+2),) 

S ] 3  (0,0,0,0) ( 1 ,- 1 ,0,0) (-1-1.,1-1.,0,21.) 2"<0,-1 ,0,1 )  (0,0,0,0) ( 1 ,-1 ,0,0) ),(-1 .5,- 1 .5,1,2) ( 1-I.,-I-3A.,2A.,2A) 

S 1 4 (0,0,0,0) ( 1 ,-1-21.,,.,1.) (-1-31.,1-A.,2A.,2A) 2"<-1 ,0,1,0) 1.'(1+31.,-3-51.,1+31.,1-1.) (1+1.,-1-31.,1.,1.) ,,<-1 .5,-1.5,2, 1 )  (1-A,-1-A.,2A,0) 

S 1 S (0,0,0,0) ( 1 ,-1,0,0) (-1 , 1 ,0,0) (0,0,0,0) (0,0,0,0) ( 1 ,- 1 ,0,0) (0,0,0,0) ( 1 ,- 1 ,0,0) 

S8 
(0,0,0,0) 

(0,-1-1.,21.,1-1.) 

(0,1,0,-1) 

21.(0,0,1,-1) 

A'(1+3A, I -A,I +3A.,-3-5A) 

(1.,-1-31.,1.,1+1.) 

1.(2,-3,2,-1 )  

(A,-1-2A.,A,I )  

(0,0,0,0) 

,,<1 ,- 1 .5,,2,-1 .5) 

(0,1,0,-1 )  

(21.,1-1.,21.,-1-31.) 

2" (-1.,1.,1+31.,-1 -31.) 

),.1(1-A.,-3-5"-.1+3).., 1+3;") 

A'(I+1.X-l ,2,O,- I )  

(0,0,0,0) 

S9 S lO 
(0,0,0,0) 

(-5-4",6+JA,-2-1.,1+2A) 

(6+JA,-5-41.,1+2A,-2-A) 

(0,0,0,0) 

,,<2,1 ,-1 .5,-1 .5) 

(0,0,0,0) 

( I+AXI ,-4,2,I )  

(2+1.,-5-21.,2+1., 1 )  

1.(1,2,-1 .5,-1.5) 

( I+AX-4,I , I ,2) 

(0,0,0,0) 

(-5-2A.,2+A,I,2+A) 

(0,0,0,0) 

,,<-3,-1 ,2,2) 

,,<-1,-3,2,2) 

(0,0,0,0) 

(0,0, 1 ,- 1 )  

(3+31.,-3-21.,-2A.,A) 

(12+21.,-12-4A-A',4A.,A'-2A) 

2(I+AX 1 ,-I ,- I , I )  

(A.,I.,I+A.,-1-3A) 

(0,0,0,0) 

(0,0,0,0) 

(A.,-2A.,-3-2A.,3+JA) 

(0,0, 1 ,- 1 )  

(0,0,0,0) 

(0,0,0,0) 

(1.'-21.,41.,-12-41.-).',12+21.) 

2(1+AX-l,I ,I ,-I )  

(-1-3A.,1+A.,I.,A) 

(-1, 1 ,0,0) 

(-1, 1 ,0,0) 

S 
(0,0, 1 ,- 1 )  

(-4-61.,3+3A.,2+3A.,- 1 )  

2(1+)'Xl,-2,O,I )  

2(1+3A.,-1-31.,-A.,A) 

(2A.,0,1-1.,-I-A) 

(-2A.,3+3A.,A.,-3-2A) 

(-2-A.,-5-4A.,1+2A.,6+3A) 

(2+3A.,-4-6A.,-I,3+3A) 

(2A.,2A.,I-A.,-I-JA) 

(-5-2A,I,2+A.,2+A) 

(A'-21.,-12-4A-A',4A.,12+2A) 

(2+21.,-I-A,-I-A.,0) 

2(-4-2A.,4+2A.,1+1.,-I-A) 

(-1-21.,1,1.,1.) 

(-1 , 1 ,0,0) 

(- 1 , 1 ,0,0) 

s" S " S ' 4  
(0,0,0,0) 

2(4+2A,-I-I.,-4-2Al+A) 

2(-I-A,4+2A,1+A,-4-2A) 

(0,0,0,0) 

2A'(1+JA,-A,-1-3A.,A) 

2(I+AX1 ,- I ,-I , I )  

(0,0,0,0) 

2(1 +A,-4-2A,-I-A,4+2A) 

2).'(-A,1+3A.,A.,-1-3A) 

(0,0,0,0) 

2(1+AX-l .l , I ,- I )  

2(-4-21.,1+1.,4+21.,-1-1.) 

(0,0,0,0) 

2A'(A,-1-3A,-1.,1+3A) 

2A'(-I-JA,A,1 +31.,-1.) 

(0,0,0,0) 

Table.5  

(0,0,0,0) 

( 1 ,0,-1,0) 

(-1-A,O,I-A.,2A) 

2"<0,0,-1 , 1 )  

(0,0,0,0) 

( 1 ,0,-1,0) 

,,<- 1 .5, 1 ,-1 .5,2) 

(I-A,2A.,-1-3A.,2A) 

A'(1-A,1+3A,-3-5A,I+JA) 

,,<-3,2,-1 ,2) 

(-l-3I.,A,I+A,A) 

(-1-21.,A,I ,A) 

2A'(I.,-A,-1-3A,1+3A) 

A'(I+AX2,-I,-I,O) 

1.'( -3-5A.,1 -A.,1 +31.,1 +JA) 

(0,0,0,0) 

(0,0,0,0) 

(I ,A,-1-2A.,A) 

(-1-3A.,2A,I-)',2).) 

21.(- 1 , 1 ,0,0) 

1.'(1+31.,1+31.,-3-51.,1-1.) 

(1 +1.,A.,-1-3A.,A) 

,,<-1 .5,2,- 1 .5,1) 

(1 -A.,2A,-I-A,O) 

A'(I+AX-l,O,2,- I )  

,,<- 1 ,2,-3,2) 

(- 1 ,0,1,0) 

(-1,0,1,0) 

2" (- I-JA,I+3A.,I.,-A) 

A'(-3-51.,1+3A.,I -A,I+3A) 

(0,0,0,0) 

(0,0,0,0) 

S 
(0,0,0,0) 

( 1,0,-1,0) 

(-1,0,1,0) 

(0,0,0,0) 

(0,0,0,0) 

(1 ,0,-1,0) 

(0,0,0,0) 

( 1,0,-1 ,0) 

(0,0,0,0) 

(0,0,0,0) 

(-1,0,1,0) 

(-1 ,0,1,0) 

(0,0,0,0) 

(0,0,0,0) 

(0,0,0,0) 

(0,0,0,0) 



34 
REFERENCES 

1 -Axelrod, Rand Dion, D . ( 1 988) The further evolution of cooperation, Science 242, 
1 3 85- 13 90 

2-Banks, J . S and Sundarm, RK. ( 1 990), Repeated games, finite automata and 
complexity, Games and Economic Behavior 2, 97- 1 1 7 .  

3-Binmore, K .G. and Simuelson, L. ( 1 992) Evolutionary stability in repeated games 
played by finite automata, Journal of Economic Theory 57, 278-305 . 

4-Miller, lH ( 1 989), The evolution of automata in the Repeated Prisoner' s Dilemma, 
working paper of the Santa Fe Institute, Economic Research programo 

5-Nowak, M.And Sigmund, K. Chaos and the evolution of cooperation, Proc. Nat!. 
Acad. Sci. USA 90, 509 1 -5095 ( 1 993) .  

6- Nowak, M. , Sigmund, K, and El-Sedy, E. ( 1 995), Automata, repeated games and 
noise, Journal ofMthematical Biology 33 ,  703-722. 

7- Rubinstein, A. ( 1 986), Finite automata play the repeated Prisoner' s  Dilemma, Journal 
ofEconomic Theory 39, 83-96. 

Recibido en Junio 1998 



Revista de la 
Unión Matemática Argentina 
Volum.en 41, 3, 1999. 

A POINTWISE ERGODIC THEOREM 
MARÍA ELENA BECKER 

Abstract . L e t  (X, A ,  ¡..t) be a finite meas u re space a n d  ep a nonsingular transfor­

mation on (X, A, ¡..t) ,. Necessary and sufficient conditions are givim in order that for 
any f in Ll the average * L:�:Ol f O epi (x) con verges a,l m os l, everywhere. 

INTRODUCTION AND RESULTS. 
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Let (X, A, ¡..t) be a finite measure space and ep a nonsingular transformation on 
(X, A, ¡..t) ,  that is , A E A and ¡..t (A) = O implies ¡..t (ep- l A) = O. Wc consider the 
operator T, acting on measurable functions, 

Tf(x) = f(epx) . 
Associated with T we have the averages 

n- l 
Mn (T)f = � L Tif . 

n i=o 
Since T maps Loo to Loo and ep is nonsingular, the adjoint operator S aéting on 
Ll(¡..t) can be defined by the relation 

! gTfd¡..t = ! fSgd¡..t , 

f E Loo , 9 E Ll ' As in [3] , in order to extend the domain of S to the space 
M+ (¡..t) of all nOllllegative extended real valued measurable fUllctions on X, fix 
any f E M+ (¡..t) and take {In } e Li (¡..t) such that fn t f a.e. on X .  We then 
define 

Sf = lim Sfn a.e. on X . n 
It is easily checked that by this process S can be uniquely extended to an operator 
on M+ (¡..t) satisfying S(af + {3g) = aSf + {3Sg , O � a, {3 < oo. In the sequel, S 
will be understood to be defined on M+ (¡..t) in this manner and we write 

n- l 
Mn (S)f = � L Sif . 

n i=o 
1991 Mathematics Subject Classification: Primary 47 A35 Secondary 28D05 
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The purpose of this paper is the following theorem: 

Theorem 1. Let (X, A, p,) be a finite measure space and ¡p a nonsingular trans­
formation on X. Then the following conditions are equivalent : 

A) For any f E Lt (p,) , limMn (T)f exists and is finite a.e. on X. . n _ 

B) S satisfies the mean ergodic theorem in L1 (p,) and, further, for any f E  Lt (p,) , 
limMn (S) (fvo ) exists and is finite a.e .  on X ,  where Vo is the pointwise and n 
L1 -norm limit of Mn (S) l .  

We will need the following wep-known fact (see, e .g .  [4] ) 

Lemma 1 .  Let (X, A ,  11.) be a finite rneasure space and ¡p a nonsingular transfor­
mation oh X. The following are equivalent: 

( i) 

(i i) 

( iii) 

For any f E Loo, Mn (T)f converges almost everywhere. 
1 n-1 . .  

For any A E A, lim- "" p,(¡p-' (A) ) exists. 
n n �  i=O S satisfies the mean ergodic theorern in L1 • 

Throughout this paper XA will be the characteristic functíon of the set A and 
we will consider two sets as 'equal ' if they agree up to a set of measure zero. A 
measurable set A will be called invariant if TXA = XA a.e . .  We denote by .J the 
u-field of invariant sets . 

THE PROOFS. 

In ordcr tu provc Thcorcm 1 we will make somc prcvious cOllsidel'ations . First ,  we 
obsel've that by virtue of Lemma 1 we may and do suppose that ¡p satisfies :  

1 n - 1  . 
For any A E Athere exists JI(A) = lim- "" p,(¡p-' (A) ) . 

n n �  
_ . i=O 

By the Vitali-Hahn-Saks theorem JI is a measure. It is easy to see that JI is 
absolutely continuous with respect to p" invariant undel' ¡p and jl(A) = p,(A) , 
A E .J. 

� . . 
Let Vo = d' C = {x : vo (x) > O} and D = X \ C. We have p, (C \ ¡p-l (C)) = O 

P, . 
and hence vire may suppose that C e ¡p-1 (C) . Then the set Do = n ¡p-n (D) is . n�O 
invariant and p,(Do ) = JI(Do) = O .  Thus we have 

( 1 )  X = U ¡p-Il (C) : 
n�O 
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It is also easy to see that the validity of Ll -mean ergodic theorem for S implies 

Vo = lim Mn (B)l . n 

We prove the fo11owing: 

Lemma 2. Let h E  M+ (JI.) sllch that h* (;¡; ) = limM,, (T) h (x) exists and is finite 
n 

a.e. 011 X. Then h E  L1 (Ji) if and only if h* E L1 (JI.) . 
Proof. If h is in L1 (Ti) ,  then by Birkhoff's classical ergodic theorem h* E L¡ (Ji) 
and we have I hd:¡i = J h*d:¡i = J h* dJl. , 

where the last equality follows from the fact that h* is J ":"measurable together 
with JI. = Ti on J. 
Conversely, assume h* E Ll (JI.) and let {hn }  be a sequence of nonnegative simple 

. functions increasing to h. By (1 ) and the Lebesgue bounded convergence theorem, 
for a11 A E A we have 

Hence 

Prool ol Theorem 1. A) ==> B) . Let f be a function in Li (JI.) and f* = limM,, (T)f .  
n 

We consider fór each natural N the set JN = {x : f* S N} .  Since JN E J, 
(fxJ ) * = XJ f* JI.-a.e . ,  and from Lemma 2 it follows that IXJ .Vo E Ll (Jl) .  N N N . 

Then Lemma 1 and the fact that the validity of the Ll -mean ergodic theorem fOl" 
S implies the válidity of the pointwise ergodic theorem for S (see, e .g. [2] ) give 
the allllost everywhere convergence of Aln (S) (fXJ vo ) .  From the relation . N 

it fo11ows that Mn (S) (fvo )  converges a. e .  on JN . Letting N t 00, we obtain B) . 
B) ==> A) . Since for a11 f E Ll (¡¿) , 

JI. - a.e. on X , 

S can be considered to be a positive linear contraction on Ll (C, Jl) . 
Let Je be the u-field of invariant subsets of C. Using, for instance, the Chacon­
Ornstein theorem and the identification of the limit function (see [1] , pA1 ) it 
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follows that for each h E  L 1 (C, f.l) there exists a .1c-measurable function R(h) 
such that 

h = lim Mn (S)h = R(h)vo f.l - a.e. on e . 
Furthermore, we have 

r /ullt = r R(h) vnd¡ l, , I( E .. 1e; . JJ\ JJ\ 
Now, let J E Li (f.l) anu set In = lllin{J, n} ,  for each natural H. 'fhen 

f.l - á.e. on e , 

where � = lirnMn (S) (Jvo ) .  n 
We take J(N = {� E C : supR(Jnvo )  � N} . It follows that 

n 

Therefore , f E L1 (J(N , Ji) and by Birkhoff's classical ergodic theorem Mn(T)f 
converges to a finite limit a.e. on J(N. 
Since J(N t e, A) follows from (1 ) .  
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HARDY-ORLICZ SPACES AND HORMANDER 'S MULTIPLIERS 
Claudia Serra and Beatriz VivialÍP 

Presentado por Carlos Segovia Fernández 

Abstract : We consider Hormandcr 's m l l l t i p l icrs of fract.ion a.\ ordcl" 0 11  Hal'dy­
Orljc� spaces Hw(Rln ) .  The maill tools w e  used are the atomic and molecular 
decompositions of these spaces . 

1. Introduction 

In this  paper we study multipliers for the Hardy-Qrlicz spaces Hw(Uln) .  We 
consider Hormander 's multipliers of order t > 0, where t is  not necessarely an 
integer Ilumber. In [5] , Taibleson and Weiss, proved that the functions m sat­
isfying a Hormander 's type condition (see ( 1 .2 ) )  are multipliers for the classical 
Hardy spaces HP (Uln ) ,  0 < p ::; 1 .  There, they use different techniques to deal 
with the cases t an integer and t real and non-integer (see theorems 4 .2  and 4.9) . 

. The purpose of this work is ,  on one side, to extend these results to the contect 
of Orlicz spaces . On the other side we present an approach that · allows to deal 
si ll11 l 1taneously with all p osit ive real values of t . Our main tools in this setting 
a.re Lhe aLomic and molecular decompos ition of the Hardy-Orlicz spaces given in 
[3J fi ud [6J . . 

In  order to introduce the spaces Iiw (Uln )  we first give sorne definitions . 
Let 9 be a pósitive function defined on Ul+ = {x E Ui, x > O} . . We shall say 

that 9 is of lower type m � O (respectively, upper type m) if there exists a positive 
cons tant  e such that 

g(st )  ::; Ctmg(s)  

for every O < t ::; 1 (respectively, t � 1 ) .  
Given g, a function o f  positive lower type 1 ,  we define 

g-1(S )  = sup { t : g(t) ::; s } .  

Assume that w i s  a function of positive lower type 1 and upper type d ::; 1 .  
lSupported by CONICET and U N L  (CAI+D Program) 

Keywords and phrases : Hardy-Orlicz .spaces , Hormander's muI tipliers . 
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, 
Let j E IN such that j i .> 1 .  We define 

Hw � Hw{lRn) � {fES' 'J w e{�;,) ) d. < 0a}. 

where /i is the j-maximal function of a distribution / E S', the dual space of the 
dass of Schwartz functions (see [ 1 ] ) .  We denote 

I I f l IR. �inf { -1> O =J w e{�;,)) d. $' 1 } 

It can be seen that Hw is a complete topological vector space with respect ':0 
the quasi�distance induced by I I I IHw . Moreover Hw is continuously included in 
S' . Clearly, when w(t) = tP, O < p :::; 1 ,  Hw (mn ) = HP(IRn ) . AIso it  can- be 
proved that for every / E Hw , i is  a continuous function on mn which satisfies 

( 1 . 1 ) 
{ I�(') I <; Cw-:;:: In ) 1 1 J 1 1l{� ,  

/(0) = O 

where C is a constant independent of / ,  see [5] for the case HP(mn). 
Suppose that m is a m(;!asurable function such that the function mi belongs to 

s' whenever / E Hw• We say that m is a multiplier on Hw iff there is  a constant 
C > O satisfying 

1 1 (mit I I HU. :::; C I I/ I IHw 

k E IN. 
We say that a function m satisfies the HOrmander condition for t > O if m is  

bounded, Im (x ) 1 :::; A,  and for sorne integer t > t and all integers k ,  we have 

( 1 .2) 2k(2t-n> ! I h l -2t . !  larm(xWdx l!�n :::; A2• 
Ihl<2"-1 2"< lxI9"+1 
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It can be proved that if t is an integer, condition ( 1 .2)  is equivalent to 

R21.8I - n  . J ID.8m(xWdx ::; A2 
R<lx l$2R 

for 0. ::;  1,6 1  ::; t and all R > o..  

The main resulL in  this paper is the following: 

. Theorem ( 1 .3) . Assurne that w is a fundion of positive lower type 1 and upper 
type d ::; 1 .  Suppose thal m salisjies the Horrnander condition for t > n (2/ 1 -
3/2) .  Then, there is a constant e > 0. ,  independent of m ,  such that 

(1 .4) 

for every fE Hw . When w(t) = tP, P E (o. , l ) we have (1 .4) with t > n ( 1 /1 -
1 /2 ) . 

The proof of theorem ( 1 .3) is developed in section 3 .  As principal tools we 
use tlie atomic and molecular decoinpositions of Hw which are contained in section 
2 .  

2. Atomic and molecular decompositions of Hw 

In this section we shall give the definitions of the atomic and molecuar Hardy­
Or1\cz spaces and statc sorne of their properties used in the next section . Thc 
proofs . of these results can be found in [6} and [3J . As in those papers in the 
sequel we shall assume that :  
(2.1 ) w is a functíon of posítive lower type 1 and upper type d ::; 1 ,  p is the 
function defined by p(t) = t- 1  /w- 1 ( t-1 ) and N = [n( l / I  - l )J ,  where [xl stands 
for the biggest integer less than or equal to x. 

The following definition will be usefull to introduce the atomic and molecular 
spaces . 
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Definition (2 .2 ) .  Suppose that b '7 {bj }  'eIN . is  a sequence oí íunctions in . . 3 o L2 (mn) , and e = {Cj }jeINo is a sequence oí �ositivé constants such that 

(2 .3) 
j 

where IN o denotes the set of n�n-negative integers. We define 

We observe that 
�. ( l Ibj I l2Cj l /2 ) _ L¡CjW A(b, c)1/1 S e,  

where e is the upper type constant of  w .  

Definition (2 .5) . Let TI E INo , Ti � N. A (P, 71) atom is a real valued function 
a on mn satisfying 

(2.6) f a(x)xPdx = O 
m" 

{or every multi- index P = (Pl ,  . . . , Pn) such that IP I = Pl + . . . + Pn S Ti, where 
,...p .  _ ,..PI ",P2 ",Pn '" - "' 1  "' 2  • • •  "'n , 
(2 .7) the support of a is containoo in a ball B and 

I 

(2 .8) 

Clearly, when w(t )  = tV ,  p E [0 , 1 ] ,  we have that p(t) , = t l /p�l and a (p, TI} atom 
is a (p, 2, TI) atom in the usual sense (see (5) ) .  

. . 

Deflnition (2.9) . We define HPoJI = HP'''(mn ) as the linear spac� oí distributions 
r on S which can be represented by 

. 

( 2 . 10 )  f(,p)  = L: bj (,p)  , 
. ! 
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·where { bj }  is a sequen ce of (p, TI) atoms such that there exists a sequen ce of balls 
{Bj }  satisfying supp(bj )  e Bj = B(xj , rj ) and (2 .3)  with Cj = IBj l .  We denote 
b = {bj } , B = { IBj l } and let 

I l f I lHP,'1 = inf A(b, B) ,  

where A( · , · )  i s  as in  (2 .4) and the infimum i s  taken over all possible representations 
of f oC the form (2 . 1 0 ) .  

'rhe definition oC  a molecule in  the context of Hardy-Orlicz spaces i s  the fol­
lowing. 

Definition (2 . 1 1 ) .  Assume that E is admissible, that is E > O for the case w(t )  = 
tI' and E > 1/ 1  - 1 for a general w. Let Xo E mn • A (p, E) molecule centered at 
Xo is a real valued function M on mn satisfying 

(2 . 12 )  

and 

(2 . 13) J M(x)x{3dx = O 
m" 

for every multi-index f3 such that 1f3 1  � N .  
We observe that when w( t )  = tI', P E (0 , 1 ] ,  a (p, E) molecule i s  a (p, 2 ,  E + 

1 /p - 1 /2) molecule in the usual sense (see [2J and [5] ) .  

R�mark (2 . 14) .  I t  i s  not difficult to  see that condition (2 . 12)  implies that M x{3 E 
L1 for every f3, 1f31 � N and consequently M has continuous derivatives up to the 
order N. Moreover, we get 

From this, we clearly have that if M satisfies (2. 12) ,  then (2. 13) is equivalent to 

¡j3 M(O) = O , 1f3 1 � IN. 
Given M, a (p, E) molecule centered at xo , and B, a ball with the same center, 

we denote 
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Definition (2 . 15 ) .  Assume that f is admissible. We define M p,( = MpAmn),  
as the linear space of distributions f ón S which can be represented by 

(2 . 16) /( 1/J) = E Mj ( 1/J) , ' 
j 

where {Mj }  is a sequence of (p, f) molecules centered at {Xj } ,  such that there 
exists a sequence of balls {Bj }  = {B(xj , rj ) } satisfying 

E IBj lw( \ IM!i Il 2 IBj l -l/2 ) + E IBj lw( I IMfBi I l 2 IBjl-l/2 ) < oo .  
i i 

B B }  CB { CB , , 
Let M = {Mj J ,  M =  Mj J }  and B = { IBj !} .  We define 

I I f l lMp,. = inf(A(MB , B) + A(McB , B)) , 
where A( · , · )  is as in (2.4) and the infimum is taken over all possible representations 
of l of the form (2 . 16 ) .  

Wc finalYy l'cmal'k that both spaces HP''1 alld Mp,( coincide with the Hardy- . 
Orlicz spaces Hw• 

3. Proof of the main result o 

In order to prove theorem ( 1 .3) we first give two technical results which proofs 
are contained in [5} , necessary modifications can be carried out. 

Proposition (3 . 1 ) .  Assume that b is a functíon belonging to L2(1lr) with ván� 
ishing moments up to the order 11 E IN o and $UPP( b) e B =  B(O, r ). Then for 
every h E  IR"', o S k S fl, D E m and E > o .we get 

(3.2) 
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and { I T.s/¡ 6�b(x) 1  :s; e l l b I 1 2 IB I � + ! l k l 'lH if I x l  < Elk l  
(3 .3) 

I T.s/¡6�b(x) 1  :s; e l lb I 1 2 IB I �+ ! l k l k lx l 'lH-k i f  Ix l  2:: Elk l ,  
wkere e is a positive constant wkick does not depend o n  b ,  k,  and X j  and Thf(x) = 

f(x + k) .  

We observe that by (3 . 3 )  with 6 = k = O, we have 

(3 .4) 

for every x E mn • 

Theorem (3 .5 ) .  Suppose that m satisfies the Hormander condition for t > n/2. 
Then there exists a constant e, indepent of m, such that for all integer k, 

(3 .6) 2k(2"Y- � ) J Ih l -2"Y [ J 
m" 2k < I:z:19k+ 1 

16  'Ym(x) 1 2r dx] l/r dh < e2 A2 /¡ I h ln -

tvhen ever r = 1 or n/r > n - 2(t - ,) , , E m+ , and '1 an integer greater than 
,. Furthermore, m is bounded and continuous on mn -:- {O} and I lm l loo :s; eA. 

Let us remark that , since the results stated in the following are invariant under 
change of equivalent functions, in proving tltem we shall assume without 108s of 
generality that w is in addition continuous and strictly increasing. 

Lem�a (3 .7 ) .  Assume that m. satisfies the Hormander condition for t $uch that 
t == t/n+ l /2- 1! 1  is admissible .  Suppose that b is a funclion belonging to L2 (IRn) 
with vanis�ing mor:nents up to the order [t] + 1 and supp( b) e B = B(O, r) . Then 
(mbt is a (p, e::) molecule centered at zero and satisfies 

(3.8) and 

(3 .9) 



46 

Proof. Since t/n + 1  - 1/ 1  > O and p has upper type 1 / 1 - 1 ,  we can write 

l I (mb)V ( · )p( I ' l n) I ' ln( �+1- t > l b 

:::; I I (mb)V( . )p( I ' l n ) I ' l n (;'¡+1- t >XlxI90 1 1 2 + lI (mb)v (-) I ' l tp( I ' l n) I ' l n( l- t >Xlxl�l ( - )  

� CO I (mb) 1 I 2 + 1 1 (mb)V I ' l t I l 2) . 
'fhen, uy (2 . 14 ) ,  in orde! Lo prove LhaL (mb)V is a (p, f) molecule cenLered aL zero, 
it will be enough to check (3 .8) , (3 .9) and 

(3. 10) . Dt1(mb) (O) = O , IPI :::; N. 
From the bouitdedIiess of m we clearly have (3 .8) . Let us prove (3 .9) . Suppose 
that t = [tI + 1 .  Then, using the identities 

1 l (mb)V(xW lx I2t = C J 1 1���;�2�' ) I I � dh , 
mn mn 

whlch proof is contained in [4] (p .  1 40) , and 

�t(Jg) = kEí G) (T-kh�{f)(��g) , 

we need to show that 

J I I T-kh�{b( . )��m( · ) I I � dh = ( J J ) J I I T_kh�{b( . )��m( · ) IH 
.IRn I h ln+2t . + . I h l n+2t ( 

. hl < IB I-l /n Ihl� IBI-l /n IRn 

for ·k + j = t. It is clear that 

12 :::; CA2 1 1 bm f Ih l�+2l dh :::; CA2 1 I bm IBI �  , 
Ihl� IB I-l /n . ' 

because I Im l loo :::; CA. Let us estimate 11 , We first consider the case k = O. 
From (3,2) with r = 1 we easily obtain 

11 :::; CA2 I 1 b l l � IB I �  -1 I hI2(í-t>-ndh :::; CA2 1 1 b l l � IB I * ·  
Ih l< IBI-l /n 
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Por the estimate of 11 for the case k 2: 1 w.e choose an ínteger f{ such that 
2nK < IB I-l ::; 2n(K+1 ) and we get 

. 

= SI + S2 + S3 

Estímate for SI '  Let z be a nonnegative constant. Aplying the fact that IB I -l/n l h l - 1  
1 and (3 . 3 )  i t  follows that 

. 

_ K - l  
::; C IB I 2(t!I)+1- � l l bm E 2v2(t+1-j) 

v= -oo 

Taking z = � when t is an integer and k = 1, and z = O in other case, we' can 
apply (3 .5) and we obtain that SI is bounded by 

v.= - oo  

because 2t + 2 - 2t - 2z + n > O and 2K "'· IB I -l/n . 
· Estimate for S3 '  Take z as in  the estimate of SI .  Since t > n/2, we can choose 
r: 2: 1 such · that 

and 

n . - > n - 2) + 2z 
r 

2(t  + z - j )  - � > O .  
r 
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Thus, from Holder's inequality, (3 .5) and (3 . 2) ,  we get "that 83 is less than or equal 
to 

" 00 
:S CA2 1 I b l l � IB I -�' + �+ � l l bm L 2-v(2(t+z-j)- ; )  

because 2 k  rv IB I -t/n .  

v=K 

Estimate for 52 ' By Tonelli, we can write 

= 13 + h 
From (3 .3) it is clear that 

13 :S" CA2 IB I 2(¡�"I) +1 l l bm f I h I 2(t+1 )-2tdh 
Ih l9k 
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since I B I - 1/n "-' 2K • On the other hand; applying (3 .2) with r = 00 ,  we have 
tila!' 

14 ::; CA2 _/ I I b l l � IB I � l h I 2j-n-2 tdh ::; CA2 1 I b l l � IB I ";; , 
2k <lh l< IB I-1 /n 

which concludes the proof of (3 .9) . 
Finally, in order to prove (3 . 10) we proceed as in the context of the spaces 

HP(mn) applying (2 . 14) ,  ( 3 .4)  and the restriction on t .  

Prool 01 theorem (1 .3) :  Clearly it i s  sufficient to  prove that there exists a 
constant C independent of m such that 

(3 . 1 1 )  

for every I E Hw, with I and E as in the previous lemma. . Let I E Hw and assume 
that b = { bj } is a sequen ce of multiples of (p, l) atoms such that f = L bj in S'. j 
Since m E Loo , applying ( 1 . 1 )  it is clear that 

j i . 
By (3 .7) we have that Mi = (mTxj bj )V ( .  - Xi ) is a (p , E) molecule centered at 

Xi which satisfies 

(3 . 12) 

(3 . 1 3 ) 

Let Q be a positive real constant. Following the notation of (2 . 15 ) , by (3 . 12) , . . 
we obtain 

(3. 14 )  

On the other hand, applying (3 . 1 3) and .the fact that p is of  upper type 1 /1 - 1 
we get 
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< " IB o l (CAl l bj I l 2 IBj l :-l/2 ) - �. J W [aA(b, B)] 1/1 . J . 

Since we can assume that the constants C in (3 . 14) and (3 . 15 )  coincide, taking o 

a = (C A)/ it follows that 

l I (m!)V I IMp . •  � A(MB , B) + A(MCB , B) � CA/A(b, B )  

where C i s  a constant independent of m ,  which proves (3 . 1 1 )2 .0 
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A REMARK ON EULER'S CONSTANT 

PABLO A .  PANZONE 

A IlS'l' l lAC'!'. Gel :co be any real po"itive 1I0U-lIatural llU mUCI' wh ich "ati"lics l'(:co).k = 

l" (xo) with k a rational number, We prove that either Euler's constant' l is trascen­

dental 01' :co is irratiollal . 

Define for pj q E N ,  
( ) , _ ,,\,00 ( l ' 1 ) ( 

)
, ,,\,00 I xqi xqi+P ) a p, q , - L."i= l  ;¡i - qi+p and F x ,= L."i= l \. qr - qi+p 

Obviously F(I )  = a(p, q) and �� = xq- l g=::� , Thus a(p, q) = Jo
l xq - l g=::� dx 

and one obtains, for examp1e, a( I , 2) = 1 - ln2, a( I , 3) = 1 - 1�3 - 6\í3 , etc. 

Indeed one can compute a(p, q) in closed forrn with the following formula due to 
Gauss ( [1] pg. 35) :  

1 p I S 1 ( 1 )  a(p, q) = - -7I"cot( -71") - -ln(q) + - + -2q q q q P (q- I )/2 
where S = L: i cos(271"rpjq) ln[4sín2 (7I"rjq)] , (q odd) , r= l (q-2)/2 S = L: cos(271"rpjq) ln[4sín2 (7I"rjq)] + (- I)Pln2, (q even) . 

r= l 
Lemma 1 .  a(p, q) - 1 =1= O for' p, q E N ,  O < E < 1 .  p , q 
Proof. Suppose a(p, q) = � ,  Then as O < p < q, � = Jd xq- l g=::ldx :::;; 
Jo

l xq- l dx = 1 ,  a contradiction, • 
q , 

The following theorem, proved in 1966, is due to Baker ( see [2] pg. l l ) : 
Baker 's Theorem. ef3o .0fl . . . (J�n is trascendental f(!)r ariy non-zero algebraic 
numbers {Jo , . . . : {Jn , (JI , . . • , (Jn '  
\Ve use this theorem to prove the following' result , 
Theorem 1 . a(p, q) is trascendental for every pair p, q E N ,  � non-irl:teger. 
Proof. There is no 10ss of generality if we assume p, q coprime. It is enough to 
prove the theorem for O < � < 1, because a(p, q) and a(p + q.n, q) , n E N, differ 
by a rational nurnber. Thus assume p, q are coprime and verify O < � < 1 .  
Moreover one can assume � =1= � for a(l ,  2 )  = 1 - ln2 and ln2 is trascendental by 
Lindemann's theorem ( [2] , pg. 6) . 
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Recall that the set of algebraic numbers is a field. First observe that sin( E1l") and 
q cos( �1l") are algebraic because sín( �1l") and cos( �1l") are algebraic, and this last 

assertion follows from De Moivre formula énx = (cos x + isin x)n with x = �1l" 
and n = q. 
Thus from ( 1 )  for one sees that a(p, q) = 7r.(0 + ¿:j=l ój log« j ) +  � with (o , . . .  , (n , 
151 , • . • , Ón algebraic and non-zero. 
Assume that a(p q) is algebraico Then f.?o = á(p,q) - l!Pi  = i7r  + "'�_ i6jlog(V) lS , !J' (o w}_ l (o 
algebraic and non-zero by lemma 1 .  Therefore 

. ( � )  . ( t.z.. ) ' ( fu ) ,{io (-. <o ( -. <o (-. <o _ ]  e . I :l • • • • •  1 1. :::t: . 

which contradicts Baker's theorem . •  
The point xo E R stands for a non integer positive number which satisfies r(xo ) .k  = 
r' (xo) where k is a rational number. Then we have 
Theorem 2 .  Either xo is i1Tational or , is trascendental. 
Proof. If Xo is irrational then the theorem is true. Thus assume Xo == p/q lS a 

positive rational non-integer number. . Recall the well-kn�wn formula ¿::1 ( t -
i�x ) - � = �((:} + , . Then, replacing x by Xo in this formula we get qa(p, q) -

q/p = k + , and therefore , is trascendental by theorem 1 ..-
NOTE: One such point Xo cüuld be the point where the minimun o f  r(x) i s  at­
tained. 
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Homogeneous (2,O)-geodesic Submanifolds of 
Euclidean Spaces 

Cristián U. Sánchez and José L. Moreschi .* 

Abstract 
Under the hypothesis that an almost complex submanifold Mn of 

RN is (2, O)-geodesic and homogeneous, a formula for the canonical 
covariant derivative of the second fundamental form of the submani­
fold is obtained. As a consequence of this formula, it is proved that 
if the submanifold is full then the first normal space coincides with 
the whole normal space. Other consequence is obtained under more 
restrictive conditions. 

1 Introduction and main results 
Lct (A1, f],  J) be a COllIlc'ded lliemannian manifold wiLh meLric f] amI an 
almost complcx structure J. We are not assmning, aL least at this point , that 
the manifold is Hermitian i .e.  9 (JX, JY) = 9 (X, Y) . Let N be another 
Riemannian manifold and <p : IvI -t N be an isometric immersion. As usual , 
we shall denote by o: the second fundamental form of the immersion <p. Let 
T (M) denoLe thc tangcnt bmldlc of M ancl let Te (M) be i ls compIexification. 
The ahnosL complex structure J, extended to TC (M) induces a decomposition 
of this bundle into its eighenspaces 

TC (M) = TC (A1) ( 1 .0) E9 TC (M) (0.1) 
which in turn induces a decomposition of the complexified second fundamen­
tal form o:cof the isometric iID.J:Úersion <p. This is of course deIined as 

"l'his rcscnrch has UC'C1l  ¡mrtially supporLcd uy a Grant from SECYT - U. N .  San Luis. 
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and if Z} ,  Z2 E Te (M) then we have, rOl" k = 1 , 2 ,  

Then 

It is usual to define now 

",{2,O) (Z Z ) - ",e �Z(l 'O) Z(l 'O)� ..... '-' },  '-'2 - u. 1 , 2 
a(O,2) (Z Z ) - aC Z(O, l )  Z(l ,O) } ' 2 - 1 , 2 
O{l , l )  (Z Z )  - aC Z(l ,O) Z{O,l) + OC (Z{O,l )  Z(l ,O») 1 , 2 - 1 , 2 1 , 2  • 

The isometric irnmersion cp is caUed (i , k )-geodesic if a(i,k) == O.  
In the present paper we want to assUme that cp is  a (2, 0)-geodesic. 
Now recall that, due to the almost complex structure Jp, the tangent space 

Tp (M) is a complex: vectOl" space which is isomorphic to the holomorphic 

tangent space Te (M) {l ,O) by the corresponQ.ence X I-t � (X - iJpX) . Then, 
rOl" X, y E �l�) (M)  we geL,  <:OJ!lpll t.ing by dcfinitioll 

aC (X - iJ.x, y - i .JY ) = 
= a (X, Y) - a (JX, JY) + i [a (X, JY) + a (JX, Y)] 
.-: aC (X(l ,O) , y(l ,O») = a(2,O) (X, Y) 

Then the condition d{2 ,O) · == O is clearly amounts to 

(i) a (X, Y) - o (JX, JY) = 0  
(ií ) a (X, JY) + o (JX, Y) = O 

and it is clear that (í) and (ii) are equivalent. Thcn cp is (2,  O)-geo�ic if 
and only if 

a (X, Y) = a (JX, JY) \;fX, Y E T (M) . (1 )  
The objective o f  the present papel" i s  t o  pl"esent the foUowing two results 

concerIlÍng (2,  O)-gcodesic Ísometric immcl"sionS. 
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Theorem 1 Let M be a compact homogeneous almost complex Riemannían 
7nanifold and cp : M -t N an isomct7'Íc (2, O) -geodcsic imrncrsion which is 
substantial or ful l  (i. e. cp (1\1) is not conlained in any proper totally goo­
desic submanifold of N J . Assume fU7·thermorc that thc imtnersion cp has 
the property that íts sccond fundarnental forTn a s atisfies Codazzi ',,, equa­
tíon ((V xa) (Y, Z) = (Vya) (X, Z) where Va denotes the usual covariant 

derivative of the sccon(l fundamenlal form aJ. Then, at cach poinl, tite first 
normal space of the immersion coincides with the whole normal space. i. e .  
the space generatcd by tite irnage of tite second fundamental form coincides 
with tite nonnal f:Jl'acc. 

If the Riemannian manifold N is Rn then al1y isometric irnmersioll has , ' 

the property that its second fundamental form satisfles Codazzi 's equation . 

In 'a general Riemamuan manifold N this may not be the case. 

By a homogencous rumost complex H.iemannian manifold we rnc.:·Ul a Rie­
maIUlian manifold M supporting a transitive action of a Lic g,TOUp G of 
isometries. and having an invariant almost complex structure J which is not 
necessarily compatib le with tite metric (when this compatibility exists it is 
customary to say that the manifold is Hernrithian) . 

Let us denote by ( . , . ) the Riemannian metric in the ambient manifold N . 
. In general an iSometry 9 of the group G does not extend to N but it follows 
easily from the aboye thcorem, that the necessary and sufficient conditioIl 
Cor the existcnce of thcse extensions is the invariance, by the group G, of the 

. tensor W (X, Y, Z, W) = (a (X, Y) ,  a (Z, W) (sce for instancc [7] ) .  
The presence of the transitive action of the Líe group G on 1\1 yields 

the existence on M of a canomcal affirie con.D.eCtion (see [4] or [3] ) ,  usually 
denoted by Ve. The invariance of the metric induced by ( . , . ) on M ,  by the 
action of the group G, implies that Ve ( . , . ) = O i .e.  the connection Ve is 
compatible with the metric on M. 

Let V denote the Riemamrian connection on M associated to the metric 
and let D (X, Y) = V x Y - V�Y be the difference tensor. Both, the tensor D 
and the almost complex structure J, are invariant by the action of the group 
G and hence VeD -. O = ve J. Even when the cónnection Ve is compatible 

with the Riemanman' metric it has, in general, non zero torsion and it is easy 
to see that it has the form T (X, Y) = D (Y, X) - D (X, Y) . 

.As in [6] and [2] w� say that the canomcal eonnection Ve satisfies Axiom 
6 (with respect to the iinm:ersion cp) if for each p E M and every X, Y, Z E 
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Tp (.M) thc sccond fundamcntal form of 'P satisfiffi the identity 

op (T (X, Y) , Z) = cxp (Y, D (X, Z)) - cxp (X, D (Y, Z)) . (2) 

There are plellty of compact manifolds M and isometric immersioDS 'P : 

M --¡. RN such that M admits a canonical connection "e which satis.6.es 

Axiom 6. In fact if M is an á-spacc (also called orbit of an s-representation 

or real flag manifold) aJl(I 'P is its canonical imbedding thcn, for any of the 
possibIe canonical coimcctions, Axiom 6 holds (sc'C [6] or [2] ) . 

The following consequencc of the proof of Theorem 1 shows that in the 

case that N = R,n , the fact that Axiom 6 holds for a (2 ,  O)-geooffiic embedding 
'P of a compact homogeneous almost complex manifold, imp lies that M is an 
R-space and in fact 'P must be its canonical imbedding . 

. Theorem 2 Let M be a compact homogeneous almost complex Riemamiian 
manifold and 'P : M --¡.llrt an isometric (2, O) -geodesic embedding which is 
substantial or full  (i. e. 'P ( M )  is not contained in miy proper total ly geodesic 
submanif{) ld of N J. Assume that the canonical connection satisfies Axiom 6 
with respect to 'P. Then M is an R-space and 'P is its canonical embedding. 

This result generalizes Theorem 4 in [1 , p. 88] . 
The proof of these two results is contained in the next section. 

2 Proof of the results .  
Proof of Theorem l o  

Lct 'P : M --¡. RN be  the (2 , O)-gcodesic isometric Írnmersion and recall 

that in [5] a "  c8nonieal" cowu·iant dcrival;ivc of thc sccond fundamental form 
was illtroducOO by Lhc formula . 

("�CX) (Y, Z) = "i (o (Y, Z)) - o ("�Y, Z) - o (Y, "�Z) . 
This covariant derivative is the key ingredient in the characterization of gen­

eral R-spaces obtained in [4] (see aIso [2]) .  
By recalling the definition of the Riemannian covariant derivative of the 

second fundamental form we obtain irnmediately 
. 

("�o) (Y, Z) = (V xo) (Y, Z) + o (D(X, Y), Z) + o (Y, D(X, Z)) . (3) 
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Since the second fundamental form a of the immersion <p satisfies Co­
dazzi 's equation, by iuterchanging the lctters X éUId Y aud substracting we 
get 

(\7�a) (X, Z) - (\7�a) (Y, Z) (4) 
- a (1'(X, Y) , Z) - [a (Y, D (X, Z)) - a (X, D (Y, Z))] . 

This formula replaces Codazzi's equation for the canonical covariant deriv­
ativc of the second fundamental fonn a. 

Now since our immersion <p is an isometric (2, O)-geodesic immersion we 
have by the conrn tion (1) 

a (JX, Y) = -a (X, JY) . (5) 

aud this yield':> very easily 

(\7�a) (JX, Z) = - (\7�a) (X, JZ) (6) 

Now starting with the identity (4) we write 

(\7�a) (X, Z) = 
= (\7�a) (Y, Z) + a (T(X, Y) ,  Z) - a (Y, D (X, Z)) + a (X, D(Y, Z» 
= - (\7�a) (Y, J2 Z) + a (T(X, Y) , Z) - a (Y, D (X, Z)) + a (X, D(Y, Z) ) 

because J2 = -l. 
Then by (6) 

(\7�a) (X, Z) = 
(\7�a) (JY, JZ) + a (T(X, Y) , Z) - a (Y, D(X, Z» + a (X, D(Y, Z» . 

Now we may change (\7�a) (JY, JZ) using again (4) lUId then the last 
equation becomes 

(\7�,a) (X; Z) = 
= (\7�ya) (X, JZ) + a (T(X, Y) ,  Z) - a (Y, D(X, Z)) + Q (X, D(Y, Z» 
+a (T(JY, X) ,  JZ) - Q (X, D(JY, JZ» + a (JY, D(X, JZ» . 

By using (6) now we get · 

(\7�a) (X, Z) = 
= - (\7�ya) (JX, Z) + a (T(X, Y) , Z) - a (Y, D (X, Z» + Q (X, D(Y, Z» 
+a (T(JY, X) ,  JZ) - Q (X, D(JY, JZ) ) + a (JY, D (X, JZ» 
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and (4) again yields 

(\7�a) (X, Z) = 

= - (\7�a) (J X, JY) + a (7'(X, Y) ,  Z) - a (Y, D (X, Z» + a (X, D(Y, Z» 
+a (T(JY, X) ,  JZ) - a (X, D(JY, JZ» + a (JY, D(X, JZ» 
:-a (T(Z, JX) ,  JY) + a (JX, D (Z, JY» - a (Z, D(JX, JY» . 

Once more (6) implies 

(\7�a) (X, Z) = 

= (\7�a) (X, J2y) + a (T(X, Y ) ,  Z) - a (Y, D (X, Z» + a (X, D(Y, Z» 
+a (T(JY, X) , JZ) - a (X, D (JY, JZ» + a (JY, D(X, JZ» 
-a (T(Z, JX) ,  JY) + a ( .JX, D(Z, JY» - a (Z, D(JX, .lY» . 

Using again t,hc idcnt,it,y J2 = - 1 wc havc 

(\7�,a) (X, Z) = 

= - (\7�a) (X, Y) + a (T(X, Y) ,  Z) - a (Y, D (X, Z» + a (X, D(Y, Z» 
+a (T(JY, X) ,  JZ) - a (X, D(JY, JZ» + a (JY, D(X, JZ» 
-a (T(Zf JX) , JY) + el (JX, D(Z, JY» + a (Z, D(JX, JY» 

and (4) once again yields 
(\7�a) (X, Z) = 

= - (\7�,a) (X, Z) + a (T(X, Y) , Z) - a (Y, D (X, Z» + a (X, D(Y, Z» 
+a (T(JY, X) , JZ) - a (X¡-D(JY, JZ» + a (JY, D (X, JZ» 
-a (T(Z, JX) ,  JY) + a (Jx, D(Z, JY» - a (Z, D(JX, JY» 
-(l (T(Y, X), Z) + a (X, D(Y, Z» - a  (Y, D (X, Z» ; 

which obviously bccomcs 

2 (\7�a) (X, Z) = 

= 2a (T(X, Y) , Z) - 2a (Y, D (X, Z» + 2a (X, D (Y, Z» 
+a (T(JY, X) , JZ) - a (X, D (JY, JZ» + a (JY, D(X, JZ» 
-a (T(Z, JX) , JY) + a (JX, D(Z, JY» - a (Z, D(JX, JY» . 

In the particular case in which X = Y = Z (7) reduces to 

(\7� a) (X, X) = 

,= a (T(JX, X) ,  JX) - a (X, D(JX, JX» + a (JX, D (X, JX» . 

(7) 

(8) 
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By considering formulas (7) and (3) we see immediately that the covariant 
derivative of the sccond fundamental form can be written as a line.:1.r com­
bination of elements of the fll'st normal space (which, by defmition, is the 
subspace of the normal space generated · by the image of the second funda-

. ment.al form) .  1'his clcarly implics that the first normal space coincides with 
the normal space of our irnmersioll <p. and completes the proof of Thcorcm 
1 . . 

Proof of Thcorem 2. 
It follows immediatcly 1i"om Axiom 6 (formula (2) ) and formula (8) tha1.,1'or 

each point p E  1\1 and each X E Tp (1\1) , 

(\7��o:) (X, X) = O. (9) 

Pnr1.hCl"mOrC it follows from (4) t.hat thc canonical covariani derivativc of 
the second fundamental form satisfies thc identity 

(\7�o:) (X, Z) = (\7�o:) (Y, Z) 
for each point p E  1\1 and each X, Y, Z E Tp (1\1) .  This easily implies that the 
canonical covariant derivative of the second flmdamental form vanishes iden­
tically on 1\1 arid since <p is an isornetric embedding into a Euclidean space, 
it follows from [4] tha1. 1\1 is an R-space and <p is its canonical embedding. 
1'his completes the proof of 1'heorem 2 . •  
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§ 1 .  Introd uction and statements oC the main results 

The spaces of homogeneous type were introduced by R. Coifman and G . Weiss in [CW] 
and they were studied and used by several authors (see [AM] , [BS] , [Cj , [MS1 ] ,  [MS2] , [MT] , 

. [SW] , [W] ) .  Let us recall some definitions and properties relative to them. 

Let X be a set o A function d : X X X -+ lRt is caBed a quasi-distance on X ir the 
following conditions are satisfied: 

( 1 . 1 )  for every x and y in X, d(x, y) = O i f  and only if x = y ,  
( 1 .2) for cvcry x and y in X, d(x, y) = d(y, x) and 
( 1 .3 )  therc exists a constant ]{ such that 

d(x ,  y) ::; I« d(x , z) + d(z ,  y» 

holds for every x ,  y and z in X .  

The subsets { (x, y )  : d(x, y )  < E: }  of X x X define a base of metrizable uniform 
structure on X. Moreover, from this fact ,  it can be proved that always it .is possible to find 
a distance 6, defined on X, and a number o: � 1 such that d is equivalent to 601 , i .e . :  there 
exist two constants, DI and D2 ,  su eh that 

( 1 .4) 

holds for every x and y in X (see [MS2] ) .  
Let 11. be a positive measure on a u-algebra of subsets of X which contains the balls 

B(x, r )  = {y : d(x, y) < r } ,  for every x in X and every finite positive r. We assume that 
1-' satisfy a doubling condition, that is, there exists a constant D such th8.t 

( 1 .5) 0 < I-'(B(x, 2r» ::; DI-'(B(x, r» < 00 
holds for every ball B in X. 

A structure (X, d ,  1-'), with d and 1-' as aboye, is  called a space of homogeneous type. 
By keeping in mind ( 1 .4) ,  we can assume (replacing d by 6.01 , if it would be necessary) that 
d is a continuous quasi-distance. 

A space of homogeneous type (X, d, /l) is named normal if there exist four constants 
Al , A2 ,  J(l aud I<2 , Al ::; A2 , I<2 ::; 1 ::; ](h such that 

( 1 .6) 
( 1 .7) 
( 1 .8) 
( 1 .9) 

A1 r ::; /l(B(x , r)) 
B(x, r ) = X  
A2 r � 1J.(B(x, r» 
B(x , r ) = {x } 

holds for every x in X alld r > o .  

ir r ::;  !{1 /l(X), 
ir r > ](1 /l(X),  
if r :2:  J(2/l( {X } ) , and 
if r < RÚI( { x } ) , 
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Let w be a positive and locally integrable function defined on a space oí homógeneous 
type (X, d, p). We denote by w(E) the measure with density w with respect to the measure 
p, i .e . :  w(E) = J w dp. The density w will be called a weight with respect to p. We shall 

E 
say that a pair of weights (u ,  v) belongs to th� class A(p, q) , 1 � p � 00 and 1 � q < 

00, if 
there exists a constant e such that 

( 1 . 10) _ 
( UQ(B») � (v-p, (B») ir < e 

p(B) p(B) -

holds for every ball B in X, where p' = p/(p - 1 ) .  In particular, if q = 00 the condition 
(!L ,  tJ) E A(p, 00) hccomcs 

( 1 . 1 1 )  ( V-P' (B» ) ir < -(ess :up u ) p(B) _ e 

for every ball B. 
Let (X, d, p) be a space of homogeneous type. It is not difficult to see that the function 

p : X x X -+ lRt defined as 
-

(1 . 12) ( ) _ { (P(B(x , d(X , Y))) + P(B(y, d(x , y))))/2 if x 'l- y 
p x, y - O if x = y 

satisfies (1.1) , (1 .2) and ( 1 .3) . If there exists a � 1 such tha:t p� is a distance we define 
6 = p� . In the case that such a does not exist, we reason as before to obtain 6 and a 
such- th�t (1 .4) holds. With this choice of 6 and a, we introduce, for each "'1 in (0, 1) ,  the 
fundion 

( 1 . 13) 
- { 6(x , Y)"'h-1 ) - 6(z , y)"'h-1) if x '1- y and z '1- y 

K _ p( {x} )'Y-1 - 6(z , y)ah-l ) if x = y and z '¡' y 1'(x , z, y) - 6(x , y)ah-l ) _ p( {z } )'Y- l  if x 'l- y and z = y - - O � x = y = z 

for x ,  z and y in X. Now, for each "'1 and each s � 1 ,  we define the following operator 

( 1 . 14) T;!(x) = ��� (P(�J2 L l ll J{1'(x , z, y)!(y)dp(Y) 1 " dP(Z) dP(X») 1 

for cvery x E X and every mcasurablc function ! defincd on X, wherc the sup is takcll 
over all the balls B in X contaiuing x .  
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In the euclidean case (i.e.:X = IRn with the usual distance and the Lebesgue measure) :  
this operator appears naturally connected t o  the study of mean oscillation properties for 
the fractional -integral L." defined as 

( ( I(y) 1 .. rf x) = lIRn Ix _ y ln(l -,.) 
dy

, 
for O < 'Y < n. In fact, this study involves, formally, the study of the behaviour of 

. ( 1 . 15) (s�p 
1� 1 2 h h 11,./(x) - 1,./(y) l "  dx dY) ·

� 

where the sup is taken over all balls B in IRR , for 1 $ s < 00 (see, for instancc, [MW] , p'. 
269}. A more correct mathenÍatical fopnulation (in order to avoid sorne problerns relative 
to the convergence of 1,.1) implies to replace 1,./(x) - 1,./(y) by 

fIRn ex - Z�R(l -") � Iy _ z�R(l -"» ) I(z) dz 
in ( 1 . 15) .  But the kernel between parenthesis in the above integral coincides with the 
euclidean case of ( 1 . 13) for a = n. 

In a general space of homogeneous type (X, d, Jl), an extension of the fractional'integral 
can be defined as 

( 1 . 16) 

with 

1,./(x) = Ix Q,.(x, y)/(y) dJl(Y) 

Q (x ,  y) = { ó(x, y)ah-l ) if x :F y ,. Jl( {x }),.-l if x = y 

for O < 'Y < 1 , where Ó and O' are as in ( 1 . 13). So, obviously, the operator associated to 
the corresponding version of ( 1 . 15) is exactly our operator T;. 

Thc operator T; was first considered by E, Harboure, R. Macías and C. Segovia, in 
the euclidean case, in [HMS2] , in order to get the boundedness oC the fractional operator 
1,. írom weighted L! into weighted BMO. From this result, the authors, as an applicatio� 
oí a theorem oí extrapolation, proved weigted LP-norm inequalities íor T;. The purpose oí 
this work is to extend those results to the general setting oí spaces oí homogeneous type.  
Our first main result is the íollowing theorem. 

(1 , 1 7) Theorem: Let (X, d, p) be a 3pace 01 homogene01J.3 type and Id O < 'Y < 1. 11 
(a, b) E A( 1h, 00), then, lor each s 'in [ l , 1/ (1 -'Y» ,  there exi3t3 a con3tant e, indcpcndcnt 
01 1, 31J.ch that 

( 1 . 18) 
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for every measurable fundíon J. 

The techniques that we are going to use in order to prove the aboye theorem are 
extensions of those used in IHMS2] for the euclidean case. In particular, we will need to 
know that the left hand si de of ( 1 . 18) behaves like 

( 1 . 19) . s� (ess % Es;tP a(x ) (Jl(�)2 LL  IIx K-y(x, z , y)f(Y) dJl(Y) / " dJl(Z) dJl(X») �) 
where the sup is taken oYer aH the balls B in X. The proof of this fact foHows a similar 
reasoning, with obvious changes , to that given for thc euclidean case (see [HMS1] )  and 
it is omitted here. With this result, Theorem ( 1 . 15) can be considered as a result on 
boundedness of fractional integrals on spaces of homogeneous type. Moreover it is easy to 
see that Theorem 7, p. 269, in IMW] of B. Muckenhoupt and R. Wheeden, for fractional 
integral operators in IRR , is the euclidean case for s = 1 of ( 1 . 17) .  Actually, the techniques 
in IHMS2] for the euclidean case of ( 1 . 17) have been taken from IMW] . 

Now, we state an extrapolation theorem which will allow us to derive further results 
about T; from ( 1 . 17) .  Let us first introduce sorne notation. For (X, d, Jl) be a space of 
homogeneous type, we denote by M the set of measurable functions defined on X, and by 
Mo the subset of bounded functions. Now, we state lhe theorem 

( 1 .20) T:heorem: Let T be an operator defined on Mo with values in M .  Let us assume 
that T satisfies 

( 1 .21) IT( V)I = I A I IT JI and ITU + g) 1  � IT JI + ITgl  for every scalar A and every J and 
g in Mo 

( 1 .22) for a fix pair of numbers r and {J, 1 � r < {J � 00, and Jor every pair of such that 
(ar , br)  in A({J/r, oo) the operator T satisfie3. 

ess %Es;P (a(x) ITJ(x) I ) �
. 
e (Ix ( lJ(x) l b(x»P dJl(X») * , 

lor any J in Mo, and where e 
is a finite constan! indcpwdent 01 J (for {J = 00, thc 

left member of the above inequality becomes css sUP%EX (b( x ) IJ( x ) l ) 
Then, for any p, r < p < {J, l /q = l/p - 1/  {J and (ur , vr ) E A(p/r, q/r), there exis ts a 
constant e, indepcntlcnt of J, such that 

u9 ( {x E X : IT(f(x ) 1  > ,\ } )  � e (A-P 1x ( lf(X ) IV (X»)P d,l(X») ! 

holds for every A > O. 
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This theorem can be proved using an argument similar to that of the euclidean case, 
with only minor modifications. For the euclidean case, see [HMS2] . 

Now, from theorems(1 . 1 7) and ( 1 . 20) , we easily obtain 
( 1 .23) Theorem: Le! (X, d, p) be a space 01 homogeneous type and let 0 < t < 1 ,  . 
1 < p < 1 /'r and l/q = l/p - 'Y .  JI (u , v) E A(p, q), then, lor each s in (1 , 1/(1 - 'Y» , 
there exiiJ ts a constant e, independent 01 f, such tha! 

( 1 . 24) 

holds for every .\ > o and every measurable fundíon f.  

Note that in  . theorems ( 1 . 1 7) and ( 1 . 23) we only give sufficient conditions on the 
weights to ensure that (1 . 18) and ( 1 . 24) hold. One can wonder whether" or not they are 
also neccesary. The answer in both cases is negative, as we can see from following example. 

( 1 .25) Example: Let X = {0, 1 } ,  d(x , y) = Ix - yl and p be the measure defined as 
p( {O } )  = p( { 1 } ) = 1 .  It is clear that (X; d, p) is a space of homogeneous type. On the 
other hand, it  is obvious that p, defined as in (1 . 12) ,  gives that p(x , y) = 1, if x -1 y,  
and p(x , y) = O, if x = y, so it  is a wstance. Therefore, We have 6 = p in ( 1 . 1 7), which 
implies K.., == O, and, as .a consequence, T;f == O for every function f. Now it is evident 
that ( 1 . 18) and ( 1 .24) hold for every paiI" of weights ,  in particular, we can take a == u == 1 
and b == v == O. Since that pair is noi in A(p, q) for every p and q, with 1 :5 p :5 00 and 
1 :5 q < 00, we have, as we said, that the condition on the weights is not neccessary in 
( 1 . 1 7) neither in (1 .23). 

" " 

The aboye example proves that the reverse implications for ( 1 . 15) and ( 1 . 2 1 )  do not 
hold in the general case. However, in a more restrictive elass of spaces, the normal spaces, 
we can obtain a result very close to that .  In fli.ct, we have 

(1 .26) Theorem: Let (X, d, p) be a normal space 01 homogeneous type. There exÍiJt a 
constant Ko , only dependíng on the constants 01 the space, such that 

( 1 .27) if ( 1 .18) holds, then th e pair (a, b) satisfies 

( 1 1 "  . ) 1 -" (ess sup a) -- b- � :5 e 
8 p(B) B 

" lor every ball B with finite radius less than or equal- to KI KOI p( X). 
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( 1 .28) il ( 1 .24) hold�, tlten tlr.c Fa.ir ( 1l , v ) ., ati.,jic., 

lor every ball B with jinite radiuJ less or equal than Kl Kül IL(X).  

In each occurrance, Kl is the constant 01 (1 . 6) and e dependJ only on the constantJ 
01 the �pace and the constant involved in the assumptions . 

From the above theorem , i t  foIlows clearly that the reverse implications of ( 1 . 1 7) and 
( 1 .23) hold whcnever (X, d, IL) is a normal spacc with IL(X) = oo . Dut,  whcn IL(X)  < 00 ,  
a result lik.c (1 .26) i s  the best that one can expect without further assumptions. Example 
(1 .25) can be used again to see this. In fact ,  it is very easy tq' .check that the space (X, d, IL) 
involved is normal, with constants Kl = K2 = 1 and A2 = A¡-l = 2. As ( 1 . 26) and the 
example suggest,  for IL(X) < 00, the difficulty to get the necessity of the conditions on the 
weights reHes on the existence of points with too large measurc. Actually, we can prove 

( 1 . 29)  Corollary: Let (X, d, IL) be as in (1.24) and such that IL( {x} )  =::; 2K K1 K:¡l Kül IL(X) 
for every .x in X, where Ko is the same constant of the theorem, and K, I{l and K2 are 
the constant" of (1 .3), (1 . 6) and (1 . 8), reJpectively. With these aSJumptions we get 

( 1 .30) 
( 1 .31 )  

if (1 . 18) holds, then (a, b) E A(l/'y, oo)¡ 

if (1 .22) holú, then (u , v) E A(p, q) .  

The proafs of  (1 . 17) , ( 1 .26) and ( 1 .29) are in the next section. 

§2 .  P roofs 
The proaf of theorem ( 1 . 17) requires the foIlowing result concerning a weak type 

ineqtialit'y for the operator I"{ , defined in ( 1 . 16) .  This result extends a weIl known property 
for the usual fractional integral in IRn • 

(2. 1 )  Lemma: Let O < t < 1 .  The operator I"{ is of :weak type ( 1 ,  ( 1  - 7)-1 ), i. e . : tltere 
exists a conJtant e, such that 

(2.2) ( 1 r )�  IL{{x E X : II"{f(x) 1 > A } )  =::; e ¡ Jx If l dlL , 

holds for every ,\ > O and every f in L1 (X, �IL).  
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Proaf. It is clear, from the definition of Q'Y ' that we only need to prove (2;2) for 
I'Y defined using the kernel K'Y(x , y) = p(B(x , d(x , y» P- 1 , where B(x, r) denotes tlleset 
{y E X :  d(x , y) ::; r } ,  instead of Q'Y.  Let R > o. We define 

I�f(x) = Ix K�(x , y)f(y)dl-'(Y) , í  = 1 , 2 , 

where K�(x ,  y) = K'Y(x , Y)X{( 2: ,Y) :/l ( B(2: ,d( 2: ,y)))<R} and K;(x, y) = K'Y(x, y) - K�(x, y ) . 
Now, let y E X. Let us consider the sets nj = {x E X : I-'(B(y , d(x, y))) < 2-j- 1 R} for 
j = 0, 1 ,  . . . . By defining Rj = sup { d(y , x) : I-'(B(y , d(y, x))) < 2-j-1 R} , where the sup is 
taken over aH x E X, i t  can be proved that nj+! e B(y, Rj) and I-'(B(y, Rj)) ::; C2-jR 
(see IMT] , Lemma (2.5), p. 9) .  Then, we get 

(2.3) 

00 
::; CR'Y I )-h = CR'Y 

j=O 
The above inequality and Tonelli 's theorem allow us to ()btain 

Ix II�f(x) 1  dl'(x) ::; Ix Ix K�(x, y) lf(y) 1 dl-'(y) dl'(x) 

= Ix If(y) 1 (Ix K�(x, y) dl-'(x») dl'(y) 

::; CR'Y L If(y) l l-'(y)· 

On the other hand, we have 

(2.4) 

Finaly, given A > O , (2.2) follows from the obvious inequality 

,\ A 
Il( {X  E X : II'Yf(x) 1  > A } ) ::; l'( {x  E X : II�f(x ) 1 > 2 } ) + ¡t( {x E X :  II�f(x) 1  > 2 } )  
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and the estimates (2.3) and (2.4) with R = >. :;-:!:-r  •• 

Proo/ o/ Theorem (1 . 1 7). As we said after the statement of the theoÍ'em in § 1 ,  the 
left member of ( 1 . 18) is equivalent to ( 1 . 1 9) .  Hence we only need to prove that ( 1 . 19)  is 
bounded by the right member of ( 1 . 18) .  To do that we first notice that the expression 
between the inner parenthesis in ( 1 . 19) is bounded by the sum of the íollowing terms 

(2.5) 

and 

(2.6) 

Rere we denote with iJ to the ball with sarue center that B and radius equal to 2K times 
the radius oí }J, where [ ( is the constant oí ( 1 .3) . 

Now, we consider the extension oí the íractional integral operator Ly defined in ( 1 . 16) .  
From lemma (2. 1 )  and Kolmogorov's and Holder's inequalities, we have that (2.5) is  
bounded by 

(2.7) 

1. 

2 ( (lB) ( ILy(fxh) 1 8 dP.) · 
5, e _

1 { 1/ 1 dp. p. lB p.(B)l -'Y in 

íor each s in [1 , ( 1 - ,)-1 ) , where e is independent oí f and B. On the other hand, from 
the definitions of K'Y and 6 and applying the mean value theorem, we have that 

< e 1 6(x , y)O( l -'Y) - 6( z, y )O( l -'Y) I 
- p.(B(xo , d(xo , y)))2( 1 -'Y) 

< e 6(x , z) . 
- p.(B(xo , d(xo , y))) l -'Y+:' 

. < e p.(B) !; 

- p.(B(xo , d(xo , y» ) l -I'+ !; 
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holds íor every x , z in B and every y in X - n,  where Xo is the centet: oí B and C i�  
independent oí B. Thereíore, (2.6) is bounded by 

(2.8) 
C (B) � 1 ·  lJ{y) 1 d ( ) J.l 

a _ (B( d( » ) 1 -..,+ � J.l Y X-B J.l Xo ,  xo , y .. 

:::; CJ.l(B) f;  ( r ( l f(y) 1  b(y» �  dJ.l(Y») '" ( r  _ « b�Y)-�) 1+� dJ.l(Y») 
1 -

.., Jx JX-B J.l B xo , d  xo , Y .. I - �  

Note that p(B(xo , d(xo , Y))) � Ro , with Ro = CJ.I(B) íor every y in  X - iJ, where C i s  
independent oí  B. Now, let nj = { Y E X :  J.I (B(xo , d{xo , Y))) < 2iRo } íor j = 0, 1 ,  . . . , 
where the sets B(x, r)  are defined as in the prooí of Lemma (2 .1 ) .  By using Lemma 
(2.5) oí [MT] , as in the aboye Lemma, we get ni+1 e B(xo , Rj )  and J.I(B(xo , Rj»  :::; 
C2j+ 1 Ro , where C only depends on the constants oí the space and Rj = sUP,lEX {d( xo . y) : 
p( B (xo , d( Xo , y))) :::; 2i+ 1 i�}.  Then, we can bound the integral over X - ÍJ in the right 
member of (2.8) by 

. 

. 1 . 
b
(y)-

� 
C 1+ dJ.l(Y) 

X-Oo p (B(xo , d(xo , y») .. (II_� )  

�L  b(y)-� = C L _ .  1+ ---1- dp(y) 
j=O OHI -Oj P (B(xo , d(xo , y») .. ( I -�) 

:::; cE  (2jRo) - "( '':.� ) 1 r b(y)- � dp(y) 
j=o J.I(B(xo , 2Rj» JB(zo ,2Rj )  

Now, combining this illequality with (2.8), we get that (2.6) i s  bounded by a constant 
times the íollowing expresion 

(

. ) 1 -.., 
� 2- "( '��) � � .., 
L ( B( 2R -»  f b(y)- H dJ.l(Y) · ( r C lf(y) 1 b(y» � dJ.l(Y») j=o p Xo ,  1 JB(:<., 2Rj )  Jx 

Finally, since B e B( xo , Rj ) for every j � 0, from the hypothesis on (a, b) we obtain the 
wished boundeuness íor ( 1 . 19) from the aboye result and the estimate (2 .7) oí (2 .5) .  This 
concludes the proof.-

. 
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In order to prove Theorem ( 1 .26) we need the next lemma. 

(2.9) Lernrna: Let (X, d, p,) be a normal space of homogeneo1L3 type. For each 'Y in (O, 1 ) 
and each s � 1 ,  there exist two constants, Ko and e; depending only on s, 'Y and the con­
stants 01 the space such that for every ball B = B(xo , R) satisfying 1<2(2K)-1 p,( {xO } )  � 
R � Kl1<¡;1 p,(X), where 1<, 1<1 ana 1<2 are . the constant3 01 (1 .3) ,  ( 1 .6) and ( 1 .8), re.5pec-
tively, the inequality 

. 

(2. 10) 

. � e p,(B�I -'r l f(x)dp,(x) 

holds with B* = B(xo ,  KoR) lor every non negative lunctíon f. 
Proo!. Let B = B(xo , R) be a ball in X and let () be fixcd in (0, A1 A;-1 ) ,  whcre 

Al and A2 are the constants of ( 1 .6) and ( 1 .8) .  From these conditions, it follows that 
B(xo , L(}-l R)-B(xo , LR) =F 0 whenever 1<2p,({XO } )  � LR � (}K1P,(X),  whc.:re L is a 
constant to be chosen latero Let Xl be in the aboye annulus. Using ( 1 .3) it is not difficult 
to prove that 

(2. 1 1 )  (:2 - � - 1) R � d( z , y) � ( K + K2 (� + 1) ) R 

holds for every y in B and every z in B(X1 ' R). On the other hand, we know that therc 
exist two constants, DI and D2 , such that 

(2. 12) D1P,(B(x, d(x, y») � ó(x , y)Q � D2P(B(x, d(x, y))) 
holds for every X and y in X, where ó is the quasi-distance of ( 1 . 13) .  Then, from this 
relation, (2. 1 1 ) ,  ( 1 .6) and ( 1 .8), and choosing L = K2(A2D2A¡1 D¡1 4K + K-I + 1 ) ,  we 
get 

p,(B(y, d(z , y))) � Al (¡¿2 - ;{ - 1) R 

(2. 13)  
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íor .every y E B and every z E B (Xl , R) , whenever Xo and R satisíy. 

:�p({xo } ) � R � (K + K2 (LO-l + 1))-1 Kl P(X) 

Therefore, �der this restriction, írom (2 .12) ,  (2. 13) and definition oí K.." we have 

� Cp(B)""-I ,  . 

íor every X and y in B' and every z in B(Xl ' R) . Finally, (2.10) follows inmediately !rom 
the aboye inequality and the íact that B(Xl o R) e B* = B(xo , KoR) with Ko = K + 
K2(L'8-l + 1) .-

Prool 01 Theorem (1 .26). First let us see ( 1 .27) . Let B = B(xo , R) be a ball 
such that R � Kd(;l p(X), where Ka is the same constant oí the ahoye lemma. If 
K2 (2K)-l p({XO } )  � R írom that lemma, ( 1 . 18) aÍld the equivalence between (1 . 19) and 
the leít mcmber of (1. 18), it follows inmediately that 

(ess ;�p a) p(¡j�l -" la b;r!:J dp � C (la (b;r!:Jb) * dP)
'" 

� C(l b;&.; dP) " 

holds for every k E lN, where b¡. = b + l/k. Thus, we get 

(ess :up a) (p(�) la b;r!:J dp ) 1 -� � C¡ 

and letting k -+ 00 we obtain the wished inequality. Now, suppose R < K2 (2K)-l p({xO } )  
� Kl K;l p(X) .  If Kl K;l p(X) < K2P( {xo }) the result clearly follows from the aboye 
case since, according ( 1 .9) ,  B(xo , R) = {xo }  for every R � K2P({xo } ) .  On the other hand, 
if K2P({xo } )  � Kl K;lp(X), we get the result taking R such that K2 (2K)-lp({xo } )  :5 
R � K2P( {xo } )  and applying the first case again since B(xo , R) = B(xo , R) = {xo } . This 
completes the proof of ( 1 .27). 

. 

In order to proof ( 1 .28), let us consider a ball B = B(xo , R) such that , as beforc, 
R � Kl K;l p(X) .  H K2 (2K)-1  p( {xo } )  � R, from lemma (2.6) ,  thc definition oí T; we 
have 

,. 
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for every x E B and every non negative function f. Then, by taking f = Vi?'XB , 'where 
VA: = V + l/k, k E IN, inequality (2.4) allows us to obtain 

for every k E IN. This yields 

u9 (B) ( r  -P'd ) -f, < C 
p(B)( 1 -OY)9 lB VA: P. -

and letting k ...... 00 we achieve the inequality of ( 1 .28) in the considered case . .  Finally, 
in the other cases, the result can be obtained by applying a relJ.Soning as in the proof of 
( 1 .27).-

The proof of ·Corollary ( 1 .29) requires the following lemma concerning to the geometry 
of the spaces of homogeneous type. 

(2.14) Lemma: Let (X, d, p.) be a 3pace 01 homogeneouJ type and le! (} belonging to 
(0, 1 ) . There · exÍ8t a number N only depending on (} and the conJtantJ 01 the Jpace, J'Uch 
that, lor each Xo E X and each R > 0, it can be lounded a Jet {X¡ } ;EI Jati8/ying 
(2 .15) X¡ E B(xo , R) lor every i E J, 
(2 .16)  B(xo , R) e U¡EIB(x ¡ , 8R) , 

(2. 1 7) the cardinal 01 J iJ lesJ or equal than N. 

Prool. The lemma is a straightforward consequence of the fad tl1at, given (} in (O, 1 ) ,  
there exists a number N, only depending on 8 and the constants of the space, such that in 
each ball B the amount of points whose mutual distance are bigger or equal than 8 times 
the radius of B is , at most, N (see [CW] ,  p: 68).-

Prool ol Corollary ( 1 .29). If p(X) = 00, (1 .30) and ( 1 .31 ) are obvious from (1 .27) and 
( 1 .28), respectively. So, let us assume p.(X) < oo. In order to prove ( 1 .30), since (1 .27) 
holds, we just need to show that ( 1 . 18) implies the inequ¡¡.lity of ( 1 .27) in the case B = X. 
Let Xo be a point in X and let R = 2K) p.(X) where Kl is the constant of ( 1 . 18). Theu 
B(xo , R} = X. Now, applying lemma (2. 14) with (} = (2Ko)- 1 , where Ko is the constant 
in ( 1 .24), wc obtain a finite family of balls , {B¡ } iEl with radius KI Kül  p.(X) ,  such that 
B(xo , R) e UiEIB ¡ .  Morcovcr, fmm ( 1 . 18 )  and (2.9) ,  i t  follows that 
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holds for every k E IN and every i E 1, where b1c = b +  l/k .  By reasoning as in the ' proof 
of ( 1 .26), we get 

( 1 f ) 1 - ,. 

(ess ;up a) ¡.t(B¡ ) lB¡ b- � d¡.t ::; e 
for every i E l. Therefore, since ¡.t verifies (1 .5), an standard argument allows us to.obtain 

This concludes the proof of ( 1 .30). Let, us see ( 1 . 31 ) .  As, before, we only need to consider 
the case B =  X .  Let {Dd iEJ be as abovc. From thc dcfilli tion of T; and LCIIuua (2.G) ,  
it follows that there exists a constant e, only depending on s , "( and the constant of the 
space, sum that 

e r -pI T'� (X -PI) ( . ) ¡.t(B¡)I -,. lB¡ vA: < ,. B¡ VA: x 

holds for every k E IN and every i E l and every x E X ,  where v1c = v + l/k. Then, froID 
( 1 .22) with ). equal to the left member of the aboye inequality, wc have 

for every i E l. Then, taking k ---+ 00, we get 

for any i E l. Finally, applying an argument like the used in t-he proof of ( 1 .28), it follows 
that 

holds, as we wanted to prove.-
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ABSTRAcr. We provc by using elementary methods that if the positive powers of a givcn 
complex nonreal number b belong to a point-Iatticc A then they belong also to the point-lattice L 
generated by 1 and b and b is a quadratic integer. This settles the following question. Let D be a 
tlnite set of rational integers that eontains . O and l .  If the set of values of polynomials with 
cocffieicnts in D evaluatcd at b is jncluded in A , is jt true or not that jt is part of L? 

l. INTRODUCTION. We shall assume that b= bl + ib2 is a t1xed complex number with 
Ibl >1 ,  b2 =Im(b» O. The. point-lattice L:=[b, 1 ]= {mb + n; m, n  E Z} is naturally associated 

with b. Let be u= ul + iu2 , v= vl + iv2 , v2 ;t:0 and A :=[v,u]= {mv + Jlu:m,Jl E Z} the point­

lattice generated by the linearly independent numbers U,V. Define P:= { bk ; k  = 1,2, . . . } .  
The following result holds (cf. [ 1 ]) :  
THEORE.M. 1 .  If u= 1 then Pc A =:> PcL. -

Il. THE MAIN RES ULT. We shall prove the following generalization ofthis theorem. 
THEOREM 2. If b' E A  for j�N then b is a quadratic integer and PeL. -
If bi+N E A  for j=0, 1 ,2 and bi+N = miu + niv then 

. ( 1 )  bi = InjÜ + n/v for j=0, 1 ,2, . . .  with Ü = b
-
N u and 11 = b - N v. 

So, we can assume without 10ss of generality that N=O. 
We begin with.two auxilliary results . 

. PROPOSITION 1. If bj � A for j � O then Ib l
2 

EZ. -

PROOF. We know that forj=I ,2, . . .  , b i- l  =m j-l v+Jl j-l u with m j-l ' 11 j-l rational integers. 

Any three of these e·quations
· 
is a homogeneous system in l ,u  and v. Then we have for 

any j= I ,2, . . . 
. 

_bj-l mi-l I1j_l 
(2) -bi mi lIi =0. 

_bi+ l  mi+l ni+ l 
If we deji1le : Aj = mj_lllj - mini-l , Bi = mi-2Jli - m/li_2 , then Aj ;t:O and 

(3) b2 A j -bBi+! + Ai+l = O . 
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Since the coefficients in (3) are real and b is not real, we must have 

B ·+ I · 1 1 2 A '+ I • (4) 2 Re(b) = -'- and b = -'- fOf J= I ,2, . . . .  
Aj Aj 

Multiplying the last identities from j=l to k, one gets 

(5) 
. 

Ibl 2k = Ak+L • 

A l 

Thus Al lh l2k is an integer for any k. Therefore Ih l2 must be an integer, QED. 

PROPOSITI�N 2. If bj E A forj � O then tbere are rational integers a j , P j such that 

(6) Albi =a j b+fJJ ' ·  
PROOF. Regarding the identities b 

j
- I  =m J- I  v+1I j_l " for j=1 ,2,k as a homogeneous 

system in 1 ,u, v, one gets that 
-1  mo no 

(7) -b mi "1 =0 
�hk mk I1k 

This yields the thesis with ai =mOllj - m/,o and Pj = m/'I - mlnj ' QED. 

PROOF OF THEOREM 2. From (3) and proposition 1 one gets 

(8) b2 = P b - k , 
q 

where k= lhl 2 , p. q coprime integers. Using (8) one can prove by induction onj that 

(9) b j 
= P + LO'Jh P b +  LAjh P 
(( ) i- I ( ') h) (' ) h  

q h<j- I q lI<j- 1 q 

where small greek letters represent rational integers. 
Compariog (6) and (9) we get 

( 1 0)
' 

a j = AI((P) j-l + � O'jh(p)
h
) = rational integer for all» 2 .  

q h<,- I q .. 
Thus, (X i  = Al 

(pJ-1 + qy,j ) / qJ- I . This can only hold for q=1 ,  QED. 

COROLLARY. There is ao integer K=K(b,u,v,N) such that if bJ E A  for K+N�j� 
then b is a quadratic integer. · 

lIJ. NECESSARY CONDITIONS FOR b2 E [ l, b] . In this section we assume that 

b2 = mb + /l , m,I1EZ, (n7:0) . We obtain from this hypothesis that 

( 1 1 )  k:= Ih I2 = -n E N , Re(h) = m/2 EZ/2 
THEOREM 2. If b , b 2 E A = [u , v] with u= uI + u2i and v= vI + v2i then 

. !J2 v2 lIj , Vj E Q , - , - E Q . ·  
b2 b2 PROOF. Solving the foUowing system 
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( 1 2) b = nVI + f1ov . b2 = mb - k = m¡ u + f1¡v 
fur 11 and v, we get that 

A¡ u= (fI¡ - mno )b + llok , A¡ v= (mmo - m¡ )b - mok . 
Taking real ano imaginary parts and using ( 1 1 )  we obtain 
Al 111 = (n¡ - ml1o )m / 2 + llok , Al 112 = (ni - mno )b2 
Al VI = (mmo - ml )m / 2 - mok , Al v 2 = (mmo - m¡ )b2 ,  QED. 

NB. The results of the present paper should be compared with Theorem 1 of [3 ] .  
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Abstract 

In this paper we give a characterization of all the interpretations of the 

varieties of boúnded distributive latticcs , De Morgan algebras and Lukasiewicz 
algebras of order m in the variety of Lukasiewicz algebras of order n. 
In the case of distributive lattices we give a structure theorem that is gener­

alized to De Morgan algebras and to Lukasiewicz algebras of order m. In the 

last two cases we also give the number of such interpretations. 

1 Introduction 
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Wc say that a variety V is interpretable in a variety W, in symbols , V :::; W, if for 
each V-operation Ft (:E I , " "  xn ) there is a W-term ¡t (XI , " "  xn ) such that if (A, Gt) 
is in W, I;hcn (A, itA) i8 in V. Inlui ti vcIy, V :::; W lllCam¡ \'l 1al; all algcbras in W 
can be turned into an algebra in V by defining the V-operations applying a uniform 
procedure. This notion of interpretation differs from that used by logicians in that 
the universe of the algebra remains the same. It was first proposed in [7] and latet 
developed in [5] ; for more details and information the reader is referred to the latter 
monograph. 
Another way of thinking about this notion is the following. The aboye relation 
defines a functor <P : W ---r V which commutes with the underlying set functors , 
Le . :  

<P 
W ' V 

u� �v 
Scts 

* Funding by Fondecyt grant 199-0433. 



82 

is commutative ; here Uv : V --t Sets and Uw : W --t Sets are the so ca11ed 
forgetful functors which assign to each algebra its universe. Each functor <I> is ca11ed 
an interpretatión of V in W. 
If A = (A; Gt ) is any algebra and for each V-operation Ft (Xl " ' "  xn) there is a term 
ft (Xl , " " xn ) iD; the language of A such that (A; ftA) is in V, the terms ft (Xl , " " xn) 
define an interpretation of V in VeA) , the variety genel'ated by the algebra A. One 
only has to observe that the evaluation of any tel'm in an algebra B in V eA) , is 
determined by its evaluation in A and that both (A; Gt) and (B;  Gt) satisfy the same 
equations. We sometimes say that V is interpretable in A and if <I> is the functor, we 
say that <I> (A) is an interpl'etation of V in V(A) . This fact ís particularly useful if 
we want to intel'pret a variety V in a variety W that is genel'ated by a single algebra. 
In this papel' we will study what are a11 the possible interpretations 6f the varieties 
of bouuded dislribu tive lattices , De Morgau algebras amI Lulmsiewicz algebras of 
order m in the variety .en of Lukasiewicz algebras of order n. As we know, this 
variety is generated by a single algebra, the n element chain, which is a semi-primal 
algebra. These are the main facts used in the proofs. 
The results in sections 3 and 4 are induded in [6] , the author's doctoral dissertation 
Interpretations between Varieties of Algebmic Logic. The general presentation and 
most of the proofs are different from the ones that appear there. 

2 Definitions and Preliminaries 
Throughout this papel' 1)01 will stand for the variety of bounded distributive lattices, 
1) M the variety of De Morgan algebras, í .e . ,  the dass of a11 algebras (A j +, . , I , 0 , 1) 
whose similarity type is (2 ,2 ,1 ,0 ,0) and such that (A, +, . , O ,  l) is in VOl and 
satisfies 

1 .  (x + y ) '  = X '  y/, 

2 .  (x . y)' = x'  + y/ ,  

3 . x" = x ,  

The term x' i s  ca11ed the quasi- cornplernent of x .  Also, x and x' are said to  be con­
jugates. The variety .en of Lukasiewicz algebras of order n is the dass of a11 algebras 
(A j +,  " " 0"1 , . . . , O"n-1 , O ,  1) of type (2,2 , 1 ,  . . .  , 1 ,0 ,0) such that (A j +, " " O, 1) 
is a De Morgan algebra and for 1 � i  � n - 1 ,  

1 .  

2 .  

3.  

4. 

5. 

O"i (X + y) = O"i (X) + O"i (y) 

O"i (X) + (O"i (X» ' = 1 

O"i (O"j (X» = aj (x) , 

ai (x') = (an-i (x» ) ' ,  

ai (x) . aj (x) = ai (x) , 

and ai (x ' y) = ai (x) . ai (V) , 

and ai (x) ' (ai (x» ' = O,  
for 1 � j � n - 1 ,  

for i � j � n - 1 ,  

6.  x + an-1 (x) = an-1 (x) and x ' a1 (x) = a1 (x) , 

7. y . (x + (ai (x» ) '  + ai+l (Y» = y ,  for i I n - 1 .  
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These axioms are not independent. The read.er is referred to [2] ' [1 ] ' [3] and [4] for 
more information about these classes of algebras. 
The following four properties of Lukasiewicz algebras will be used extensively in 
section 5. The first two are immediate from axioms ( 1 ) ,  (5) and ( 1 ) ,  respectively. 
The fourth one was introduced in the original definition of Lukasiewicz algebras 
instead of axioms (6) and (7) ; its proof appears in [3] . 

Lemma 2 .1 . 

(L1) 0"; (0) = O and 0"; (1) = 1 , lar 1 :::; i :::; n - 1 .  

(L2) 0"1 (x) :::; . . .  :::; 0"71- 1  (x) .  

(La) JI x :::; 1/,  titen lor 1 < i :::; n - 1 , O"; (x) :::; O"i (1I) . 
(L4) JI 0"; (x) = O"; (y) , lar 1 :::; i < n, titen x = y. 

We will now define a vcry important Lukasicwicz algcbra. 

Definition. Let n = {O, 1 ,  . . .  , n - 1 } .  We define the algebra 

N = ( n ; +, " ' , 0"1 , . . .  , 0"71_ 1 ,  O, 1) ,  

where x + y  = max {x, y} , 
x · y  = min {x, y} , 

m '  = n - l - m, for each m E n, 
O = 0, 
1 = n - 1 , 

and for 1 :::; i :::; n - 1 O"; (m) = { � if i :::; m, 
if i > m. 

It is easy to check that N is in en ' The next theorems give sorne of the most 
important features of Lukasiewicz algcbras that \Ve will use in the seque! . Their 
proofs and much more can be found in [1 ] , [2] and [3] . 

Theorem 2.2 .  (Cignoli) [3] 
Let L E erll n 2:: 2 and L 01 cardinality greater than 1. Then the lollowing are 
equivalent. 

1. L is a chain. 

2. L is an en -subalgebra 01 N. 
3. L is subdirectly irreducible. 

Corollary 2 .3 .  The variely en is generated by tite algebra N. 
This corollary has a very important consequence. As we said in the introduction , 
any interpretation of a 'variety V in en is determined by an interpretation of V in 
N, that is to say, by defining new term-defined operations !t ,  for each V-operation 
Ft .  such that j¡ = (n; Ir') E V. 
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Theorem 204. N is a semi-primal algebra . .  

As we know, in a semi-primal algebra all functions that preserve subuniverses can be 
represented by term functions . In the following theorem we will state this precisely 
in the special cases which we will use, that of unary and binary functions. 

Theorem 2 . 5 .  Jf f :  n � n is such that for all a E n, f (a) E {a, a, a' , 1 } ,  then 
there exists a term rp(x) such that 

vJf(x) = f (x) . 

Jf 9 : n X n � n is such that for all a, b E n, g(a, b) E {a ,  a, a' , b, b' , 1} ,  then 
there exi,�ts a term ,(x, 11) .mch that 

YV(x, y) = g(x, y) . 
Lemma 2 . 6 .  Por any a, b E n and any Ln -term a (x) or f3(x, y ) ,  

cI"'(a) E {a , a, a' , l} and (3/1f(a, b) E {a, a, a' , b, b' , l} .  

Proof. Simply observe that {a ,  a ,  a' , 1} and {a , a, 'a' ,  b ,  b' , 1} are subuniverses o f  N. 
O 

Corollary 2.7.  Jf a 1. {a ,  1} o,nd a = (3/1f (b, e) for some term j3JV(x , y) , then either 
b E  {a, a'} or e E {a, a' } .  

3 Interpreting VOl in Ln 
We will let N = (n ; $,  0, D , i) be an interpretation of 'D01 in Ln , that is, x $ y and 
x 0 y are binary Ln-terms, D and i are Ln-constant terms such that (n ;  $, 0, D , i) 
is a bounded distributive lattice. 
Notice that while theorem 2.5 gives us a lot of flexibility, lemma 2 .6 restricts the 
possible values of x $ y and x 0 y.  As for the constants, {D, i} = {a, 1} .  . 
We will prove several lemmas that will enable ·us to determine sorne special cases 
and a general structure theorem. The strategy is to use lemma 2 .6  and the fact that 
N is a distributive lattice to determine the possible values of the term functions 
defined by the terms x $ y and x 0 y. 
Throughout this paper, the following weH known property of distributive lattices 
will be used without explicitly mentioning it. If a V b = a V e and a 1\ b = a 1\ e ,  

then b == c. 

AH the lemmas in this section refer to the lattice N. The first ten deal with the 
cases when i is join-reducible �nd D is meet-reducible. The next three are the cases 
when D is rneet-reducible, when i is joill-reducible and when there are sorne other 
rneet-reducible and join-reducible elements. The main theorem 3 . 12  sumrnarizes aH 
these. 

Lemma 3 . 1 .  There is at most one pair of conjugates a, a' E n, different from a 
and 1 ,  such that a $ a' = i . 
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Proof. Assume there exists a, b E n ,  a ,  b different from a and 1, a and b not 
conjugates , such that a ffi a' = i aild b ffi bi = i. By lemma 2.6 and since .N is a 
lattice , this implies that a 0 a' = a and b 0 b' = a .  
Assume a ffi b = 1 .  Then multiplying by a' , we get (a 0 a' ) ffi (b 0 a') = b 0 a' = a' 
and then a 0_-b = a' , so b = (a 0 b) ffi (a' 0 b) = (a 0 b) ffi a' and thell Corollary 2 . 7  
forces a 0 b = b' . But then b = b ffi (a  0 b )  = i , a contradiction , so  a ffi b .¡:. i .  
Assume- either a ffi b = a or a El) b = b .  I n  this case either a' El) b = a' ffi (a ffi b )  = i 
or a El) b' = (a El) b) El) b' = i ,  and this is the same as case 1 .  interchanging the roles 
of a and a' or those oC b and b' . .  
Assume either a ffi b = a' or a ffi b = b' . In this case either a El) a' = a ffi b .¡:. i . or 
� ffi b' = a ffi b .¡:. i .  . . 

Since o\Jviow¡ly (L (f) IJ f:. a ,  Iluder L i le hypo t.heses (J, (J) IJ cal l 1 l o L  he cldiuecl , so we may 
conclude that there is at most one pair of conjugate elements a and a' such that 
a $ a' = i .  O 
Lemma 3.2 .  There is no element dÚJerent from a and 1 that covers or is covered 
by more than two elements. 

Proof. Suppose a � {a , l}  covers three different elements b, e, d. That is a = 
b ffi e = b .ffi d = d ffi e. 

From Corollary 2 .7 ,  we may assume w.l .o .g . that b = a' and c '¡:'  a' , d '¡:'  a' , but then 
d ffi e = a, contradicting lemma 2.6 .  

. 

A dual argument shows that a is noto covered by more tha� two elements . O 
Lemma 3 .3 .  Jf there exíst three elements a, b and e different from i such that 
i = a ffi. b = b $ e = e ffi a, then n = 8 .  
DuallYI if there exist three elements a ,  b and e different from a such that a = a0b = 
b 0 e = e 0 a, then n = 8 .  

i 

a e 

a' 11 

a 
Diagram 1 

Proof. Let us assume 
'
that there exist three such elements a, b and e as in Diagrarri 

1 .  (i is not necessarily a cover of a, b anei c . )  
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Suppose a 0 b = O .  Then a = a 0 i = a 0 (b EB e) = a 0 e ,  so a EB e =f. i, a 
contradiction , so a 0 b E {o/ ,  b'} . Similarly, a 0 e E {a' ,  e'} é},nd b 0 e E {b' ,  ¿} .  
Moreover the three products are all different or  else a = b ,  a = e or b = e ,  In 
particular this also implies that no two of them are conjugates and that a =f. a' , 
b =f. b' and e =f. e' . So we have at least eight elements. 
Let a 0 b = a' , then by the last remarks, a 0 e = e' and this implies b 0 e = b' . 
Similarly, if a 0 b = b' , then b 0 e = e' and a 0 e = a' , that is, the choice of a 0 b 
(or of one of the others) determines the values of a 0 e and of b 0 e and we get the 
lattice in Diagram 1, (or one with b' , a' and e' instead of a' , e' and b' , respectively. ) 
, Let us now assume that n > 8 and let d be different from all of the aboye. 
Suppose a EB el = l . '  Thcn of course a 0 d � {a, d, i} and also a 0 el � {a' ,  O } ,  or else 
d E  {b, b/ } ,  (or d E {e, e' } . ) Thus a 0 d = d ' . 
N ow b EB d =f. i ,  or else the same argument would show that b 0 d = d '  and this leads 
to a = b. Similarly, c EB d =f. i . 

' 

AIso, bEBd =f. d, or else eEBd = i and bEBd =f. d ' , or el se a = aEBd ' = aEB (bEBd) = i .  ·So 
b EB d = b and similarly c EB d  = e. But then 0 =  a0 (b0 c) = a0 ( (b EB d) 0 (eEB d)) = 

a 0 ( (b 0 e) EB d )  = a 0 d = d ' ,  a contradiction, thus a EB d =f. i . Similarly we prove 
that b EB d =f. i and c El3 d =f. i .  

Suppose now that a El3 d E {d, d '} .  Then d EB b = i 01' d '  EB b = i ,  a contradiction. 
Finally, the only choice is a El3 d = a, so multipIying this by b' , we get d 0 b' = O. 
But then d EB b' � { i ,  a,  d, b' } .  Also, d EB b' =f. b, or eIse él = a' and d EB b' =f. d, or else 
a El3 d = i .  Since there is no possible value for a El3 d, such an element cannot exist 
and n = 8 .  
The proof of  th!'l dual i s  similar. o 
Lemma 3.4.  Assume there exists an a � {a ,  l}  such that a El3 a' = i .  Jf a EB b  = i 
far some b � {a,  a' , 1 ,  a} ,  then the subalgebra of .N generated by a and b is the 
lattice in Diagram 2 (aJ . 

i i 

a 

a' a' 

ó ó 
(a) (b) 

Diagram 2 
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Proof. Let b � {D , l , a , a' } .  Since a ffi b = i , a 0 b � {a, b , i } .  AIso a 0 b i= a , or 
e1.se b = a' a 0 b i= a' , or el se a ffi a' = a i= i, so a 0 b = b' and thus a 0 b' = b' . 
But then a' 0 b' = a' 0 (a 0 b') = a .  
A similar dual argument shows that al ffi b' = b ,  which completes the proof of our 
lemma. O 
Corollary 3 . 5 .  JI i is a �over 01 a and a', then n = 4 .  

Lemma 3 .6 .  Let n i= 4, 8 . Assurne there exists an  a � {D ,  l } ,  sueh that a ffi a' = i .  
Jf a ffi b = i for sorne b � {D ,  1 ,  a ,  a'} ,  titen for all e � {D ,  1 ,  a, al , b, b'} ,  either 

a ffi c = i and a 0 e = c' 07· 

a ffi e' = i and a 0 e' == e, 

and thus N is the lattiee in Diagram 2 (b). The intermediate elements need not 
existo 

Proof. By lemma 3 .4 ,  the lattice generated by a and b is the lattice in Diagram 2 
(a) . Let e � {D ,  1 , a, a' , b, b'} 
If a $ e = i, then by lernma 3.4, the subalgebra of N generated by a and e is the 
Iattice in Diagram 2 (a) , with b repIaced by e, that is, a 0 e = e' . 
Since n i= 8 ,  b ffi e i= i ,  so either b ffi e = b or b ffi e = e, in which case either 
b ffi e' = e and b 0 ¿ = b' or b' ffi e = b and b' 0 e = ¿ , ,respectively. Since this is 
the case with any other element d such that a ffi d = i, the theorem follows . . 
If a ffi e = a, then a' 0 e = a and thus a' ffi c i=  i ,  since the latter would entail a = e . 

. So a' ffi e = ¿ and thus a ffi ¿ = i and we are back in the previous case. 
If either a ffi e = e '  or a ffi e = e

'
, then there is an element between a and 1 .  We 

may assume it is e. But then b ffi e = i and since e > a > e
'

, b 0 e = ¿ is the only 
possibility for b 0 e, but this is clearly impossible since in that case a = e. O 
Lemma 3 . 7. JI a and b are not conjuga tes, a ffi b = i a.nd a 0 b = a, then neither 
a = a' nor b = b' . 

' Proof. Suppose a ffi b = i ,  a 0 b = a and a = a' . Then b i= b' , since there is only 
one element x such that x = x' . 
If b ffi b' = i ,  then el se a = b' , so either b < b' or b' < b. 
If b < b' , a ffi b' = i and in that case a 0 b' i= D ,  or el se b' = b. So a 0 b' = b ,  but 
thcn a = (J, ffi (o. 0 l/) = (J. (B " = i .  
On the other halld, i f  1/ < b ,  a 0 b' = a arid the dual o f  the aboye argument provides 
a contradiction . O 
Theorem 3 . 8 .  JI a and b are not conjugates, they are both different from D and 1,  
a ffi b = i and a 0 b = D,  then n = 6 or n = 8 .  . 

Proof. Notice that by lemma 3 .7 we need at least six elements. AIso , a ffi a' i= i alld 
b ffi b' i= i or"CIse a and b are conjugates. 
By renaming if necessary, we may assume that a ffi a' = a and b ffi b' = b' . 
This impIies that a' 0 b = o ,  so a' ffi b i= i or eIse a = a' , contradicting lemma 3.7 .  
We can easily check that the subalgebra generated by a and b, is the one depicted 
in Diagrarn 3 .  
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i 

b 

o 

Diagram 3 

This proves that if n = 6 ,  there is a possible interpretation with the features ofthe 
hypothesis. 
Let us now assume n � 7, so let e be different from all of the aboye. Suppose 
a $ e = i. Using a now familiar argument , a 0 e � ti ,  a, a' , e} ,  the latter would 
imply b' = e. AIso , a 0 e =1= O, or else e = b, so the only possibility is a 0 e = ¿. 
Multiplying by b' , we get a' 0 e = ¿ 0 b' . 
If b' $ e = e ,  then ¿ 0 b' = a' 0 e = a' 0 (b' $ e) = a' and if b' $ e = ¿ ,  then 
a' 0 e = ¿ 0 b' = (b' $ e) 0 b' = b' . Both cases contradict lemma 2.6. The only 
possibility left is b' $ e  = i , so by lemma 3.3, n = 8. 
Suppose a $ e = e. Then b $ e = i, so b 0 e = ¿ and similarly b' $ e = i, so 
b' 0 e = ¿ and this implies b = b' , a contradiction. We get a similar contradiction 
if we assume a $ e = ¿ and since there are no other possibilities , the theorem is 
��d. O 
Lemma 3 . 9 .  Let n =1= 6, 8 .  JI there exist elements a and b sueh that a 0 b = 

. O , a $ b = b' and a $ a' =1= i ,  then there exists an element e E n sueh that the 
i1iterval [O , ¿] ól ¡:¡ is the lattiee depicted in Diagram 4 (a) and � is the ¡:¡ -largest 
su eh an element, (that is, lor any element d su eh that d 0 a = O ,  d 0 e = e.) The 
intermediate dements need not existo ¿ is meet-irredueible. 

Proof. If there is no x E n other than b such that x 0 a = O, we let e = b. 
, Since n =1= 6, 8 and , a$a' =1= i ,  there is no x E n  such that x 0 a  = O and x $ a  = i .  

We will now prove that there is no  x E n such that x 0 a = 0 and x $ a = a' .  If 
on the contrary there is one, since n =1= 8, b 0 x =1= O and obviously b 0 x =1= b' . 

. 

Suppose b 0 x E {x, x' } ,  then b 0 a' = b 0 (x $ a) = b 0 x .E {x, x'} and this 
contradicts lemma 2 .6 .  
Suppose b 0 x = b, then b '  $ x = (a $ b)  $ x = a $ (b $ x) = a$ x = a' , which also 
contradicts lemma 2 .6 .  
So if x 0 a = O ,  t"hen x $ a =1= a !  and thus x $ a = x' , as in the Diagram. 
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e' e' 

b' b' e e 

a a 

b 

ó . a' 

(a) , (b) 

Diagram 4 

Now the set of all elements x E n such that x 0 a = Ó and x EB a = x' has to be 
linearly ordered since i f  for two such elements x and y;  x 0 y :f:. x, y, then x 0 y = Ó ,  
contradicting the fact that n :f:. 8 .  Take e to  be  the largest one. By Corollary 2 .7, 
d is meet-reducible. O 
By duality, we can prove the following. 

Corollary 3 . 1 0 .  Let n :f:. 6, 8. Jf there exist elements a and e sueh that a EB e = 
i , a 0 e = e' , and a 0 a' :f:. Ó ,  then there exzsts an element e E n such that 
the interval [e' , iJ 01 j¡ is dual to the lattiee depieted in Diagram 4 (a) and e is 
the j¡ -least sueh an elemento The intermediate elements need not existo Also, d is 
join-irredueible. 

Lemma 3 . 1 1 .  Jf there exist a, e both different from O and 1 sueh that a EB e = e' 
and a 0 e = a' , then the interval [a' , e'] is the lattiee in Diagram 4 (b) . 
M oreover, if there is no element b s'tLch that aEBb = i ,  then there exists the j¡ -largest 
such an element e .  The intermediate elements need not existo 

Proaf. Let a and e be two .such elements and let b be any other element in [d , a
'J . 

Suppose e EB b = b. Then e' 2:: a EB b = a EB e EB b = d EB b 2:: e' , so e EB b = a' , 
co�tradicting lemma 2 .6 . A similar contradiction is obtained if a EB b = b' . 
So either e EB b = d, in which case one obtains the lattice in Diagram 4 (b) , or 
e EB b = e and we obtain that lattice with b and b' interchanged . 
If there is no element b such that a EB b  = i ,  the largest such an element e .  exists 
by an argument similar to the one used in lemma 3.9 .  O 
For the main theorem of this section we will use the following notation . If A and 
B are two lattices, T A is the largest element of A and ..L/3 is the least element of B. 
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We define A t B as the lattice obtained by identifying T A and .LB and extending the 
order in the natural way, Le. if x, y E A U 13. tLm 

{ X, y E A, . and x $A y 
x $ y iff . x E A, y E B 

x, y E B, and :t $13 y.. 

Theorem 3 . 1 2 .  Let TI: =1- 6, 8 . .  Then any interpretation ol Vol in N is 01 theform 

Ai t Ad · · · t An,  

where lor eaeh i $ m ,  Á is .either: a chain 9r one 01 �he lattiees jn Dia.fJJ"am 5. 
Gonversely, eaeh sueh laUlee gwes rzse to an mterpretahon 01 VOl m JI. ]n eaeh 
case the inte17TLcdiate cle1'&Cnts nced not cxist . 

i ¿ 

a e 

a 

(a) (b) 

i ¿ 

a e 

¿ a 

e a' 
(e) (d) 

Diagram 5 
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Proof. 
If tIJere is no mee t-red u cible elernent in fI, t l le  i Jlterpretation is a chaiu . 
If there exist meet-reducible clements , theu there are several cases. 
Case 1 :  The N -least meet-reducible element is O and there i s  an element a such 
that a 0 al = O. Then by lernma 3 .4 ,  the interpretation is a lattice as in Diagram 5 
(a) . 
Case 2 :  O i s  the N -least meet-reducible element and there are elements a ,  b, not 
c0njugates , such that a 0 b = O. 
Since n =f=. 6 ,  8 ,  a EB  b must be either a' or b' . We may assume w. l .o .g. that a EB.b = a' . 
Then by lemma 3 .9 ,  there exists a N :-greatest element C such that the interval [O , c'] 
is a lattice as in Diagram 5 (b) . We let CI = cl and A l = [O ,  CI ] '  Observe that since 
Cl must be meet irreducible, it has a unique cover. 

1. If there is no meet-reducible element x such that Cl < x < i, we let A2 = [cl , i] 
and thus fI = Al t Az . Observe that A2 is a chain . 

2. If there is one, let C2 be the N -least meet�reducible clement greater than Cl ' 
We let A2 = [Cl , C2] ' Again A2 is a chain of lellgth at least 2 .  

Since C2 is meet reducible ,  there exists au  element a such that a 0 c� = C2 ' 
Again we have two possibilities , either a E9 c� = i or a EB c� = a' . 
(a) lri the first case, by lemma 3 . 10  the interval [C2 ' iJ is a lattice as the one 

in Diagram 5 (c) . Let Aa = [C2 ' iJ and fI = Al t A2 t A3 . . 

(b) In the second case, by lemma 3 . 1 1 ,  there exists the largest element C such 
that the ihterval [C2 , c'] is a lattice as the one in Diagram 5 (d) . We let 
C3 = ¿ and A3 = [C2 ' C3] '  

We can now continue as i n  the previous ste� , searching for C4 , the next meet-:c . 
reducible element , if one exists , and proceed as we did with C2 ' The process must 
eventually terminate and we have fI = Al t A2 t . . . t Am. 
Case 3 :  Ó i s  not  the N -¡�ast meet-reducible elernent. Then since 6 i s  meet­
irreducible, it has a siugle irnmediate succesSor. Let el be tlle fI -least mee\;­
reducible' clement and define Al = [O , c¡ ) .  Al is a cllain. Now proceed as in step 2 
with Cl in place of O .  This completes the proof of necessity. 
That each such lattice gives rise to an interpretation of VOl in N is immediate from 
theorem 2 .5 .  O 

4 Interpreting V M in Ln 
We will now study the interpretations of the variety V M of De Morgan algebras 
in the variety of Lukasiewicz algebras. In this case we also have to interpret the 
unary operation " the quasi-complement. Of comse, since De Morgan algebras are 
distributive lattices , al! that wus proved in the previous section holds for them. 
Throughout this section ,  we will let fI = (n ; EB, 0,8 , O ,  i)  be an interpretation of 
VM in Ln , where (n j EB, 0,  O, i )  is. a}1 interpretation of VOl in Ln as in section 3 
and 8 is él unary operabon,  tIJe interpretatioIl of t l le  c¡uasi--complement ' . 
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The first lemma is a straightforward consequence of the definition of a quasi­
complement and lemma 2.6 .  
Lemma 4 . 1 .  

1 .  The quasi-complement e is one-to-one. 

2. Óe = i and ie = Ó .  

3. Jf ae = a ,  then a,e = a
'

. 

4 .  Jf a ::; b, then be ::; ae . 

Theorem 4 . 2 .  Jf n =1- 4 ,  6, titen tite underlying lattice of every interpretation of 
V M in Ln is a chain and the new quasi-complement coincides with the oid one. 

Proof. Let Ñ be an interpretation of VM in Ln and suppose there exist a meet� 
reducible element e. We have several cases. 
If e = a and a = a 0 a' , then underlying lattice of Ñ is like the lattice in Diagram 
5 (a) and since n =1- 4, 6, there exist at least four elements b¡ , b2 • b� and b� like 
the ones depicted in the Diagram. But then b¡ E9 b� = b2 and b¡ 2: b? So 

. b¡ 2: b? 0 b� e = b� , E {b2 ,  b�} and this is not possible . ' 
If e = p and Ó = a 0 b, where a and b are not conjugates, then since n =1- 6 ,  
the underlying lattice of Ñ i s  like the lattice in Diagram 5 (b) . In this case, since 
b' > ¿, i = be E9 ce E {¿ , b'} . 
If e = a ,  n = 8 and the underlying lattice o f  Ñ i s  the one in  Diagram 1 ,  then 
a 0 e = ¿, but taking quasi-complements , a

' E9 e' = e =1- a .  

If e> Ó. Then in the decomposition of Ñ, Al is a chain and A2 1S eith�r the lattice 
in Diagram 5 (c) or the one in 5 (d) . These cases are similar to case 2. 

So in any case we get a contradiction, thus there is no meet-reducible element 
and Ñ is a chain. 
Assume now that there exists an a such that ae = a. By lemma 4. 1 .3 ,  a,e = a

'
. 

So ir a < a
' a.lld by lClIlllla 4 . 1 .4 ,  a

' 
= (L,e < (la = a, éL cOlltradiction . A similar . 

contradictiol1 arises if we assuine that a
l < a. This implies that a = a

' and thus 
ae = a = a

'
. Now since in a chain there is at most one element such that a = a

l
, 

for any other b, be = b' . So for any x, xe = x' . O 
In the following theorem we will prove that if n = 4, there are two possible definitions 
for the quasi-complement. 

Theorem 4 . 3 .  There are 8 interpretations of VM in L4 . 

Proof. Let n = {a ,  a, a
'

, 1} .  Recall that the underlying lattice of the interpretation 
must be isomorphic to one of the lattices of Diagram 6. 
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' 1  "V 

a' 

�' 
O O 

(a) (h) 
Diagram 6 

If the lattiee interpretation is the lattiee in Diagram 6 (a) , sinee i can be either O 

or 1 ,  \ve have two choices . For each of these, x can be either a or a' and that gives 
us 4 possibllities. 
An argument similar to the one in the previous theorem shows that for a11 xe = x' . 

, This gives us four interpretations. 
If the Iattice interpretation is the lattice in Diagram 6 (b) , again i can be either O 

or 1 ,  so we have two choiees, but in this case, by symmetry we have only one choice 
for a. For each of these there are two possible quasi-compIements, namely, 

The first function defines the four element Boolean algehra. The second funetion 
assigns O, a, a' and 1 to 1 , a ,  a' and O,  respectively. It is well known fact that these 
two are V M algehras. This provides the other four interpretations. O 

Theorem 4.4 . There are 32 interpretations of VM in L6 . 

Proof. Let 6 = {O ,  a, b, a' , b' , 1 } .  I fthe underlying lattice of the interpretation is 
a chain, its first element Ó has to be either O or 1. For each of those, the seeond 
eIement can be filled by any of the four elcments a ,  a' , b or b' , the third has only two 
possibilities since the others are dctcrrnincd by thc prcvious sclcctions alld lernma 
4 . 1 .4 .  Tllat gives us 1G  possible. interpretations. 
If the underlying l,attice of the interpretation is the lattice in Diagram 2 (a) and 
be = b, then by lemma 4. 1 .4 ,  b,e > be , which would force b,e = i, contradicting 
lemma 4 . 1 . 1 ,  so be = b' .But then ae 0 b' = (a EB b)e = 6 ,  so ae = a. So for 
all x,  xe = x' , The reader can easily check that the old quasi-complement works 
well . A similar analysis to that of the previous paragraph shows there are a�other 
16 interpretations of this sort . 
Finally, using the same arguments of Theorem 4 .2 ,  one can check that for the other 
possihle underlying lattices for an interpretation, there is no acceptable definition for 
the quasi-eomplement . For instance, in the lattice in Diagram 3, a EB b = a EB b' = i ,  
so ae 0 be = ae 0 b,e = 6 .  But in this latÚce this is possible only i f  be = b,e = b, 
a contradiction . There are essentially three other underlying lattices. O 
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Theorem 4 . 5 .  The n'lLmber of interpretations af VM in Ln is 
2 � ( � - 1)! . 
2 nz \ ( n�l - 1) !  

if n is even, n 1- 4, 6 ,  
if n i s  add. 

Proof. The proof is a straight forward generalization of the n = 6 case . One must 
observe that in the odd case, there is ane single element e for which e' = e and 
by Iemma Iemma 4.1.4 it must be assigned to the "midpoint" of the underlying 
Iattice. O 

5 Int erpreting .cm in .cn 

In the previous section we proved that De Morgan interpretations are pretty tight. 
We will now extend those results to Lukasiewicz algebras, that is, we have to define 
the new unary operations al , a2 , " " am-1 ' 
Throughout this section ir = (n ; EB, 0,8 , al . . .  , o-rn- 1 ,  O ,  i) will be an interpretation 
of 12m in Ln , where (n ;  EB, 0,8 , O; i) is an interpretation 01' VM in Ln as in section 4 
and the o-i 'S are unary operations, the interpretation 01' the ai 's. Of course this means 
that except for n = 4 and 6, (n ; EB, 0,8 , O , i) is a chain and the quasi-complements 
8 and ' coincide, so we will analize these two cases separateIy. 

Lemma 5 . 1 .  Jf .4 is an interpretation of 12m in 124 and its underlying lattice is 
not a chain, then .4 is the four element Boolean algebra and for all x,  a1 (x) = 
a2 (x) = . . .  = o-m-1 (X) = X .  

Proof. Assume that the underIying Iattice of  the interpretation is the Iattice in  
Diagram 6 (b)  and that a8 = a and a,8 = a' . Then o-m- 1 (a) 1- a ,  a'  or else 
o-m- 1 (a) EB (am_1 (a) )8 E {a, a' } ,  contradicting axiom (2) . 
By axiom (1) ,  since a 0 a' = O, o-m-1 (a) 0 am- 1 (a') = O ,  so either am-1 (a) = O or 
o-m- 1 (a' ) = O .  But 0-"'- 1 (eL) = O (alld similarly 0-"'-1 (a') = O) is clearly impossible 
because by (L2) we would llave o-l (a) = 0-2 (0.) = . . .  = 0-"'- 1 (0.) = O, that is to say, 
for a11 i :::; m - 1, o-i (a) = o-i (O) , which in turn by (L4) impIies a = O .  
If  the De Morgan interpretation is  the four eIement Boolean algebra, then it is a 
well known fact that the only possibility for the ai 's is the identity. See [3] . O 
Lemma 5 .2 .  Jf 6 is an interpretation of 12m in 126, then its underlying lattice is 
a chain. 

Proof. Suppose the Iattice reduct of 6 is not a chain, then by Theorem 4 .4, it is 
the one that appears in Diagram 2 (a) and x8 = x' for all x. 
If o-i (b) E {b , b' } ,  then i = ai (b) EB (ai (b) )8  = b EB b' = b, so for any i, o-i (b) E {O ,  i } .  
Similarly, o-i (b' )  E {O ,  i } .  
As in the previous lemma, o-m-1 (b) 1- O .  SO  am-1 (b) = o-m-1 (b') = i ,  which , 
by (L3) and since a � b' , impIies am-l (a) = 1 .  But then , O = am-l (a 0 a') = 
o-m- 1 (a) 00-m- l (a') = o-m_1 {a') , which as we know implies a' = O ,  a contradiction .  So 
there is no possible definition fOl- o-m- l (b) and the lattice reduct must be a chain . O 
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Lemma 5 . 3 .  Let N be an interpretation of Lm in L" for whieh the underlying 
lattiee is a ehain. Then for O ::;  'i ::; 1T/, - 1 ,  o-;(:e) E {D , i } .  
Jf we lel ¡;, (  a) be the least k su eh that o-k (a) = i , then /1: defines a one-to-one 

eorrespondenee between the non-zero elements of N and the o-i 's. Moreover, if the 
De Morgan reduet of N is D = ao < al < . . .  < an-l = i ,  setting ¡;,(D) = n, 
¡;,(aj) � n - j . 

Proof. We first observe that since the lattice reduct of N is a chain, every element , 
in particular i is join irreducible , so by axiom (2) , for all i ::; m - 1  and any x,  
o-i (X) E {D , i } .  , 
Next , recall that by (Ld , for �ll i ::; n - 1 ,  o-i (D) = D ,  so for a f= D ,  there exists 
sorne k such that o-k (a) = 1 .  If not , for all i ::; m - 1 , o-i (a) = a = o-i (a) and by 
(L4 ) ,  a = a ,  a contradiction. 
Let a f= D and b f= a. We now observe that if a f= b, then ¡;,(a) f= ¡;,(b) .  If not, by 
(L2) ,  for l' � ¡;,(a) = ¡;,(b) , o-r (a) = i = o-r (b) and for l' < ¡;,(a) , o-r (a) = a = Crr (b) ,  
so agai� using (L4 ) ,  wc get a = b , a contradiction . 
Suppose that k = ¡;,(aj )  < n - j ,  for sorne O < j < n. Then o-k-l (aj ) = 6. This 
implies that o-k-1 (aj+¡ ) = i or elsé by (L2) and (L3 ) ,  o-r (aj ) = Crr (aj+! ) ,  for aH 
1 ::; l' < n, and by (L4) ,  aj = aj+! .  So ¡;,(aj+! ) < n - j - 1. 
In a similar way we prove that for s ::; k - 1 ,  o-k-s (aj+s) = i , i n  particular, 
Cr1 (aj+k-l )  = i , so by (L2 ) , Crr (aj+k-1)  = i, for 1 ::; l' < n. But by (L1 )  and (L4) , 
this implies that aj+k- l = an-b that is j "+ k - 1 = n - 1 ,  contradicting our 
assumption. 
This completes the proof that ¡;,(aj )  � n - j . O 

Notice that the function ¡;, determines the o-i 'S as follows: 

if j < ¡;,(aj) , 
if j � ¡;,(aj ) .  

for all 1 ::; i ::; m - 1 and O ::;  j ::; n - 1 .  Also, since ¡;,(x) is one-to-one and the 
number of non-zero elements of n is n - 1, there has to be at least as many Cr/s. 
This provides another proof of our next Theorem 5.4 . 1 . , 

Theorem 5 .4.  

1 .  Jf m < ,n, there is no interpretation of 'cm in 'cn ' 

2. Jf m is even and n is odd,
. 

then there is no interpretation of 'cm in 'cn ' 

Proof. One should observe that N is an Lm-algebra and it is a chain, so by 
Theorem 2 .2 ,  ¡:¡ is a an 'cm-subalgebra of M .  This immediately implies that n ::;  
m . The second assertion follows from the fact that M does not have subalgebras 
of odd cardinality. O 
Theorem . 5 . 5 .  Let m � n. Then the number of interpretations of 'cm in 'cn is 
determined as follows. 

1. JI m is e1len fLnd TI, is odd' there i.s no inter¡Jr-etlLtion 01 Lm in Ln . 
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2. Jn any other case, for each De Morgan interpretation in Ln, there are (��r;:j) 
interpretations of Lm in Ln, where for any positive integer p, 

{ E  - 1  h(p) = 9 - 1  if p is even, 
if p .  is odd. 

3. Jf n = 4 and m 2 4, there are two more interpretations O¡Lm in L4 . 

Proof. Let N be an interpretation of Lm in Ln such that the De Morgan reduct of 
the interpretation is thc chain Ó = 0.0 < al < . . .  < an- l  = . i and af = aj = an-j . 
Our problem here is to count the llumber of possiblc functions f..L defined in lemma 
5 . 3 .  We know t;hat they are one-to-one anu IL(ll'1 ) 2 n - j, uut timt is nol an 
we know. By axiom (4) f..L has to bave a symmetry with respect to the midpoint 
of N if n is odd or its midpoints if n is even. Recall that axiom (4) states that 
ai ra) = am_i (ae)e . In this case this means that ai (aj ) = (am-i (an-j) ) '. 
Case ( 1 ) :  This is Theorem 5 .4 ,  2 .  

Case (2) : Both rn anu n are even. 
In this case a� (a!! ) = ( am_ � (a'n ) ) '  = ' ( a!!! (a!!_l ) ) ' , and since a!!-l  < a!!2 '  by 2 2  2 2'  2 2  2 
(L2) , aT (al}_ ¡ ) ::; aT (al} ) .  These two imply that 

aT (alf-1 )  = i and aT (a� )  = Ó .  

The information gathered so  far i s  summarized in  the following chart. 

al a2 am-n 1 a!!! am-l -,- - 2 
ao Ó Ó Ó 
al Ó i 

O, 1!- - l  Ó i 
al!. '? i i 2 

i i i 

? 

an-2 ? ? ? i i i i 
an-l i i i i i i i 

Case (3) : Both m and n are odd. 
Then am:' l  (a=1 ) = ( a!!!.±.!. (a'n- l ) ) ' = ( a!!!.±.!. (a n- l )  ) ' , but by (L2 ) ,  a!!!±! (0.=1) 2 2 2 2 , -2- 2 2 2 2 
a!!!.=l. (a n- l ) , so these two together with (La) imply 2 2 
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Also , if a =1. (a.!!±l )  = 6 ,  by (L4 ) , -a!!.:l-.J. = (J, =-t , a eOlltradict.ion,  so a =1. (a!!±l ) = i .  

:.! :1 :1 2 2 O! 
We summarize this in the following ehart . 

al a2 . . . am-n am-I a� am-1 -, o-

ao 6 Ó Ó Ó 
al Ó i 

an- I  O -::r O 1 1 

? i i i 
i i 1 i 

? 

an-2 ? ? ? i i 1 i 1 
an- 1 1 1 i 1 i i i 1 

Case (4) : rn is odd alld n is evcn. 
Then if Ó = a=1. (a!!. ) = ( q!!!±!(a!!.-d ) " so a!!!.±! (aLd = 1 and thus by (L3 ) ,  , 2 2 2 2 2 2 
amp. (al} ) � ( amp.

'
(al}-d ) = i , and also am;1 (al}-l ) � a";;1 (al} ) = Ó . Putting 

these together, by (L4) , we get al} = al}-b a contradiction . So 

a=.l (a!!.-l )  = Ó = a." !!!.±! (a!!.-l )  . 2 2 2 2 
= 1 = a!!!.±! (a!!. )-. 2 2 

We summarize this in the following chart. 

al a2 . . .  am-n am-I a� -, -, 

ao Ó Ó Ó 
al 6 Ó Ó 

a%- l Ó Ó 
a!!. ? 1 1 2 

i i i 

? 

an,-2 ? ? ? i 1 1 1 
an-1 i i i i i i i 

In the charts aboye we see that 

ai (aj) = { 6 if 1 � j < n/2 and 1 � i � m/2 , 
i if } � n/2 and i � m/2 .  

Ó 
1 

1 
1 

1 

i 
i 

Observe that by axiom (4) , the values of ai (aj)  for j < n/2 and i � (m + 1 ) /2 ,  are 
dctcrmined by those of ai (Uj )  for j ;::: n/2 aud 'í < m/2.  Also , wc rnust takc iuto 
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account (L2 ) ,  (L3 ) and (L4) , which imply that (!;(aj )  must increase both with i and 
with j .  
S o  i n  order t o  find aH possible functions J-I. ,  one 0111y has to determine how many "?" 
one has to replace by O's in the lower left hand side of the charts. 
Assuming l is the number of rows and k is the number of columns, this is the sarue 
as the number of integers less than l which can be expressed as a sum of k positive 
integers, this number is m .  
Conversely, by Theorem 2 .5  any such partition defines an interpretation of .em in 
.en ' So for appropiiate l and k, the number of interpretations equals the number of 
these partitions . Now it is a matter of determining the particular l 's and k 's in each 
of the three cases and the theorein follows . Notice that by (L1) the last Hne in each 
chart is fixed. 

If n = 4 and its De Morgan reduct is the four efement Boolean algebra, then as 
we mentioned before, we have another interpretation if we let for aH x ,  a1

'
(x) = 

a2 (x) = . . .  = cJm-1 (X) = x .  O 
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Abstract 

Lct S be a compad oriented surface of constant curvature - 1  aml let TI S 
be the unit tangent bundle of S endowed with the canonical (Sasaki) met.ric. 
We prove that TI S has dense periodic geodesics, that is, the set of vectors 

tangent to periodic geodesics in TI S is detlse in TTI S. 

Let, M be a compact Iliemannian mauifold . M is said to llave the DPG pro;Jcrty 

. (dcnsity of periodic gt-'Odesics) if tlle vectors tangent to periodic geodesics in M are 

dense in T M, the tallgent bundle of M. A compact manifold is known to have this 

property if, for example, its geodesic flow is Anosov (see [1 ] ) , in particular if it is 

hyperbolic. In this note we prove that the unit tangent bundle of a compact oriented 

surface of constant curvature - 1  shares with the surface the DPG property. 

·Partially supported by CON ICOR, CIEM (CONICET) and SECYT (UNC) . 
Mathematical Subject Classification: 53 e 22, 53 e 30, 58 F 17 
Key words: homogeneous spacel>, periodic geodesics, Sasaki inetric. 
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Theorem . Let S be a campact aríented surEace aE canstant curvature - 1  and Jet 

TI S be the unit tangent bundle aE S endawed witll tlle cananical (Sasaki) metric. 

TlJen TI S has tllC DPG property. 

Remarks. 
a) Geodesics in TIS do not project necessarily to geodesics in S. 
b) The unit tangent bundle of any compact oriented surface of constant curvature 

O or 1 has also the DPG property. 

c) The geodesic flow of T1S, wliich is a flow on TIT1S, is not Anosov. 

d) T1S may be written as r\PSl (2 ,  R) , where r is thc fundamental group oí S. In 

general, not every compact quotiellt of a Lie group endowed with a 10ft invariant 

Riemanniall metric has the DPG property. 

The proof of the theorem and comments on the remarks can be found at the end 

of the article. Next, , we give sorne preliminaries. Let. H be t.he hyperbolic plane' of 
constant curvature - 1 .  Any oriented surface S of constant. curvat.ure - 1  inherits 

from its universal covering H a canonical complex st,ructure. If V is a smoot.h curve 

in TS, t.hen V' will denot.e t.he covariant derivat.ive along t.he projection of V to S. 
The geodesic curvat.ure of a curve c in S with const.ant. speed >. 1= O is defirred by 

K, (t) = (e' (t) , ie (t)) />.3 . We consider on T1 S t.he canonical (Sasaki) met.ric, defined 

by 1 1 ';- 1 1 2  = 111l'*v� 1 I 2 + I IK(O I l 2 for � E TvT1 S, V E Tl S, whete 1l' : T1 S - S is the 

ca�onical projection and K is the connection operator. Next., we recall froin [7] a 

description of the geodesics of TI H and some properties of curves in H of constant 

geodesic curvature, 

Propositioll 1 Let V be a geod��ic in TI H and let c = 1l' o V .  Then I l V' 1l  "= const, 

l I e l l  = consto = :  >. and oue of the following possibilities holds: 

a) Jf ,\ = 0, then V is a constan( speed curve in the circle T:(o)H .  

b) Jf >. 1= 0,  then the geodesic curvature K, of c with respect t o  the normal ie/ >. is 
also constant and lor t E R  

( 1) 
where Z E e is such that V (O) = ze (O) . 

Conversely, each curve V in TIH which satisfies (a) or (b) is a geodesic. More­
over, given a constant speed curve c in H with constant geodesic curvature, and 
Yo -E Tc\O) H, there is a unique geodesic V in TI H which projects to e and such that 
V (O) = Yo. 
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We reca11 from the proof of this proposition that if V is the geodesic in TI S with 
initial velocity e ,  then >. = 1 1 7r.v(o)e l l  and ,qe) = ->'",iV (O) , in particular ", = 

± I IK(e) I I />' · 

In the following we consider the upper half space model H = {x + iy 1 y > O} with 

the met.ric ds2 = (dx2 + dy2 ) ly2 . 
Lelllma 2 Let c be a complete curve in H 01 constant geodesic curvature "' .  Given 
O E (O, 7r) ,  let co be the curve in H defined by co (t) = eteiO • . 

a) JI 1"' 1 > 1 , the image 01 c is a geodesic circle 01 radius I r l  and length 1 27r sinh r l ,  
where cot.h r = , .  (this implies that lhe length is 27r I J ",2 - 1). 

b) JI 1"' 1  = 1 , the image 01 c is a horocycle. 

c) JI '" = cos O , the image 01 c is congruent to that 01 co · 

Let. G = PSl(2,  R) = {g E M2(R) 1 det. 9 = 1 }/{±I} and lel; g ,;". {X E M2(R) 1 

tr X = O} be its Lie algebra. Via t.he canonical act.ion of G on H by Mobius 

transformations, G is the group of orientation preserving isometries of H. Hence, H 
may be identified with G I K, where K = P SO (2) is the isotropy group at the point 

i E H. 

Consider the Cmtan decomposition g = RZ EEl p, where Z = � ( O 1 ) . spans . - 1 O 
the Lie algebra of K and p = {X E g 1 X = Xt} .  As usual we sha11 identify TeKH 
with p .  Under this identification, the quasi-complex structure induced on p is. given 

by OOz , V � p and Xo � l ( �  �1 ) E p is a  unit vector. One can show that G 

ads simply transitively aud by isomet.ries on TI H. Hence, the map <P : G � TI H 
defined by <}1 (y) = y.K (Xo) is a difl'eomorphislIl which induces in G a left. illvariant 
metric. From now on we identify sometirncs in this way G with TI H. In particular, 

the unit tangent bundle of a surface r\S may be identified with f\G. 

Let S be an oriented surface of constant curvature -1 and let '" be a real number. 

The ",-flow on TIS is defined by rfJ7 (v) = c� (t) ,  where c� is the unique unit speed 

curve in H with constant geodesic curvature '" and initial velocity v .  In particular, 

the O-flow is the geodesic flow of S. Next, we obtain the ",-flow on TI H using the 

identification <P : G � TI H, taking advant.age of the group structure of G. Let 

Lh , Rh denote left and right multiplication by h, respectively, and set Y/t = Xo + ",Z. 

Lemma 3 JI <p7 denotes the ",-ftow on TI H, then lor all t we have 

<p� o <P == <P o R.,xp(tYt<) ' 





1ijJ 

Proof. a) follows froro Ihe fael Ihal Y. � � ( �" 
values ±a/2 , since l li l  < 1 .  

Ii ) diagonalizes with eigen­
- 1  

b) If a ,  h are as aboye, theIl R" o Rcxp(atXo) = Rexp(tYK ) o Rh for aH t .  Therefore, 
Lemma 3 implies that cp� = F o CP�t o F-I for aH t. One checks that F ('}'v) = '}' F (v) 
for aH '}' E r, v E TI H and the existence of f is proved. The last assertion foHows 
from straightforward · computat.ions. 

c) We have that the Ii-fiow on TI S is conjugate to a constantrate reparamet,rization 

of the geodesic fiow of S, which is known to be Anosov and has dense periodic orbit,s 
by Theorem 3 of [ 1 ] . O 

Lemma 5 Let S be a eompact oriented surfaee of eonstant eurvature - 1 .  Let e be 

a periodie eonstant speed curve in S of eonstant geodesie eurvature lio, with l lio l  < 1 .  
Then, lor eaeh Ii with l li l  < 1 ,  there exists a periodie eonstant speed curve el< in S, 

01 eonstant geodesie eurvature Ii ,  sueh that 
a) cito = e, 

b) el< (O) converges to e (O) and CI< (O) converges to C (O) lor Ii -+ lio, 

e) the lunetion Ii 1-+ K length (el<) is eontinuous, odd and strietly inereasing. 

Proof. We may suppose t,hat, e has unit speed and that S =- r\H, whe!e r is 

a unifonn sl Ibgrollp of G which act.s freely and properly discont,inuolIsly on H. 
Suppose that to is' the period of e and that e is a lift of e to H. Then there exists 

9 E r such that g.é (O) = é (to ) . Since C ads transitively 011 TIH, by conjugating 

r ,  by an element of G if necessary, we may suppose without loss of generality, by 

Lemma 2 (c) , that e (t) = et sin Ooei90 with cos Oo = KO , 0 < 00 < 7r and, additionally, 

that 9 (z) == az, where a = eto sin Oo .  
Por I K I < 1 ,  let. el< be t.he projection t,o S of t,he curve el< (t) : =  ct 8in OCiO , whel'e 
cos O = K, O < 0 .< 7r. Clearly, el< satisfies the first two con�itions. By Lemma 2 (c) , 
el< has constant geodesic curvature K. Since g.61< (O) = él< (to sin 00/ sin O) and el< 
has unit speed, then el< is periodic and 

sin 00 

J
I - '¡ 

length (el<) = to -:--O 
= to __ o -2. sm · 1 - K 

Thus, the function K 1-+ K length (el<) has the required pl'Operties. O 

Comments on the remarks. 

(a) follows from Proposition 1 .  Next we comment on (b) . If S is fiat , then S is 

covered by a fiat torus (see [8] ) whose uuit tangent bundle is again a fiat torus and 
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clearly has the DPG property. On the other hand, if S has constant curvature 1 ,  

then S is covered by a sphere, whose unit tangent bundle is isometric to SO (3) 

endowed with a bi-invariant metric, all of whose geodesics are periodic (see also 
[4] ) .  (e) is a consequence of [5] , sin'ce TIH has conjugate points. This follows from 
the proof of Myers' Theorem (see [2] ) ,  since if "1 is the geodesic in G � TI H with 
initial velocit,y Z, then Ricci (1) is constant and positive. Indeed, "1 is the orbit 
of the one-parameter group t f---t exp (tZ) of isometries of G, and Ricci (Z) > O by 
Theorem 4 .3 of [6] . Finally, a count,erexample for (d) can be found for example in 
[3] . 

Proof of the Theorem. 

Let r be the fundamental group of S and suppose that S = r\H. Let P : TTI H -
TI H and 7r : T H _ H be the canonical projections. By abuse of notation we call 
also 7r the restriction of the latter to TI H. Let. T'TI H = {� E TTI H 1 7r*� .¡. O} 
and let T'TIS = r\T'T1 H. These are open dense subsets of TTI H and TTIS, 

:espectively. Let now 

F : T'TI H _ { (v ,  Y, "') E TI H X T H x R 1 y =1= O and 7r (v ) = 7r (Y) } 
be defined by F (�) = (P� ,  7r.� ,  '" (�) ) ,  where ", (�) is the (constant by Proposition 1 )  

geodesic curvature of 7rV, V being the unique geodesic in  G with initial velocity � .  
F is a diffeomorphism sínce i t  is differentiable and so  is the inverse F-I (v ,  Y, ",) = 

ir (O) , whcre V is the unique geodesic in TI H such that V (O) = v, and e : =  7l"V 
has constant geodesic curvature '" and satisfies 0 (0) = y (see Proposition 1 ) .  

Fix Vo E TI H and r¡ E TfvoT1S.  Suppose that r¡ lifts to � E T�oTI H and that 
F (�) = (vo ,  Yo , "'o) . We have to show that given é > o and open neighborhoods U 
and V of Vo and Yo , in TI H and T JI respectively, then there exist '" with 1 '" - "'0 1 < é,  
1 1  E U and O =1= Y E V, wit.h t,hc Ritm e  foot,point ,  81 \r.h t.hat. t.hc gcodcsic V in TI H 
with initial velocity F-l  (v ,  Y, ",) projects t.o a periodic geodesic in T1S. By the 
expression ( 1 ) ,  it suffice8 to show that e : =  r7rV is periodic and 2A",to E 27rQ for 
some positive number lo such that e (0) = e (to) , where A ,  '" are as in Proposition 1 .  

Suppose that 1 "'0 1 2: 1 .  In this case choose v = vo , Y = Yo and '" such that 

1 '" - "'0 1 < é, 1 "' 1  > 1 and 2",/.,;",2 - 1 E Q (such a '" exists since the function 

'" f---t 2",/";",2 - 1 is odd and strictly monotonic for '" > 1 ) .  Indeed, by Lemma 2 (a) , 

e (O) = e (to) holds for to = 27r / A �, since e has constant speed A. Hence, 
2tO"'A E 27rQ by the choice of "'. 

If 1 "'0 1  < 1 ,  then by Lemma 4 there exists (VI , Y1 ) E U x V e TI H X T H clase to 

(Vo ,  Yo) , with 7r (VI ) = 7r (Y1 ) , such that re} is periodic, where el is the constant 
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speed curve in H of constant geodesic curvature KO with él (O) = Y1 . By Lemma 5 ,  
since V is  open, there exist K with I K I  < 1 ,  I K - Ko l < 10, and (v ,  Y) E U x V close 

to (Vl ' Yi ) , with Y 1= O and rr (v) = rr (Y) ,  such that C' projects to a periodic curve 

e in r\H with length e satisfying ,2Ke E 2rrQ, where C is the constant speed curve 

in H with constant geodesic curvature K and initial velocity Y. If to = el A, then 

é (O) = é (to) and 2AKtO = 2Ke E 2rrQ.  Consequently, for v, Y and K as aboye, the 

geodesic in G with initial velocity F-1 (v, Y, "") projects to a periodic geodesic in 

r1s. This completes the proof of t,he t,heorem. O 

References 

[ 1 J  D. Anosov, Geodesic flows on c10sed Riema11nia11 ma11iEolds with 11egative cur­

vat ure, Proc. Steklov Jnstit . Math. 90,  1967� 

[2J J .  Cheeger & D.  Ebin, Compariso11 Theorems in Riemannian Geometry, North­

Holland, 1975. 

[3J P. Eberlein, Geometry oE 2-step nilpotent groups with a leEt invariant metric, 

Ann. Se. de École Normal Supo 27 No. 5 ( 1994) , 61 1-660. 

[4J H. Gluck, Geodesics·i11 the unit ta11ge11t bU11dle oE a rou11d sphere, L'Enseigne­

ment Mat,h. 34 ( 1 988) , 233-246. 

[5J W. Klingenberg, Rieman11ia11 mani[olds with geodesic flow oE A110SOV type, An­

nals of Math. 99 ( 1974) , 1 - 13 .  

[6J J .  Mi.lnor , Curvatures oE leEt i11varia11t metrics 011 Lie groups, Advances in Math. 

21 ( 1976) , 293-329. 

[7J M. Salvai , Spectra oE u11it ta11gent bundles oE hyperbolic Riemann surEaces, Ann. 

Global Anal. Geom. 16 ( 1998) , 357-370. 

[8J J. Wolf, Spaces oE constant curvature, Publish or Perish, 1977. 

Recibido en Diciembre 1998 





Revista de la 
Unión M atemática Argentina 
Volumen 4 1 , 3,  1 999. 

1 07 

On Stochastic· Parallel Transport and 
Prolongation of Connections . 

Pedro Catuogllo 
Departamento de lVIatemáticas FCEYN . 
Universidad Nacional de Mar del Plata. 

Abstract 
Let P ( M ,  G ) be él principal fiber bundle, \7 a G-invariant CDO of 

P and 1}! a eDO of M. We prove that \7 is  proj etable with proj ection 

IV iff there is él unique prolongatioll H -+ Hf such that satisfies: . 

Every stochas tic liorizontal ¡ift of a W-martingale is a \7-martingale . .. 
We givcn él]] cxplicit expressioll for Hf in tenns of H and \7. 

1'he s toch as Li c parallel di splacemenL of  a Len::mr alo l l g a randorn curve was 
considered by K .  l Ló [6] . I Ls wüural gellcral izatiol J , Lhe s to dmstic horiwll Lal 
lifting in principal fiber bundles were stuclied by 1 .  Shigekawa and othe1's ( [ 1 ] ,  
[8J , [ 1 1 ] '  [ l a] ) .  

The motivatíon for the p1'esent investigation i s  the discovery of P. Meyer 
[O] of a corresponden ce between the slochastic extellsions of the equation 
of parallel transport of vectors and certain extensions to the tangent bundle 
T 111 of tlle connection \7 on M .  The stochasLic parallel t.ransports studied by 

P. Meyer are illduced by 2-connectiolls [ 1 ] of B1I1 (the fiber bundle of bases 
of 111 ) that are prolongations of \1 .  These prolongations are of 1-connections 
to 2-connections of B 111 , and are given by Gl (n ,  IR) -invariant conIlections of 
B 111 with proJection \7 .  

I u  this work we study these prolongations o f  1-connections t o  2-connections 
in the context of principal fiber bundles. 

This paper is organized as follo" 's , in 1 .  we prepare some notions con­
cerning Schwartz  geometry, 2-connections and martingales . In 2. we prove 
the main resul t of this work. Let P (M ,  G ) be a principal fiber bundle , \7 
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a G-invariant covariant derivative operator without torsion of P and W a 

covariallt derivative operator without torsion of M .  Then V' is projdable 

with projection W iff there is a ullique prolongatioll of 1 -collnectiolls into 

2-conuections [ 1 ] of P (M , G ) such that satisfies: Every stochastic horizontal 
l in of 11 \l1 - marl, ingale ifl a V' - m arti ngale .  \Ve given an explicit cxpreflsion fol' 
H r  iu LmU1H o f  H u.llll V' .  J o ' i l l al ly ,  in  Hcct iol l ; �  w c  u.pply LhiH rCHulLH L o  Ji fhl­
HioUH gi vell by S l,raLol lovich cquaLiol lH ,  ami diHcwmcd Lile speci al case of the 

principal fiber bundle of ba:::;es of a dilferential manifold with the G-invariant 
connec tions \le and V'H [3 J . 

1 S chwart z G eo m etry, 2- C o nnections and \7-
M artingale s .  

Throughout this paper , manifolds, maps and functions will always b e  as­

sumed to be smooth. As to manifolds and stochastic differential geometry, 
we shall freely concepLs

' 
and notations of Kobayashi-Nomizu [7J and Emery 

[4J .-
Now,  we recall :::;orne [ulldarnell Lal [acL:::; abonL Sch w artz :::;econd order ge­

ometry ( [8] , [9] , [1 ] ,  [ la ] )  and marLingalcs. 
lf x is a point in a manifold AI , the second order tangent space to M 

al, x ,  denoLed TxAI , is 1,Ile vector space of aH dHferellLial operators on M ,  aL 
x, of order at most two, with no constant termo If dimM = n, TxM has 
n + �n(n + 1 ) dimensions ; using a local coordinate system (U, Xi) around X, 
every L E TxM can be writtell in a unique way as 

. .  (p k {)  L = at) . '  . + a '--
oxt{)xJ oxk 

(we use here and in other expressions in coordinates the convention of sum­
ming over the repeated indices) . The elements of TxM are called second-order 
Lal1gent vedors at X .  

'fhe disjoint union T M = U T xM is canonically endowed with a vector :cE M  . 
buudle structure over 11,1 , called the second order Laugcnt fiber bundle of M .  
We denote by r( T M )  the space of second order operator on M ,  that is,  the 
space of sections of TM . . 

If M and N are manifolds and <p : M � N is a smooth mapping, it is  

possible 1,0 push forward second order tangent vectors by <p, given L E TxM 
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its image under <p is <p* (x ) L  E Trp(x) N given by 

wiLh .r au arbit rary smootJJ fll l l cLiol l .  \Ve Hays tha!' (P : TxA! -t Tl/N is a 
SchwarLz: morphiHHl ir Lhcrc cxisLH a smoo Lh mappi llg <p : A! -t N with 
tp ( ;¡; ) . y :mc]¡ t . IJa\ . <j) . tp* ( :¡; ) .  

We know [8] t,hat. ,  we can associatc wit,h each covariant. derivat.ive operator 
wi thou t torsion (in short. , CDO ) \7 of Al a rnorphism <Pv : T M -t T M defined 
in a local chart. (U, xi ) of M by 

r 2  7 !:) <p ( ij (j k ( ) _ _ ( ij .,k  k ) u . V a [) '[) , + a !:) k - a 1 iJ' + a !:) k xt Xl ux uX 

where \7 -fL. 8�j = rtb· We observe that <Pv satisfies <Pv o i = 1 dTM where 
a", ' i : T M -t T M is t11e illclusioll . 

COliverHely, i r  <f> : '1 Aí -t T !v! is él morph isrn o f  vedor bUlldlcs sllch Lh aL 
<P o i = 1 riTM Lhcll we have defined a covariant derivat.ive operaLor wit.hout  
Lorsion \7<P by \7ty = r(x Y )  rOl' all X, Y E r(M ) .  Obviously, <f>v<l> = <f> 
and \71>v = \7 .  

We rernernber the followillg proposi Lion ( [,1] , [5] ) .  

Prop ositian 1 Le l M and N mani:folds be endowed with CD O \7 and W 
T'especlively and <p : NI -t N a srn ú rJ lh mapping. The following statements 
are equivalent: 

i)  Por every x E M ,  <P\[t o <¡?* (x ) = <¡?* (x )  o <Pv 

ii) Por every geodesic 9 : U -t M ,  <¡? o 9 : U -t M is a geodesic .  

i i i)  <¡? is affine. 

Let Al be a manifold elldowed wi th a C D O  \7 and (n , :F, (Ft) , P )  a fil­

tered probabili ty space satisfying the usual conditions [4] .  A continuous 

sernirnartingale X in M ,  is a \7  -martingale ( [8] , [4] ) if, for every O E r(T'" M )  
with campad suppart 

t J ( O ,  <PVd2 X )  i s  a loca l martingale .  
o 
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t where J (e , <I>vd2X ) is the ItD integral of O along X .  Martingales, too,  can 
o 

be ch araderi¡¡;c(l iu local coonli l l at .es . l u  fael. , lel. (lJ,  :¡; i )  be a lo cal char l. 
01' M a semimarLingale X = (X 'i )  is a 'V-marti ngale iIr for some real local 

mart in gales (Ni ) , 

Now , we remember the uefinition of 2- conn�ct.ion [ 1 ] 
Definition 2 Le t P (M , G)  be a principal fiber bundle . A farnily of Schwartz 
rnorphisrn H = {llp : P E P }  is called a 2 - connection if 

3) Hpg = Rg*ll1J far all p E P and 9 E G where Rg stands for the right 
action of G in P .  

4) The mapping p --t HpL belongs lo r(TP)  if L E r(TM ) .  
We observeu l.haL  by eh angillg in  the aboye definition T for T ,  we gel, 

Lhe dassical uefini Lion of conneetion in principal fiber bundles, that we call 
l-connection in this work. Obviously, every 2-connection H =  {Hp : p E P }  
inuuces a unique l-connection HR = {Hp IT.,..pM : P E P }  by restrictioD to the 
tangent space . 

Let P (M ,  G) be a principal fiber bundle , H = {Hp : p E P }  a 2-

cOllllec Lioll ,  X an M -valued semimartillgale alld Z a '  P-valued .ro-ralldom 
variable such th at 7f o Z = X O .  We know [ 1 ] that the s tochastic horizontal 

, lift (s . h . 1 )  of X ini tial ized in Z is a P -valued semimartingale Y sllch that 
satisIies the following stochas Lic diIferential equation 
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2 P rolongati o n  o f  C o n nections and S t o ch as­

tic  Horiz o nt al Lifts 

Let u s  first introduce some defiuitiollS 

Defillition 3 Let P (M ,  G) be a principal fiber bundle and \7 a CD a of P .  
We says lhal 'V is G-úw(J:,-ianl iJ cJ> y (PY)  o /(y. c. Hg. o <1> y (1') Jor all lJ E P 
and 9 E G .  

Definition 4 Let P (M,  G ) úe a principal fiber lntndl� and \7 a G -invariant 
CD a oJ P .  We says that 'V is projec table �f 

Example 5 Lel l J !vI  be the principal .fiber bundle of ba.'ies of M ,  \}, a CD a 
oJ !vI and \jIc (\jiu) the complete (horizonial) (iJt of \ji to BM (3J. We have 
thal \jIc and \jI11 are projcclaúlc . 

The " proj'cction" of 'V by lf is described in the following proposition . 

P.rop osition 6 Let P (AI , G ) be a principal fiber bundle and \7 a G-invariarít 
CD a of P .  Then 'V is projec table iff t1�er'c is a unique CD a \ji of M such 
that lf is affine. We says that I}! is the projection of \7 .  

Pro of: Let L . E  TxM and p E P such that lf (p) = x .  Then there is T E TpP 
such that lf* (p) (T) = L , \Ve define <J> IJ! (x ) (L ) by lf * (p) (<1>y(p) (T) ) .  Now , we 
prove thaL <1>q, (x) (L )  is weH ueIined . For thiff let 9 E G and S E TpgP\')such 
that lf * (P9 ) (8 ) = L ,  we llave thaL 

. 

'ff* (PfJ ) « T> y (pg ) (S ) )  "11 * (pg ) (<l>y  (pg ) o ng* o ng-l * (S) ) 
= '1I . (¡Jg ) (Hg• o <l> y (p) o Hg-l . (S) )  
= 71 * (p) (<1>y(p) o Ry-l * (S) ) 

On the other hand, lf * (p) (.Ry- l . (S) ) = lf. (pg ) (S) = lf. (p) (T) ,  this Ís Ry-l. (S ) ­
T E K er (lf . (p) )  and by hypothesis <1>y(p)ORg-l . (S) -<1>y (p) (T ) E K er (lf. (p) ) ,  
thus 
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We conclude that. <I>\{I (x) (L )  is well defined. Obviously, <l> q,  : T'M -t TM is a 

lllorphisll l  of vedo!' l >UIHllcs sllch t.haL  <l) i� _o i 'CC'. 1 d'l'M , amI dcfinc 11 CDO \}I 
and as 

<I> w ( 7f (p ) ) o 7r ", (p ) = 7f '" (p) o <1> yo (p ) 
for all p E P ,  we have that 7f is affine and W is unique. 
Converscly, giveu [.1 E J( e7' ( 7f '" (p) ) we have that :  

Now ,  w e  give the definition o f  prolollgation . 

o 

Definition 7 Let P (M ,  G )  be a principal fiber bundle. An application r.p 
fmm l - connectio1/..5 into 2-connection.5 of P (M ,  G)  is called a pro longation il 
r.p (H ) n  = H . for evc'"y l -connccl'¿on H of P (M ,  G) . 

In [8] P. Meyer sLaLes LhaL t,here is a. calloll ical prolonga.Lioll H = { 11 p : 
p E P} -t H s = {H: : p E P} ,  this prolongat.ion is called t.he St.ratonovich 

prolongatioll and is characterized by 

H;{X, Y }  = {HX , HY}p 
where X and Y aré local vector fields of M .  

Now we state our rnain result o  

Theorem 8 Let P (M ,  G) be  a principal fiber bundle, V a G-invariant OD O 
of P and W a aD O 01 M .  Then V is. projetable with projection W iff there is a 
ttnique prolongation H -t Hf such tha,t satisfles: Every s tochastic horizontal 
lift of a \jJ -martiu,f}ale is a V -m.aTti1i.galc. 

Proof: Let H = {/Ip : T7rpM -t TpP} be a. l-connection of P(M,  G ) .  Then 

there is a unique 2-conllection' Hf = {H� :¿ vopM ..... ¿ pP} of P (M,  G) such that 

ll: : T7rpM -t TpP is af fine 
In fact , by [5, Lernrna 1 1] we have that 

H: = (exp � o Hp o (exp ;p) -l ) ", (7fp ) 
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t,hen the map p -- H-; ís  smooth , 

71 . (p )  o Fl: = I dr1rpM 
and 

( Uf! o exp � o JJ¡> o (exp ;p) -l ) . (n p ) 
( :�p W o ny. o I�T� o \� CX1�f)�1 )  * ( 'Irp )  
(exp l' o lIpa o (CXP 7rpg ) ) . ( /I PY ) 
H� 

Thercforc , we cOllcl udc th aL ¡-r iH a 2-COI I Ucc Lioll of P (A/ , G )  aml aH JI; 1 '[',..I,M --':'�  
IIp for every p E P ,  we have that H f  ís a prolongatioll o f  H .  Now , let X 
be a W-martingale and Y a stochastic horizontal lift of X ,  then y is solution 
of d2Y = H;;d2X , and by the I té) transfer principIe [5 , TheOl:em 1 2] we have 
that Y is solution of dVY = HydlJ! X (where i'il and dlJ! are the Ité) differential 

in relalion to \7 and \[1 respectivcly ) and as X ís a W-martíngale , we obtaÍn 
that Y is a \7-mart.ingale . 
Let p be a prolongation such . tllat every stochastic horizontal l ift of a \[1-
martingale is a \7 -martingale .  Let (xA) and (x\ yi) be local charts of M and 
P respecti vely. In thesc local charts 

and [l , page 6] 

<I> IJ! ( 8S�xv ) 
<I>V ( 8X��xv ) 
<I> ( _8 _. ) V {)xJ.l.qxJ ' ,  
<I> (_8_ ) 'il 8xi8x" 

p(H) (�J 
p(H) ( ax>.aX¡' ) 

where H is a 1-connectíon 10calIy gíven by H ( 8�>' )  = a�>. + aia�i and 

ij _ 1 ( i j 1- i j ) a Al-' - '5. aAal-' - al-'aA aiv = l (ai ÓV + ai 8V) >'1-' 2 >' 1-'  1-' >' 
Lct X be a scmímartingale in M and Z a stochastic horizontal Hft of X . 
Locally Z is gíven as (X A, yi ) ,  where 

d vi - i dX A + 1 i d[X' 1-' XV] 1 t �- a A t '].a I-'V , t ( 1 ) 
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Now,  let X b e  a W -mart.ingale.  I n  local coordinaLes X is expressed by 

dX>' = dM >' - Ir>. (Xt)d [lvJ ¡.t  MV] t t . t 2 ¡.tv , 
whcrc 1vJ >. are lo cal martin gales . \Ve obt.ain [ro m ( 1 ) alld (2 ) that 

d Y/ = a.�dM/\ + 1 (a.;w - aif�/I )d [lvJ¡.t , M vl t  
O n  IJle o ther h aB d ,  Z = (x >., y i )  i s  a \7 -mart i ngale i ff 

and 
dX>' - 1- �r>' d [X ¡.t XV] -t- r� d [yj x ¡.t] -t- !r� d[yj yk] t 2 ¡.tv , t J¡.t , t 2 Jk , t 

(2) 

are local martingalc .  A di red cornpu Lation , llsing the iden Lit.ies previously 
obt .aillcd leads t .hal.  

and 

(3) 

dlvJt -1- (� (r;v - 1';1.1 ) · 1 ·  rJ¡.ta.t +- rJkata�) d[lvJ ¡.t ,  lvJV] t (4) 
are local rnartingale . \Ve obtain from (3 ) that 

ThJs is p (H) = Hf • Converselly, we have I,hat 
1'>' f>. ' . 1'// ¡.tv r.7¡.t O 
1 'Jk O 

since (4) is true for every l -conn ection H .  Therefore , \7 is proj�ctable with 
pro jcction \}l .  O 

The nex t proposition gi ve an cxplicit expl'cssion fol' Hf in terms of H 
and \7 . 
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P rop osition 9 Le l X a:nrl Y b e  local vector fielrls uf M .  Then 

¡('V {X ,  Y} = { H  X , H Y }  - w Il (\7 lIx H Y -/- \7UyJI x t  
when" w Il Í8 lhe fOTTn of c07/.nedúm. aS.wciafed wilh H anrl * : 9 � r (1' P )  is 
{he hU1/l. U1/1,UTl'Iús11I dcfin c¡J by (he riyhl acti.un uf G un P .  

Pro of: LeI. X aIHI Y be local vedo r IicldH of M ,  amI scl. C (X ,  Y )  c.:. 

11 'V { X ,  Y }  - { JI X ,  II Y } .  'rilen e (X ,  Y )  iH a vert.ical local Iield .  In fuct ,  
we have that 'lf* (H'V{X ,  Y } ) = 7r * ( { iI X ,  JI Y } )  :::;: { X , Y} ,  hellce C(X,  Y )  i s  
vertical. And as 

QH'V{X ,  Y }  H i{  0 llj{ (Q {X ,  Y } )  
JI ® H (Q { X ,  Y } )  
H� ® Il¡1(Q{X ,  Y } )  
Q 1l 8 p ; ,  Y }  

wh�re Q is th� squared gmdicn t opcrator ( In local coordina.Lcs o'(ai) üS;X] + 
ak {)�k ) = al) {)�. 0 ü�] ) '  we ha.ve that C (X , Y )  is a local vector Iield.  Now , 

since 

we have that 

C (X ,  Y) 

JI'V (<l>w {X ,  Y} )  
(1)'V (H'V{X ,  Y})  
<J)'V ( { 11 X , lI Y } )  -/- C (X ,  Y) 
(\7 IlX H Y + 'J lIyJI X) -/- C(X , Y)  

wlI (C(X,  Y ) ) *  
w II ( !  1 ( \JI .\" Y I \), )' X ) - \7 / 1  .\" J [  Y - \7 11 }, J[ X ) * 
_wIl (\7nxJJ Y + 'JuyHX ) *  

This completes the proof. 

3 Applicatio ns 

o 

i )  Let P (M ,  G)  be a pri n cipal fi ber bundle ,  H = { Hp : p E P }  a l - connection 

and \7 a projectable CDO of P .  LeL A 0 ,  A l ,  . . .  , An be COO vector ficlds on M 
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and 13t  = ( Uf ,  . . .  , Inl) a standard B rowniall motion , and Xt (x )  thc solution 
of the following S tratollovich di frerellti al equation 

n 
Ao (Xt ) dt + L Ai (Xt ) o dB; 

Xo ;r E Af 
i.= l  (5 )  

TI le 1 l  t.llC Hl .oc! J as l , ic  hori zol l t. al l i ft, Y, (l') o f  X, ( :7: ) i n  rc1aLioll  Lo Ir i s  givcn 
by Lhe wluLiol! 0 1' 

(H Aa  - � i� wH (\7 HAi H Ai ) *) (Yt ) dt 
n 

+ L H Ai ( Yt ) o dB t  (6) 
i= l 

p E P 

lu fad , IeL Zt bc a solutioll of ( 6 ) , Since 7r o Zt = Xt and Lhe infini tesimal 

( 1/. )  generator of ht iH H \l  Ao + � if1 A; , by [2 , L,emma 2 , 1 ]  we have LhaL Zt is  
the sLochastic horizontal !ift of X t in relatíon t.o Hr • 

i i) Let E = E (Jo.! , p , F ) be a vector bundle associated to P (M , G)  wíth 
fibre F ,  H = {Hp : TI E P }  a l -conllectíol l  of P(M ,  G) amI V B  the C D O  
of  E induced b y  H .  Let Yt (p) b e  the stochastic horizontal lift of  X t (7r p) in  
relaLioll 1,0 Hr , all d  1/tCll p )  =--= Vt. (rl ) o p-l : }'.,''''1> -4 }'.,'X1 (",p) , where Ji is  rcgarded 
as l inear mapping p : F -4 E",]>' \Ve llave the following Itó formula rOl' cross 
sections of E ,  

Where a i s  a cross section o f  l� and - : g -4 r(T E)  i s  the vertical 
homomorphism dcfined by Ae = 1ft I t=o p exp tA · p-1 U ) · 

iii) Let B M be the principal fiber bundle of bases of M ,  V a CDO of 
M ,  H = {H p : p E P }  the 1-connection of B M a¡ssociated with V .  We 
have that Ve and VB are projeclable with projectiol1 V .  Since V�xH Y = ------
H (VxY)  + �R(X,  Y ) ,  whcre R(X ,  Y)  is the tensor of type ( 1 , 1 )  defined 
by R(X,  Y ) (Z )  = R(X,  Y ) Z (R i s  the curvature tensor associaLed wi th V)  ------
and R(X, Y )  i s  the vertical right inyariant vector field of B M  defined by 
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-----
R(X ,  Y)p = (p-1 R (X ,  Y)¡J ); we have thal. l.he slochast.ic  horizonlall i ft. Yt(p) 
o[ Xt (x ) (solution of (5) ) in rclalion Lo Hf H saLisfies 

. 

. n 
d Yt JI Ao { l/"ddt + L JJ Ai (Yt )  o dB; 
Yo p 

i=l  

In  Lhe case of  \1(,' w e  have that \l5;x1H' = l/ (\lx Y )  + H(- , X )Y ,  where 
R (- , X ) Y  is the tensor of lype ( 1 , 1 ) defilled by R (- , X )Y (Z )  = R(Z, X ) Y -----
and R( - ,  X )  Y is lhe vertical right invariant vector field of B M defined by -----
R(- , X ) Y  p = (p-1R(_ , X ) Yp);([3 ,  page 94]) . 

'fhe stochastic horizontal lift }/t (p) of X t (x) (solutioll of (5) )  in relation 

to Hf e satisfies 
. 

d Yt (Il Ao - � it R (  �Ai) (Yt )dt + it JI Ai(Yt) o dB; 
Yo = P 
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Yo lo sabía enfermo desde hacía muchos años , pero jamás hubiera pensado en una 
partida tan rápida. Villa era mi amigo y creo que yo le devolvía la amistad que 
él manifestaba. Un día de febrero me llaman por teléfono: Villa estaba internado 
en el Hospital Foch de Suresnes, cerca de París . Con mi familia lo fuimos a ver el 
domingo 15 de febrero por la tarde. Verlo fue para mí una inmensa alegria mezclada 
con una profunda tristeza. No era aceptable que me sentara a su lado sin hablar 
porque a él le costaba hacerlo. ¿Qué mejor que contarle un chiste de los que le 
gustaban? Se rió mucho y esto fue para mí una victoria. Durante la semana del 15 
al  22 ,  Odila (mi esposa) me decía casi todos los días: llamá para ver cómo est.á Villa. 
Llamé el lunes 23 por la maiíana y ahí supe que él nos había dejado el domingo 22. 
En t.ales momentos la profunda tristeza que nos invade debe ser reemplazada por el 
recuerdo de los exultantes momentos pasados juntos. El miércoles 25 por la mañana, 
su esposa María rodeada de la familia y de tres de sus amigos (Andrea Solotar, Max 
Karoubi" y yo) , lo llevamos a su última morada en el Cementerio de Neuilly (cerca 
de París) , al pie del Arco de la Defensa ( l 'Arche de la DéJense.) 
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El hombre y el matemático. Dos matemáticos tuvieron una importancia funda­
mental en mi formación científica: Pierre Samuel y Orlando Eugenio Villamayor. 
Con Sainuel he llevado a cabo mi tesis doctoral y con Villamayor la inmensa (para 
mí) ¡lventura pos-doctoral. Nos conocimos en Montevideo en la Conferencia de 
Algebra de septiembre de 1965 organizada por Maurice Auslander (que yo había 
conocido en París y que pasaba un período en Uruguay) y RafaelLaguardia. En el 
primer día de la conferencia me preguntó: ¿ Que hacés ? Le dije que trabajaba en 
álgebras de Clifford. Me contestó: ¡qué bueno! Yo también estoy en e.�o. En realidad 
yo apenas eOlio da la defillición de álgebra de Ulifford pero la dinámica que Villa le 
imprimía a t.oda actividad de investigación hizo que en pocos años (1965-1971 )  pu­
blicáramos tres artículos de alguna importancia en este tema ( [ 141 , [20] y [23] ) .  En 
una descripción de sus actividades científicas en el período 1959-1966, Villa habla de 
su grupo de investigación y dice: "El grupo trabaja en fonna cooperativa". Era así 
como a él le gustaba trabajar . Así nació uno de los primeros artículos de la historia 
de la K-teoría que publicó con A. Nobile ( [1 3] ) .  La primera vez que fui a Buenos 
Aires (julio de 1968) por cuatro meses, su primer acto fue llevarme a Nuñez para 

. presentarme a los colegas. Yo, como brasileño, hablaba portuñol (y lo hablo aún 
hoy . . .  ) pero creía hablar español. Esto motivó que Gentile dijera: "Che Villa, qué 
bien se le entiende el francés a Micali ". Buenos tiempos que nos traen el amargo 
sabor de la tristeza solamente con recordarlos. 
En julio de 1973, Villa invitó a Armand Borel para dar un curso de un mes en la Uni­
versidad de Buenos Aires sobre Grupos algebraicos. Como siempre, Villa invitaba 
a los mejores especialistas en cada t.ema matemático que a él le parecía importante 
desarrollar en la Argentina. Así era el matemáticO Villamayor. Desgraciadamente, 
cuando Borel llega a Buenos Aires el país está en plena crisis política y la Univer­
sidad prácticamente cerrada. ¿ Qué hacer con Borel? No sería pensable enviarlo 
de vuelta y por ello nos pidió a Enzo Gentile y a mí que asistiéramos al curso y lo 
redactáramos . Así lo hicimos y en abril de 1974 el curso de Borel estaba redactado 
. (eH francés) . Pero el texto nunca fue publicado. 
Creo que la última vez que pasamos algunos buenos momentos juntos fue en el Colo­
quio de Mendoza (X Coloquio de Algebra) de 1992. Recuerdo que durante el mismo 
me encontré una tarde con él y María en la calle (el venía de un momento de cura 
en el hospitúl) . Me agarró por el brazo y me dijo "vamos a tomar un tra!1o " Así era 
el hombre Villamayor: lleno de atenciones para con sus amigos. 
Veamos más en detalle los distintos temas sobre los cuáles trabajó Villamayor. 

Teoría de Anillos. Este fue, quizás, el primer tema en el cual Villa mayor trabajó. 
Carl Faith dice en uno de sus trabajos (ver Lecture Notes in Mathematics, Springer 
Verlag, N° 49, pág. 130), citando a F. W. A nderson , que el siguiente resultado se lo 
debemos a á Para un anillo A, las siguientes condiciones son equivalentes: (i) todo 
A -módulo a derecha simple es inyectivo; (ii) todo ideal a derecha de A es intersección 
de ideales a derecha maximales. La estructura de tales anillos, anillos de Villamayor, 
fue largamente estudiada en colaboración con G .  O. Michlcr [27] . Por un resultado 
de 1. Kaplansky, todo anillo conmutativo regular es un anillo de Villamayor. Recien-
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temente; Carl Faith y Pere Menal (matemático catalán trágicamente desaparecido 
hace algunos años) caracterizaron los anillos de Villamayor por la condición del du� 
plo anulador (ver Proc. A . M . S . ,  vol . 123, Number 6, June 1995, pág. 1635- 1637) . 
Claro está que se podría decir mucho más pero sólo menciono este aspecto que me 
parece el más interesante. 

Grupo de Brauer y Teoría de Galois . Estos fueron temas fuertes de sus pri­
meros trahajos, inicialment.e solo y posteriormellt.e, después de sus pri meros viajes 
a E . E. U . U . ,  en colaboración con matemát.icos de renombre como D .  Zclinsky. Su 
sucesión larga de cohomología 138J en la cual aparece el grupo de Urauer (como 
quinto término) es una extensión importanLe de los trabajos de Chase - lIarrison -
Rosenberg. Solo ( [4] , [12]) o en colaboración con D.  Zelinsky ( [1 1 ] ,  [17] ) ,  Villamayor 
ha hecho importantes contribuciones a la teoría de Galois para anillos . 

Algebras de Clifford. Nuestros primeros pasos en la teoría de álgebras de Clif­
ford se dieron en el momento cuando C .  T. C .  Wall publicaba su texto sobre el 
grupo de Brauer graduado ( 1964) y H. Bass su curso en el Tata (1967) . Nosotros 
conocimos el texto de H. Bass cuando nuestro primer artículo [14] ya había sido pu­
blicado, pero esencialmente trabajamos en esa misma dirección, es decir, se trataba 
de determinar la estructura del funtor de Clifford. Nuestra literatura de base era el 
libro de N. Bourbaki (Formes sesquilinéaires et formes quadratiques) pero creo que 
fuimos más lejos estableciendo, por ejemplo, teoremas de periodicidad del tipo de 
BoLL .  Y éste fue, para Villarnayor , ot.ro enfoque que lo acercó a la K-teoría . Todo 

matemático que trabaja en teoría de formas cuadráticas y álgebras de Clifford es 
inmediatamente contaminado por una "enfermedad" que se llama "la característica 
2". Capen dos posibilidades: se supone que la característica del cuerpo es distinta 
de 2 (o que 2 es inversible si se trata de un anillo) y se va adelante, o se supone 
directamente que la característica es 2. Para los que no creen en este último caso, 
puedo testimoniar que aún allí se pueden decir cosas interesantes . Por ejemplo, si 
K es un cuerpo de característica 2, (V, J) un espacio cuadrático sobre K donde V 
es un K -espacio vectorial de dimensión finita y f : V -+ K una forma cuadrática, 
entonces (V, J) se deséompone bajo la forma (V, J) = (V¡ , ft ) ..L (\12, 12) ..L (Va,  fa) 
donde ft : V1 -+ K es no degenerada, y en particular Vi es de dimensión par, 
h : \12 -+ K es una forma aditiva y anisotrópica y fa : Vá -+ K la forma nula. El 
álgebra de Clifford de (V, f) es el producto tensorial graduado de las álgebras de 
Clifford de las tres componentes y las álgebras de Clifford de la primera y tercera 
componentes son conocidas (una es un álgebra simple en el sentido graduado y la 
otra es un álgebra exterior) .  Queda pues por estudiar el álgebra de Clifford de la 
segunda componente y para ella tenemos el siguiente resultado ( [46] , [48] ) :  Sean K 
un cuerpo wnmutativo de característica 2, (V, f) un K -espacio cuadrático donde V 
es un K - espacio vectorial de dimensión finita n y f : V -+ K una forma cuadrática 
aditiva y anisotrópica. Existe entonces una extensión puramente inseparable L de K 
de dimensión 28 , 1 � s � n, tal que.  el álgebra de CliJJord CK(V, f) es K-isomorfa 
a la L-álgebra exterior AdLn-8)  (isomorfismo graduado). En particular el álgebra 
de CliJJo rd CK (V, f) es conmutativa y tiene solamente a O y 1 wmo idempotentes. 
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K -teoría. Como decía antes, uno de los primeros artículos de la historia de la 
K-teoría fue el que Villamayor publicó con A. Nobile [13] . En su primer viaje a 
Montpellier en febrero-marzo de 1 968, organizamos (en marzo de 1968) una reunión 
de una semana sobre K-teoría y álgebras de Clifford.  No recuerdo exactamente 
quiénes fueron los participantes de ese encuentro pero en las notas publicadas en ese 
entonces figuran los nombres de H. Bass, L. Gruson, M. Karoubi, D. Lehmann y Shih 
Wei-Shu además de Villa y yo. Ese encuentro se conoció como el K-Coloquio o más 
bien, corno cl Primer K- Coloquio pues hubo un Segundo K-Coloquio ' del 23 al 26 de 
febrero de 1970 que coincidió con el tiegundo viaje de Villamayor a Montpellier como 

profesor de intercambio en cncro-fcbrero- marzo de 1970. Entre los participantcs de 
ese segundo encuentro están A. Frohlich, C. Contou-Carú:re , M .  Karoubi , M. Knus, 
A. Larotonda, J. Larotonda, D .  Lehman, M .  1 .  Platzeck, Ph. Revoy, N .  Roby, 
C .  A. Ruiz, C .  B .  Thomas, Shih Wei-Shu, !-1. O .  Singh Varma, J. R. Strooker, J. P. 
Olivier además de Villa y yo. La idea era realizar un encuentro bi-anual para exponer 
los progresos realizados. Pero como todo,  la teoría creció muy rápidamente y con­
tinuó, en Montpellier, con dos reuniones más sobre formas cuadráticas y álgebras de 
Clifford en 1975 y 1 977. En los tres primeros meses de 1970 Villamayor dictó un 
curso de K-teoría en la Universidad de Montpellier, el cual tenía por finalidad ex­
plicar el desarrollo de la teoría hasta ese momento. Las notas manuscritas del curso 
todavía existen en Montpellier [60] . En ese período, como profesor de intercambio, 
Villa mayor pidió licencia a la Universidad de Montpellier para viajar a Strasbourg 
(del 6 al 9 de febrero de 1970) donde una larga cooperación con M .  Karoubi ya 
había empezado y que lo llevó al arlo siguiente (enero-febrero-marzo de 1 971 ) ,  corno 
profesor de intercambio a la Universidad de Strasbourg . Su colaboración con M .  
Karoubi dio origen a un a  serie d e  importantes trabajos en K-teoría ( [1 8], [21] ,  [22] , 
[24] , [26] ) y más tarde en homología cíclica [49] . También merecen ser señalados los 
trabajos que Villamayor realizó con J. R. Strooker ( [34] , [35] ) .  Una primera. versión 
de [35] , bajo forma de precpublicación, tenía por título "Yet another K-theory ?". 
Singularidades . La contribución de Villamayor en esta dirección fue muy impor� 
tante o Con él colaboraron K. Mount (referencias [19] ,  [29 ] ,  [30] , [3 1] , [37] , [42] , 
[43] ) ,  A .  Evyatar ( [32] ) ,  O .  E. Villamayor (h) ( [40] )  y N. Hipps ( [37] , [42]) . La 
construcción algebraica de singularidades genéricas de Thom - Boardman es uno 
de sus importantes aportes . La aplicación de la K-teoría a la teoría de curvas al­
gebraicas soluciona un problema parcialmente resuelto por H. Bass en el caso de 
curvas afines no singulares [25] . 

BACH - Buenos Aires Cyclic Homology Group. Esta fue una de las grandes 
aventuras de la homología cíclica. En 1986 Villamayor estuvo una semana en la. Uni­
versidade de Sao Paulo (yo estaba aprovechando ahí el año sabático que me había 
concedido la Universidad de Montpellier) y en ese entonces hicimos un articulito 
en el cual calculábamos la homología de Hochschild de algunas álgebras de grupos 
[45] . Este fue, en cierta forma, el preludio de su subsecuente trabajo en homología 
cíclica ( [44] , [49] , [50] y [52] al [56] ) .  En el seno del grupo BACH, qüe él inspiró 
y al cual dio su colaboración hasta último momento, Villamayor reunió un grupo 
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de brillantes y jóvenes matemáticos argentinos . Quizás sería aquí el momento de 
recordar un resultado de álgebra homológica obtenido en colaboración con M. L.  
Bruschi [ 10] y publicado en una revista de poca difusión, la Revista de la Facultad 
de Ciencias Físico-Matemáticas de La Plata en 1962. 

El trabajo docente en la Universidad de Montpellier. La tercera visita de 
Villamayor a Montpdl ier fue como profesor asociado de abril a junio de 1973. Su 
permanencia en la Universidad de Montpellier continuó de octubre de 1 973 a sep­
tiembre de 1974 . En el año escolar 1973/ 1974, él reemplazó a una colega francesa, 
la matemática Monique Haki m ,  que se iba de Montpellier . Durante ese arlo escolar , 
Villamayor dictó dos cursos imporLanLes . Uno sobre "Geometría Afín" [59] desti­
nado a los estudiantes de licenciatura (son 266 páginas de un texto impreso por la 
Universidad) y un curso sobre "Curvas Algebraicas " (también para la licenciatura) 
en el  cual seguía el conocido libro de R. Walker sazonado con un lenguaje moderno. 
Villamayor dejó en Montpellier el recuerdo de un matemático de primera línea, de 
un docente atento para con los estudiantes y de un hombre afable . Esto no quiere 
decir que su relación con sus colegas fuera siempre cordial . Sobre uno de ellos (que 
llamaremos acá X) ,  no muy escrupuloso y que para publicar mucho achicaba sus 
textos, me dijo cierto día: "X es como las moscas, muchas . . .  pero chiquititas. " 

Villamayor apreciaba trabajos completos, aunque estuvieran contenidos en pocas 
páginas .  

Es todavía muy temprano para evaluar la  influencia de Orlando Eugenio Villamayor 
en la matemática y, en particular , en la matemática latino-americana y argentina. 
Villamayor ha formado generaciones de buenos matemáticos en su peregrinación 
comenzada como profesor en la Universidad de Cuyo ( 1949/1952 y 1954/ 1956) Y 
continuada por Córdoba ( 1953 ) ,  La Plata ( 1956 y 1959/ 1960) ,  Bahía Blanca ( 1961 ) 
y Buenos Aires (a partir de 1964) . Su brillante carrera internacional dispensa toda 
forma de panegírico. Los matemáticos formados por él sembrarán a su vez las buenas 
semillas . Su recuerdo quedará vivo entre los que lo conocieron no solamente por sus 
excepcionales cualidades de m;üemático sino también por sus cualidades humanas 
y su manera muy especial de conservar sus amistades . 

Artibano Micali 
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El 16 de Abril de 1998 falleció en Chicago el Profesor Alberto Pedro Calderón t.ras 
una corta enfermedad. Había nacido en Mendoza el 14 de Septiembre de 1920 en 
el seno de una tradicional familia cuyos orígenes en nuestro país se remontan a los 
primeros años de la colonización española. Cursó estudios secundarios en Suiza 
donde ya y por inspiración de uno de sus profesores desarrolló su vocación por la 
matemática. A su regreso y por sabio consejo de su padre ingresó en la Facultad de 
Ingeniería de la Universidad de Buenos Aires egresando en 1947 con el título de In­
geniero Civil. Su gus.to por la matemática lo acercó a D. Julio Rey Pl.IStor y más aún 
a Alberto González Domínguez que con fino instinto reconoció el talento y originali­
dad que había en Calderón. Después de una breve pero fructífera experiencia como 
ingeniero en la empresa Yacimientos Petrolíferos Fiscales fue designado ayudante de 
González Domínguez en la entonces Facultad de Ciencias Exactas, Físicas y Natu­
rales. En 1948 asistió al seminario que dictó el insigne maestro Antoni Zygmund 
que se hallaba visitando la Facultad de Ciencias. Su sorprendente actuación en el 
seminario, dio una nueva y mucho más simple demostración del famoso teorema de 
Marcel Riesz sobre la función conjugada, hizo que Zygmund le propusiera ir a la 
Universidad de Chicago para trabajar bajo su dirección, donde recibió su doctorado 
en 1950. 
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En 1951 ,  en colaboración con A. Zygmund, publicó en el  Acta Mathematica el funda­
mental trabajo "On the existence 01 singular integrals " donde aplican sus resultados 
para extender un teorema de Kellogg sobre el potencial Newtoniano que a decir de 
Calderón contenía el germen de la aplicación de las integrales singulares a las ecua­
ciones diferenciales parciales. Estando en el Instituto Tecnológico de Massachusetts 
le encargaron que dictase un curso sobre ecuaciones en derivadas parciales, tema 
que no era de su especialidad. Fue aBí que ent.ró en contact.o con las ecuaciones 
diferenciales en derivadaB parciales y en 1958 publica el trabajo "Uniqueness in the 
Cauchy problem lar partial diJJerential equations " que le dio fama y reconocimient.o 
uuiver¡ml . El eHpcraha que fUCH(� d 1 1 I{�t.odo d(� la.'! i nt.egralcH Hingula.wH y no tant.o d 
resultado lo que llamaBe la atención . No fue aBÍ por mucho tiempo, haBt.a que la evi­
dencia de posteriores aplicacione,s hizo de su método t.ema de est.udio obligado en el 
área de la ecuaciones diferenciales. En 1959 vuelve a la UniversIdad de Chicago con 
el cargo de Professor of Mathematics, continuando su nunca interrumpida colabo­
ración con Zygmund . En 1965 obt.iene un resultado sobre conmutadores de integrales 
singulares que permite eliminar condiciones de Lipschit.z sobre los coeficientes de las 
ecuaciones diferenciales, dando un notable grado de generalidad a resultados propios 
y ajenos conocidos. El método usado parecía de imposible aplicación para resolver 
el problema de los conmutadores de orden superior. Sin embarg9, con el mismo or­
den de ideas publica en 1977 el trabajo "On the Cauchy integral on Lipschitz curves 
and related operatars " que contiene la solución al problema de los conmut.adores de 
orden superior como caso particular y que abrió una nueva área del análisis. 

Lo hasta aquí dicho dest.aca sólo algunos logros de Calderón que quien escribe est.a 
nota considera hit.os en su obra matemática. Ha contribuído decisivament.e a la 
teoría de valores límites de funciones armónicas y analít.icas, a la teoría de inter­
polación de operadores con su llamado Método Complejo, a la teoría ergódica., a 
las series de Fourier, a las álgebras de Banach, a la teoría de los operadores pseudo 
diferenciales, a la teoría de los espacios de Hardy, a los problemas de contorno de 
ecuaciones elípticas. Durante su vida publicó 86 trabajos de investigación, el primero 
en colaboración con González Domínguez y Zygmund apareció en la Revista de la 
Unión Matemática Argentina en 1949. 

Sus trabajos han sido siempre aportes de gran originalidad habiendo abierto nuevas 
áreas de la matemática cuya investigación ha atraído a numerosísimos especialistas 
en el mundo entero. Es aH,ament..e significativo que laB referencias previas de sus 
resultados podrían redllcirse 11 resultados propios anteriores, lo que marca el grado 
de originalidad de los mismos. 

Su generosidad en dedicar tiempo y compartir sus ideas con sus discípulos era enorme 
y más importante aún la amistad y estímulo que les brindaba. Tuvo 27 discípulos 
que completaron tesis doctorales bajo su dirección. De éstos, 13 fueron argentinos 
que estudiaron con él, sea en Chicago o en universidades argentinas y muchísimos 
jóvenes matemáticos se dedicaron al análisis armónico y a las ecuaciones diferen­
ciales directa o indirectamente por su influencia. 
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Fue Profesor e n  las Universidades d e  Ohio State University, Massachusetts Institute 
of Technology, The University of Chicago y Universidad de Buenos Aires . Además 
fue Investigador Superior de la Carrera del Investigador Científico y Técnico del 
Consejo Nacional de Investigaciones Científicas y Técnicas de la Argentina. 

Recibió importantísimos premios entre los que se destacan el Bocher Memorial Prize 

de la American Mathematical Society en 1 979 , el Wolf Prize in Mathematics de Is­
rael en 1 989 y el Steele Prize (fundamental research work category ) también de la 
American Matlwlllat.ical Societ .y en l US!),  ent.re otros . 

Era I I 1 ip I l Ihro dp la A l1wr ic ll l l  A C¡ I,( I (� J I l'y  or A r l.H II.nd ScimlceH ck l os Est.ados Un idos 
de América ( 1957) , Académico Honorario de la Academia Nacional de Ciencias 
Exactas, Físicas y Naturales de la Argentina ( 1959) , de la National Academy of Sci­

ences de los Estados Unidos de América ( 1968) , miembro correspondiente de la Real 
Academia Española de Ciencias ( 1970) , miembro de la Academia Latino Americana 
de Ciencias, miembro extranjero asociado del Instituto de Francia ( 1984) , Y de The 
Third World Academy of Sciences de Trieste, Italia ( 1984) . 

Era Doctor Honoris Causa de las Universidades de Buenos Aires , Technion de Haifa, 

Ohio State University y de la Universidad Autónoma de Madrid . 

El Doctor Alberto Pedro Calderón es sin duda alguna uno de los más importantes 
matemáticos de este siglo . Su obra matemática será recordada y citada por siempre, 
habiéndose ganado un lugar entre los grandes matemáticos de todos los tiempos . 

Supo también ganarse la estima y el afecto de cuantos lo trataron. En su conver­
sación era profundo y ameno. En sus opiniones equilibrado. Jamás hacía críticas 
negativas de nadie. Los que tuvieron el privilegio de conocerlo y gozar de su amistad 
lo tendrán siempre presente mientras vivan y hallaran consuelo por su ausencia en 
su recuerdo. 

Carlos Segovia Fernández 
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Currículum vitae del P rofesor Alberto P. Calderón. 

(de los archivos del Inst.ituto Argentino de Matemática) 

Born in: Mendoza, Argentina, September 14 ,  1920. 
Civil Engineering Degree, Universidad de Buenos Aires , Argentina: 1 947. 
Doctor of Philosophy in Mathematics, Universit.y of Chicago, U . S . A . , 1950. 
1. On tlu-'. Ergodir: Theon-'.ms. JI. On the Behavior of Harmonic Fundions at the 
Bonndary. IlI. On the Tlwon-'.m of Marcinkif'.wicz and Zygmnnd. 

• Honors acadcmh�s: 
ó Member of the American Academy of Arts and Sciences, Boston, Mas­

sachusetts, 1958. 

ó Correspondent Member ( 1939) , and Member (1984) , of the National Aca­
demy of Exact,  Physical and Natural Sciences, B uenos Aires, Argentina. 

ó Member of the National Academy of Sciences of the United States, Wash­

ington D . C . ,  1965. 

ó Correspondent Member of the Royal Academy of Sciences, Madrid, Spain, 

1970. 

ó Member of the Latin American Academy of Sciences, 1983 . 

ó Foreign Associat.e ot the Inst.itut de France, Paris, France, 1984. 

ó Member of the Third World Academy oF Sciences, 'frieste ,  Italy , 1984 . 

• Prizes: 

ó Latin American Prize in Mathematics, awarded by IPCLAR (Instituto 

para la Promoción de las Ciencias, Letras, Artes y Realizaciones) , Santa 
Fe, Argentina, 1969. 

ó Bocher Memorial Prize, awarded by American Mathematical Society, 
1979. 

ó Consagración Nacional Prize, Argentina, 1989 . 

ó Wolf Prize, awarded by the Wolf Foundation, Jerusalem, Israel, 1989 . 

ó Steelf'. P1'i,ze, American Mathematical Societ.y, 1989 . 

ó National Medal of Science, United States of America, 1991 .  

• Degrees, po:;;itions, scholarships: 

ó Doctor Honoris Causa, University of Buenos Aires, Argent.ina, 1969. 

ó Doctor of Science, Honoris Causa Technion. Haifa, Israel, 1989. 

ó Doctor of Science, Honoris Causa Ohio State University, 1995. 

ó Louis Block Profesor of Mathematics, University of Chicago, 1968- 1972. 
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<> University Professor of Mathematics, University oí Chicago, 1975-1985. 

<> Honorary Professor, University oí B�enos Aires , 1975 . 
<> Rockefeller Foundation Fellow, University of Chicago, 1 949-1950 . 

• Teaching, visiting and research positions: 

<> Visiting Associate Professor , Ohio Stat,e Universit.y, Columbus, 1950-
1953. 

<> Temporary Member, Institute fol' Advanced Study, Princeton , New Jer-
::;ey, 1953- 1 955. 

<> Associate Proíessor, Massachusetts Institute of Technology, 1955-1959. 

<> Professor, University of Chicago, 1959-1968. 
<> For other teaching positions see Honors. 

<> Visiting Professor at variou::; t.imes at the following universities : Univer­
sit.y of Buenos Aires , Cornell University, Stanford University, National 
University of Bogotá, Colombia, Com�ge de France,  Paris , University of 
Paris (Sorbonne) ,  Autónoma and Complutense Universities , Madrid, Uni­
versity of Rome', Gottingen University. 

, 

' .  Other professional activit.ies : 

<> Former Associate Edit.or of t,he following journals : Transactions of the 
�merican Mathematical Society, Illinois Journal of Mathematics , Journal 
of Functional Analysis, Duke Mathematical Journal, Journal of Differen­
tial Equations, Advances in Mathematics. 

<> Former member of the Council of the American Mathematical Soci�ty. 

<> Consuitant oí the Organizing Committe of the International Congress of 
Mathematicians, Nice, France, 1970. 

<> Former member of the Editorial Committee of the American Mathemat­
ieal Society. 

<> Member of the Research Career of the N ational Couneil of Scientifie and 
Technical Research of Argentina. 

• Publications 

[IJ Calderón, A. P. , González Domínguez, A. and Zygmund , A.  Nota sobre 
los valores límites de funciones analíticas, Revista de la Unión Matemá­
tica Argentina 14 ( 1949) , 16-19 . 

[2J 071. theorems of M. Riesz and A .  Zygmund, Proc. Am. Math. Soco 1 
( 1 930) , 533-535 . 

[3J 071. the behaviour of harmonic functions at the boundary, Trans. Amer . 
Math. Soco 68 ( 1950) , 47-54 . 
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XLVIII REUNION ANUAL DE COMUNICACIONES CIENTIFICAS 
DE LA UNION MATEMATICA ARGENTINA y XXI REUNION DE 
EDUCACION MATEMATICA. 

En el Centro Regional Universitario de la Universidad Nacional del Comahue, 
Bariloche, desde el lunes 21 de septiembre hasta el viernes 25 de septiembre de 
1998, se realizaron la XLVIII  Reunión Anual de Comunicaciones Científicas y la 
XXI Reunión de Educación Matemática y el X Encuentro de estudiantes de mate­
mática. 

Hubo en total 577 participantes . Se dictaron cursos de perfeccionamiento para do­
centes de nivel primario, secundario y universitario, y seis cursos para los alumnos 
de Licenciatura en Matemática. 

Las actividades de la XXI Reunión de Educación Matemática comenzaron el lunes 
21 .  Durante su transcurso se dictaron 12 cursillos sobre temas variados. Del 23 
al 25 se exibieron paneles sobre la enseñanza de la matemática y hubo veintiseis 
comunicaciones. 

La XLVIII reunión anual de comunicaciones científicas se inició el miércoles 23 de 
septiembre con la inscripción de los participantes efectuándose por la tarde el acto 
inaugural en el Hotel Panamericano. En esa oportunidad hicieron uso de la palabra 
el Dr. Jorge Solomín y la Lic. Raquel Santinelli por la Comisión Organizadora 
Local. 

La figura del Ingeniero Orlando E. Villamayor, desaparecido este año, fue recor­
dada en las palabras de la Dra. María Julia Redondo. De igual manera , el Dr. 
Carlos Segovia Fernández destacó la trayectoria del Dr. Alberto Calderón, fallecido 
también este año. 

Se procedió a la entrega de los premios del concurso Néstor Riviere: el primer pre­
mio correspondió a los Sres. Damián Pinasco, Juan Pablo Pinasco y Román Sasyk 
alumnos de la U.B .A,  y el segundo premio al Sr. . Miguel Pauletti alumno de la 
U.N.L. 

A continuación la Dra. Eleonor Harboure presentó una semblanza del Dr. Néstor 
Iliviere. Después de un cuarto intermedio el Dr. Juan A. Tirao pronunció la confer­
encia Dr. Julio Rey Pastor sobre el tema Teoría de representaciones y de Invariantes 
de Grupos de Lie reductivos. La jornada culminó con un vino de honor ofrecido a 
los participantes en el Hotel PaJlarnericano. 
Los días 24 y 25 se expusieron las comunicaciones científicas (se presentaron 168) 
distribuídas en: 

• Convexidad y Geometría Analítica. 

• Ecuaciones en derivadas parciales. 

• Teoría de aproximación. 
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• Fractales , Teoría de la medida. Estadística. 

• Lógica y Geometría. 

• Geometría Diferencial. 

-. Análisis Armónico. 

• Ecuaciones Diferenciales Ordinarias , Aplicaciones de la Matemática. 

• Análisis Numérico. 

• Algebras Asociativas. Algebra Lineal. 

• Análisis Funcional . Teoría de Operadores. 

• Teoría de Lie. Teoría de Números. 

• Física Matemática. 

• Optimización. Teoría de Control. Teoría de Juegos. 

Las conferencias ofrecidas durante la reunión fueron: El Teorema de Tichonoff para 
formas débiles a cargo del Dr. Xavier Caicedo (Colombia) , Parientes del TeÁJrema 
de la Corona, a cargo del Dr. Daniel Suárez (U.B.A.) , Los problemas geométricos 

como recurso didáctico a cargo del Dr. Fausto Toranzos (U.B.A.) , El uso de la vieja 
mayéutica para rejuvenecer la enseñanza de la matemática a cargo del Dr. Roberto 
A. Macías (U .N.L. ) . 

El día 25 a las 17  horas tuvo lugar la Asamblea Anual de Socios de la U.M.A. 

El congreso se clausuró el viernes 25 a las 20 horas con la conferencia Dr. A.  González 

Domínguez a cargo del Dr. Jorge SolomÍn sobre el tema Simetrías y Anomalías en 
Mecánica Clúsica. Finalmente el vice-presidente de la U.M.A.  Dr. Jorge Solomín, 
agradeció a los presentes por su participación y a todos los que colaboraron para el 
desarrollo de la reunión. 
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